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Abstract

These are the notes for my talk in the HIOB seminar of summer semester 2025. Our first goal is to study
the dualizable objects for the Lurie tensor product on Prl;, the (0o, 1 )-category of stable presentable (oo, 1)-
categories and left adjoints. We show that the dualizable objects coincide with the compactly assembled
(00, 1)-categories. These are a suitable generalization of compactly generated (oo, 1)-categories, where the
notion of “being generated under filtered colimits by compact objects” is replaced by “being generated
under filtered colimits by compact exhaustible objects”. We then introduce rigid (oo, 1)-categories. We view
them as presentably symmetric monoidal (oo, 1)-categories that are as close as they could be to being
“rigidly-compactly generated” without being compactly generated. We finally discuss Scholze’s results:
we show that for a sufficiently nice arc-sheaf X the (0o, 1)-category Dmot(X) of motivic sheaves over X is
rigid over Sp. We deduce then a categorical version of the Kiinneth formula.

1 Some remarks

Let’s start with a long list of observations.

Remark 1.1. Recall that an (oo, 1)-category C is presentable if it is accessible (that is, there exists some small
regular cardinal « such that € ~ Ind (D) is the ind-completion’ of a small (oo, 1)-category D) and admits
small colimits. Let Pr" denote the (oo, 1)-category of presentable (oo, 1)-categories and colimit-preserving
functors (or equivalently, left adjoints). Lurie constructed in [ , Section 4.8] a symmetric monoidal
structure on Pr" characterized by the following universal property: given two presentable (co, 1)-categories
C and D, their Lurie tensor product is a presentable (oo, 1)-category € ® D with a functor € x D — C® D
such that for every presentable (oo, 1)-category €, precomposition with it induces an equivalence

Fun"(C® D, &) — FunbH (€ x D, &).

Here the superscript L, L denotes the full subcategory spanned by those functors € x D — € which preserve

colimits separately in each variable. Moreover, he showed that we can compute the tensor product via
C ® D ~ RFun(C°, D)

the (o0, 1)-category of right adjoints C°? — D. Moreover, this symmetric monoidal structure is also closed:

In general, we define Ind«(D) as the full subcategory of Fun(D°P,Spc) generated by representables under -filtered colimits.
Recall also that, if D admits k-small colimits, then Ind, (D) ~ Fun<1mit(pop, Spc) consists precisely of those functors D°P — Spc
which preserve k-small limits.



for every pair of presentable (oo, 1)-categories € and D, we have a natural equivalence
Fun"(C® D, &) ~ Fun®" (€ x D, &) ~ Fun" (€, Fun" (D, &))

in & € Prt, so that Fun"(—, —) exhibits the internal hom. Since FunL(Spc, C) ~ @G, we see that the (oo, 1)-
category of animae Spc is the neutral element for the Lurie tensor product.

Remark 1.2. We can apply the business of symmetric monoidal (co, 1)-category theory to (Pr", ®, Spc). We
can construct the (oo, 1)-category of commutative algebra objects” CAlg(Pr") and for every commutative al-
gebra object B € CAlg(PrL) an (oo, 1)-category of B-modules Mod (Pr") which inherits a closed symmetric
monoidal structure from (Pr", ®, Spc). More explicitly, we can think of a commutative algebra object as a
triple (B, u,m) where u: BB — B and 1 : Spc — B are colimit-preserving functors such that the following

diagrams
Spc® B 19 B o 3 BeBeoB Y% 308
| ol )
i
B BOB B

commute (up to higher coherence conditions). They are called the multiplication and unit map,respectively.
Similarly, a B-module is given by a presentable (o0, 1)-category M with a colimit-preserving functor a :
B ® M — M, called the action, such that the following diagrams

Spc ® M 229 3 @ BB oMLY g M
l/ idM@% ia
M BRM—— M

commute (up to higher coherence conditions).

Remark 1.3. There is also a stable version of this construction. Let Sp denote the (oo, 1)-category of spectra,
defined as the colimit
Sp = colim(Spc, L Spc, 5.0

in Prt, or dually, as the limit
Sp ~ lim(... 2 Spc, 2, Spc,)

in Pr®, the (0o, 1)-category of presentable (oo, 1)-categories and right adjoints. Here Spc, denotes the (co, 1)-
category of pointed spaces, whereas £ and () denote the suspension and loop functor, respectively. By
adjoining a point to an anima and then “infinitely suspending it” we obtain a functor Z° : Spc — Sp.
Thanks to this functor, one can easily show that a presentable (oo, 1)-category C is stable if and only if the
canonical map

ide®@Z¥:C—=C®Sp

is an equivalence. In particular, since Sp is a stable (0o, 1)-category, we can use the inverse of the equivalence
Sp — Sp ® Sp to make Sp into a commutative algebra of Pr". We conclude that the (oo, 1)-category of stable
presentable (oo, 1)-categories and left adjoints can be realized as

Pr;‘t ~ Modsp (Prh)

2The objects of CAlg(Prl) are also called presentably symmetric monoidal (oo, 1)-categories.
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and that taking spectrum objects — ® Sp : Pr" — Pr}; defines a symmetric monoidal functor.

Remark 1.4. One feature of having a symmetric monoidal structure on a symmetric monoidal (oo, 1)-
category (C,®, 1) is that we can look at those objects which are finite in the ®-structure. Recall that an
object x € C is called dualizable if there exists an object x” € C such that x¥ ®ec — 4 x ®e — are adjoint
functors € — €. Equivalently, x is dualizable if there exists an object X and maps ¢ : 1¢ — x¥ ®¢ x and
e:x ®e x¥ — lg, called the coevaluation and evaluation, such that the composites

idy®c e®idy c®idyv

id,v®e
x>~ xQ®e leg —5 X Qe X¥ Qe X —— X, XV~ le ®e X’ — x¥ ®e X Qe X ———"y xV

are equivalent to the respective identities.

We can look at the dualizable objects in (Pry, ®,Sp). Recall that a presentable (oo, 1)-category € is
called compactly generated if there exists a small (o0, 1)-category €. with finite colimits and an equivalence
€ ~ Ind(C,). In this case € is stable if and only if its category of compact objects C. is stable.

Remark 1.5. Let € € Pr}; be a stable compactly generated (oo, 1)-category. We claim that € is dualizable
for the Lurie tensor product and that its dual € can be identified with Ind(CF). For this, it is useful to

remember that small stable (oo, 1)-categories are enriched over Sp: one can define a mapping spectrum
map,(—,—): € x € — Sp

such that taking the underlying space Q*map(—, —) ~ Home(—, —) gives back the mapping anima of C.
The duality data are then easily constructed. We define the evaluation morphism

e:Ind(CF) ® Ind(€,) ~ Ind(CF @R ¢e.) — Sp

by ind-extending the mapping spectrum (and using that Ind(C°?) ® Ind(C.) can be identified with the
ind-completion of CF @R €. for a suitable tensor product of small idempotent-complete stable (oo, 1)-
categories). We also define the coevaluation morphism

¢ :Sp — Ind(€°) ® Ind(€C.) ~ Ind(CF @8 C,)

by just picking the mapping spectrum map,(—,—). Checking the triangle identities is then a matter of

unwinding the definitions.

It turns out that not every dualizable object in (Prk, ®, Sp) is compactly generated.

Definition 1.6. Let C be an accessible (oo, 1)-category with filtered colimits. We will say that C is compactly
assembled if the colimit functor colim : Ind(€) — € has a left adjoint.

Because then we can prove the following result due to Lurie [ , Proposition D.7.3.1] (even though

the formulation we are presenting is taken from [ , Theorem 2.2.15 and Theorem 2.9.2]).

Theorem 1.7. Let C be a presentable (oo, 1)-category. Unstably, we have that the following are equivalent
assertions.

(1) The (o0, 1)-category € is compactly assembled.

(2) The (oo, 1)-category € is a retract in Pr" of a compactly generated category.
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Stably, that is if € is also stable, the previous assertions are equivalent to the following.

(3) The (oo, 1)-category € is dualizable as an object of Pr;.

Proof. We don’t discuss the implication (1) = (2) and we refer the reader to Lurie’s proof (or to [ ,
Section 2.2, 2.3]). We prove (2) = (1). Assume first that € is compactly generated, so that we can write
C ~ Ind(C.). Then the universal property of ind-extensions provides us a functor

. —2° s Ind(€)

yﬁ?l lylnd(e)

Ind(@) ——ﬁ——> Ind(Ind(C))

which preserves colimits. One verifies easily that this is the required left adjoint to colime. For the general
case, let D be compactly generated and assume that we are given a retract ¢ — D = € in Pr". We can then

consider the diagram

nd(€) 2 nd(m) 2™ md(e)

colimel G C lcolim«p lcolim@

C— D —— ¢
1

where the horizontal raws compose to the identity and whose squares commute. We wish to construct a
left adjoint {j¢ to colime. Take x € € and y € Ind(€). We have then morphisms

Home (x, colime y) 4 Homy (i(x), i(colime y))
~ Homq (i(x), colimp (Ind (1) (y)))

~ Hompq(n) 0o (i(x)),Ind(i)(y))
Ind(r)

—— Homypg(e) (Ind(r)( ’% ), Ind(r)(Ind(i)(y)))
~ Hompg(e) (Ind (1) ({n ( )
Colime , Homyng(e) (colime (Ind (1) (§p ( ), colime y)

~ Home (x, colime y)

which compose to the identity. Here the first map is induced by functoriality of i, the second one by
commutativity of the left square in the previous diagram, the third one by adjunction {jp - colimp, the
fourth one by functoriality of Ind(r), the fifth one by using that ,Ind(r) o Ind(i) ~ idjq(e), the sixth one by
functoriality of colime and the last one by using that {jp is fully-faithful (being the Yoneda fully-faithful),
that is

colime oInd(r) o §p 01~ 1o colimp offp o1 ~ roi~ide.

Anyway, we have exhibited Home (x, colime(—)) as retract of Homyg(e) (Ind(r)(§p (i(x))), —). By Yoneda,
this shows that Home(x, colime (—)) is itself corepresentable, by a retract of Ind(r )(QD(i(x))), and so we
have that colime admits a left adjoint.

Assume now that C is stable and let us prove the equivalence (2) = (3). The implication (2) = (3)
it’s obvious: since retracts of dualizable objects are dualizable in any closed symmetric monoidal category,
it suffices to remember that in Remark 1.5 we showed that compactly generated categories are dualizable in
Pr};. Consider (3) = (2). Let €" the dual object of € in Prk. Since C is k-accessible for some regular cardinal



K, we can construct a Bousfield localization

RN
Ind(C*) 1 €
~__~

incl

where C* denotes the full subcategory of € spanned by the k-compact objects. Since Ind(C*) is compactly

generated, it suffices to produce a colimit-preserving functor i : Ind(€*) — € such that 1 o i ~ ide. Notice

that, a priori, the inclusion incl is not colimit preserving! Of course at the end it will be i ~ incl. Anyway,

since tensoring with CV is a 2-functor, we obtain a Bousfield localization

l®idev
/\
Ind(C)@C” 1 CeeY
\/

incl®idev

Apply now the 2-functor Fun' (Sp, —) to produce the commutative diagram

Fun"(Sp,Ind(€%) ® V) Fun" (€, Ind(C*))

(1®idev ]o—l J{lof

FunL(Sp, CxeY) o~ Fun' (¢, @)

R

Here the equivalences are provided by the duality datum. Lift now the identity functor from the right lower

corner: via the horizontal bottom equivalence it corresponds to the coevaluation ¢ : Sp — € ® €Y, and since

mapping out of spectra consists in picking an object, this map lifts through the left vertical morphisms, and

hence it provides a colimit preserving functor i: € — Ind(€*) such that 1o i >~ ide. O

Example 1.8. Let us give some examples for the sake of clarity.

)

@

®)

Let R € CAlg(Sp) be an E-ring. Then the (oo, 1)-category Modrof R-module spectra is compactly
generated. Moreover, when equipped with the tensor product of R-module spectra, it becomes a
rigidly-compactly generated (oo, 1)-category (that is, compactly generated (oo, 1)-categories for which
the dualizable and compact objects coincide and the tensor product preserves compact objects).

Let X be a quasi-compact quasi-separated scheme and let QCoh(X) the derived stable (oo, T)-category
of quasi-coherent sheaves. This can be constructed via the limit

QCoh(X) = lim Modya
Spec(A)—X
where the diagram is given by writing X as a colimit of its open affine pieces. Again, this is a rigidly-
compactly generated (oo, 1)-category: the compact objects coincide with the dualizable ones (which
are identified with the perfect ones). Notice that this is no longer true if X is quasi-compact quasi-
separated stack. We need some perfectness assumption: see [ 1.

Let X be a locally compact Hausdorff space. We claim that Shv(X;Sp) is dualizable but not compactly-
generated’. One possible proof of dualizability uses Lurie’s covariant Verdier duality theorem [ ,

3Compactly-generation is hard and we refer the reader to [ , Proposition 3.4]. There it is proven, under hypercompleteness
assumption, that Shv(X;Sp) is compactly generated if and only if X is totally disconnected. We would like to point out that this
generalizes an argument of Neeman.



Theorem 5.5.5.1]; in the next section we give another proof.

2 Compactness

The goal of this section is to prove another equivalent characterisation to being compactly assembled. In-
deed, we may argue that Theorem 1.7 is somehow unsatisfactory, since it characterise compactly assembled
(00, 1)-categories externally. To correct this problem, we introduce the concept of compact maps: they will
allow us to manipulate compactly assembled categories as compact objects allow us to manipulate com-

pactly generated categories.

Definition 2.1. Let M be an (oo, 1)-category with filtered colimits and let f : x — y be a morphism in M.
We will say that f is a compact morphism if for any filtered diagram z, : I — M there exists a diagonal filler

in the following commutative square:

colim; Hom(y, z;) —— Hom/(y, colimj z;)

colim; Hom(x, z;) —— Hom(x, colim z;)
Here the horizontal maps are induced by the universal property of colimits.

We have the following slogan: the definition of compact maps is supposed to be a way of encoding,
using only the map f : x — y, the property that it has a “compact image”, or perhaps factors through a
compact object, even in the absence of compact objects.

Example 2.2. Clearly, an object x € M is compact if and only if id, is a compact map.

Definition 2.3. Let M be an (oo, 1)-category with filtered colimits. Let x, : N — N be a diagram and x be its
colimit. We will say that x, is a compact exhaustion of x if each transition map xn, — xn1 is compact. Given

y € M, we will say that y is compactly exhaustible if there exists a compact exhaustion of it.

The following result is the generalisation we were discussing before.

Proposition 2.4 ([ , Theorem 2.39]). Let M be an (oo, 1)-category with filtered colimits. Then M is
compactly assembled if and only if it is generated under filtered colimits by compactly exhaustible objects.

Proof. The proof is not too complicated, but we don’t have time. O

Example 2.5 (Continuation of Example 1.8, point (3)). Let X be a locally compact Hausdorff space. We
claimed before that Shv(X; Sp) is dualizable but not compactly-generated. We now claim that it is compactly
assembled. We refer the reader to [ , Proposition 2.2.20]: there it is proved that X is locally compact if
and only if Shv(X) = Shv(X;Spc) is compactly assembled.

Example 2.6 ([ , Proposition 2.9]). The 1-category of seminormed rings is compactly assembled. To
prove that, let us denote by Z[T]<, the free seminormed ring with an element T with [T| < r. We first
claim that, for s > r the map Z[Tl<s — Z[T]<, is compact: we need to check that for any filtered colimit
of seminormed rings R = colim; R; and an element T € R with [T|g < 1, there is some index i such that
ITIr, <s; this follows from |T|g being the infimum of the |T|g,. It follows that Z[T]<; = colimg~, Z[T]<; is
compact exhaustible, and in particular Proposition 2.4 implies that the 1-category of seminormed rings is
compactly assembled (since it is generated under colimits by this example by varying r € R~ o).
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3 Local rigidity and rigidity

As we observed in Example 1.8, many stable presentable (oo, 1)-categories appearing in nature are not just
compactly generated (and hence dualizable over Sp), they are also equipped with a symmetric monoidal
structure for which the dualizable objects coincide with the compact ones and for which the tensor product
preserves compact objects: they are rigidly-compactly generated. Since many does not mean all, we would
like to develop a theory that allows us to treat also the case where our categories are “rigidly-compactly
generated without being quite rigidly-compactly generated”. To be precise, we are interested in a theory
that:

(1) Allows us to study the case where we don’t have enough compact objects to generate.
(2) Allows us to work over more general bases.

Rigid and, more generally, locally rigid (oo, 1)-categories achieve these goals and are what we want to discuss
now.

Let us first recall the definition of internal left adjoint.

Definition 3.1. Let V € CAlg(Pr") be a presentably symmetric monoidal (oo, 1)-category and let f* : M —
N be in Mody (Pr") with right adjoint fR. We will say that " is an internal left adjoint in Mody (Pr") if the

square

. L
Vo MYEL YN

| |

M —a N
is horizontally right adjointable and the right adjoint fX is colimit-preserving.

In other terms, f- : M — N is an internal left adjoint in Mody (Pr") if the right adjoint fR preserves
colimits and the canonical projection map

vam fR(n) = fRvenn)

is an equivalence for all v € V and n € N. That is, if f® induces a right adjoint V-module map f® : N — M.

Example 3.2. Let’s understand the case where V is the (oo, 1)-category of spectra Sp. Then a morphism
fL: M — Nin Modsp(PrL) is an internal left adjoint if and only if it the right adjoint f® preserves colimits.
Furthermore, in the case where M is compactly generated, f- is an internal left adjoint if and only if it pre-
serves compact objects*. The first claim is [ , Corollary 3.8] and the second one is [ , Proposition
5.5.7.2].

Definition 3.3. Let f: B — € be a morphism in CAlg(Pr"). We will say that € is locally rigid over B if:
(1) The multiplication map € @4 € — C is an internal left adjoint in Mod e, ¢ (Pr").

(2) The Cis dualizable over B.

In other terms, € is locally rigid over B if it is dualizable over B in the sense of Remark 1.4 and the right

adjoint € — € ®4 C to the multiplication map preserves colimits and is (€ ®¢ C)-linear.

4More generally, any internal left adjoint f- : M — N preserves atomic objects. If M is atomically generated, the converse holds:
if f- preserves atomic objects, then f is an internal left adjoint.



We will see in Example 3.9 that a compactly generated (oo, 1)-category is locally rigid over Sp if and only
if every compact object is dualizable and the multiplication map preserves compact objects. To properly get
back the notion of rigidly-compactly generated categories we still need to impose that “dualizable objects
are compact”. For this we need the notion of atomic object.

Definition 3.4. Let V € CAlg(Pr") be a presentably symmetric monoidal (oo, 1)-category and let M ¢
Mody (Pr) be a V-module. An object x € M is called V-atomic if the V-linear functor —® x : V — M is an

internal left adjoint.

In other words, and object x € M is V-atomic if the right adjoint map,(x, —) : M — 'V preserves colimits
and the canonical map
Vv @y map,,(x,y) — map,,(x,v®y)

is an equivalence forallv e Vand y € M.

Example 3.5. Let V € CAlg(PrL) be a presentably symmetric monoidal (oo, 1)-category. Then V-atomic
objects in V are exactly the dualizable objects. Indeed, if x € V is dualizable with dual x”, then we have

an adjunction — ® x 4 — ® xV that identifies Hom,,(x, —) ~ — ® x¥ with a colimit preserving and V-linear

functor. Conversely, if x is V-atomic, then the dual can be identified with x¥ ~ Hom.,(x, 1).

Example 3.6. It is easy that Sp-atomic objects are exactly compact objects in the usual sense. Let M be a
stable presentable (oo, 1)-category and x € M and consider — ® x : Sp — M. Accordingly to Example 3.2,
the functor is an internal left adjoint if and only if its right adjoint map,(x,—) preserves colimits, which
happens if and only if x is compact, as one can show by applying Q>°*™ for every integer n.

The next result shows that atomic objects behave similarly to compact ones.

Lemma 3.7 ([ , Corollary 1.26]). Let V € CAlg(PrL) be a presentably symmetric monoidal (co, 1)-
category and let M € Mody (PrL) a V-module. The full subcategory M, of atomic objects of M is essentially
small. In fact, if the unit 1+ is k-compact, we have M, C M*.

We can finally strengthen the definition of locally rigid algebra.

Definition 3.8. Let f : B — € be a morphism in CAlg(Pr"). We will say that € is rigid over B if:
(1) Itislocally rigid over B.
(2) The unit of € is B-atomic.

Example 3.9. Let C be a compactly generated (oo, 1)-category. Then € is Sp-rigid if and only if it is rigidly-
compactly generated. Assume that C is rigid. Since the unit is Sp-atomic, it is compact. Hence every
dualizable object is compact. For the converse, notice that, if x € € is compact, the functor —®x : € — €
admits

id®map (x,—
_—

coewe Lewsp~e

as right adjoint. Finally, since we are over spectra, the multiplication map is an internal left adjoint if and
only if it its right adjoint preserves colimits. Since € and € ® € are compactly generated, this is the same
of the multiplication preserving compact objects! Conversely, if € is rigidly-compactly generated, then it is
locally rigid (since it is dualizable by Remark 1.5 and the multiplication map is an internal left adjoint, since
it reduces to the tensor product, which preserves compact objects since they coincide with the dualizable
ones). It is also rigid, since the unit, being dualizable, is compact, hence Sp-atomic by Example 3.6.
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4 Scholze’s results

We begin with an easy result that will simplify Scholze’s proofs.

Lemma 4.1. Let V € CAlg(Pr") be a presentably symmetric monoidal (oo, 1)-category and let f : M — N
be in Mody (Prh).

(1) Assume that M is atomically generated, that is it is generated under V-colimits by atomic objects, and
that f- preserves them. Then f' is an internal left adjoint

(2) Assume that V is generated under colimits by its dualizable objects. If f® is colimit preserving, then
fL is an internal left adjoint.

Proof. Point (1) is [ , Corollary 1.31]: the idea is that being V-atomically generated amounts to the
statement that the various —® m : V — M, for m € M, are internal left adjoints and have jointly conser-
vative right adjoints. Indeed, by [ , Lemma 1.30] we deduce that f' is an internal left adjoint if and

only if each f'(— ® m) ~ — ® fL(m) is; this is in our assumptions since f' preserves atomic objects.

Point (2), once we know that R is colimit-preserving, follows from [ , Corollary 3.8]: it shows
that for every dualizable object v € V the natural map v ® fR(n) — f*(v ® n) is an equivalence for every
n € N. Since V is generated by dualizable objects under colimits and both sides preserves them, we are
done. O

We also need to understand the behaviour of dualizable categories under filtered colimits.

Lemma 4.2 ([ , Proposition 1.72]). Let (C;); be a filtered diagram of dualizable stable (oo, 1)-categories,
with colimit-preserving functors whose right adjoints also commute with colimits. Then.

(1) The colimit colim C; is dualizable.

(2) Passing to compact objects, the natural functor colim(C;). — (colimCi). of small stable (oo, 1)-
categories is an equivalence.

Proof. We don’t give a detail proof of this result, but rather we refer the reader to [ , Proposition 1.65]
for the first claim and to [ , Proposition 1.71] for the second. O

We can finally prove Scholze’s results.

Proposition 4.3 ([ , Proposition 10.1]). Let C be an algebraically closed Banach field. Then Dp(C) is
rigidly-compactly generated. Moreover, if C has equal characteristic and we pick a splitting k — C of its
residue field k, then a generating family of compact objects is given by Zmq[X](—j) where X is a smooth
projective variety over k, and j > 0.

Proof. We don’t have time for the proof. We just remark that one can reduce to the case where C is of equal
characteristics, notice that Zmet[Y](—j) is dualizable when Y is smooth projective over C, that the unit is
compact (so that all dualizable objects are compact) and then show that Zmt[Xc]l(—j) generates Dot(C).
Since 7Z generates the torsion part, it is sufficient to deal with rational coefficients.

We need to show that, if M € Dp,o(C) is such that all the maps Zmot[Xc](—j) — M are zero for all such X

and j, then M = 0. Since it suffices to show that M(C’) = 0 for all complete algebraically closed extensions
C’/C, one can argue on the topological degree of the extension. In particular one reduces the proof to study



the case where C4/C is some extension of topological transcendence degree d. By picking some extension
Ca—1 C Cq of topological transcendence degree d — 1 such that C4/Cq4_1 is of transcendence degree 1,
one reduces the claim to check the latter extension. The proof then follows by noting that the extension
Ca/Cqa—1 corresponds to one of the types of points (2), (3) or (4) on the Berkovich line over C4_;. O

Proposition 4.4 ([ , Proposition 10.3]). Let A be an analytic Banach ring of finite cohomological dimen-
sion. Then Dmet(Marc(A)) is rigid.

More generally, let X be a qcqgs arc-sheaf of finite cohomological dimension such that for each x € [X]
there is some non-discrete algebraically closed Banach field C(x) and a quasi-pro-étale map® M (C(x)) —
X with image x. Then Dy (X) is rigid over Sp.

Proof. We need to show that Dnet(X) is locally rigid over Sp and that the unit of Dpe(X) is Sp-atomic.
This last fact is obvious from our assumptions: being Sp-atomic, accordingly to Example 3.6, consists in
showing that the unit of Dme(X) is compact, but X is assumed to be of finite cohomological dimension!
Notice, furthermore, that this implies that dualizable objects are compact.

Local rigidity over Sp consists in showing that Dy, (X) is dualizable over Sp and that the multiplication
map Dmoet(X) ® Dmot(X) — Dmot(X) is an internal left adjoint. Let’s treat these two facts separately.

(1) Accordingly to Theorem 1.7, to show that Dpe(X) is Sp-dualizable it suffices to show that it is com-
pactly assembled. We now use Proposition 2.4: it suffices to show that Dp,t(X) is generated under
filtered colimits by compactly exhaustible objects.

First of all, let us describe some of the compact maps. We claim that for an inclusion U C V C A%
open subsets that factors over a compact subset K C A%, thatis U C K C V, the induced morphism
Lot U] — Zimet[V] is compact: this follows since the induced map Hom(V,—) — Hom(U, —) factors
trough Hom(K, —), which commutes with filtered colimits. Now, since any V C A% can be written
as a union of such U strictly contained in V , we see that Zmq[V] is compactly exhaustible, so that it
remains to show that those objects generate D&t

oot(X) (because their negative Tate twists generate the
all of Dot (X)).

Let C C D (X) be the full subcategory spanned by the Zme[V]. Since the inclusion preserves com-
pact maps and since € is compactly assembled, the right adjoint D (X) — @€ preserves colimits®. In
(X) for |X| a point.
Then X = Mar(C)/G for some profinite group G acting continuously on an algebraically closed non-

particular, we can pass to stalks and reduce ourselves to prove the that ¢ = D&\
discrete Banach field C. We now use [ , Proposition 5.13]: Sebastian showed that for an analytic
ring A of finite cohomological dimension, 'Dféf)t(Marc(A)) is generated by Zme[V] for V C A’ open;
one can runthe same proof in the case where a profinite group G acts continuously on an algebraically
closed non-discrete Banach field C.

(2) We need to show that the multiplication map Dmot(X) ® Dmot(X) — Dmoet(X) is an internal left ad-
joint in Modp,_, (x)@m..(x)(Pr"). We wish to apply point (1) of Lemma 4.1 in the case where f" is
given by the multiplication map, so let us verify its assumptions’. That is, we need to show that

5Recall that the geometric points are given by algebraically closed Banach fields. The assumption of being non-discrete is used in
the proof.

®Maybe a proof would be nice

7We are in the case where V = M = Dot (X) ® Dmot(X) and - = — @ — : Dot (X) @ Dimot(X) — Dmot(X), so the assumptions
we need to verify are: V is V-atomically generated and f- preserves atomic objects. However, Example 3.5 tells us that we just need to
show that V is generated by dualizable objects.
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Dot (X) ® Dmot(X) is generated under colimits by its dualizable objects and that the multiplication
map preserves compact objects.

That the multiplication map preserves compact objects is a consequence of the previous point: we
have showed that the tensor product preserves compact maps, and hence compact objects. Since to
show that Dmet(X) ® Dmet(X) is generated under colimits by its dualizable objects, it suffices to show
that Dmot(X) is generated under colimits by its dualizable objects, Scholze reduces the proof in two

cases.

In the first one, he still assumes that X = M,.(C)/G is a point. By picking a cofinal system of open
subgroups Gi C G, we see that
Marc(c) ~ lim Marc(c)/Gi

so that, by taking Dpet(—) on both sides we can apply Lemma 4.2 (the categories Dot (Marc (C)/Gi) are
dualizable by the previous point!): it implies that every compact object of M,..(C) descends to some
Marc(C)/Gs, as does its dual, as well as the duality maps; thus, it descends to a compact dualizable
object. Here we have used Proposition 4.3 since we needed Dmet(Marc(C)) to be rigidly-compactly
generated. Now the claim follows since the pushforward along the finite étale map M. (C)/Gi —
Marc(C)/G preserves compact-dualizable objects, and these objects generate.

In the second case, one applies a similar argument and we just sketch it (since we didn’t introduce
the appropriate terminology). It suffices to see that there is a generating family of objects that are
sequential colimits along trace-class maps (these are to dualizable objects as compact maps are to
compact objects). Pick any x € X and write it as a cofiltered limit of closed neighborhoods Z; C
X. Using Lemma 4.2 again, the compact dualizable objects in the fibre at x spread to some Z;. If
M € Dmot(Z4) is compact dualizable and U; C Z; is an open neighborhood of x in X, without loss of
generality a countable union of closed subsets, then the extension by 0 from U; to X of M|y, is such a

sequential colimit along trace-class maps, and these objects generate.

Putting all together, we conclude. O

Corollary 4.5 ([ , Corollary 10.6]). Let X — S « Y be a diagram of qcqs arc-stacks as before. Then the
exterior tensor product defines a fully faithful functor

— X —: Dpot(X) ®@p (S) Dmot(Y) = Dmot(X x5 Y).

mot

Proof. Before doing the proof, let us note that Scholze does not say anything explicitly on why, for a mor-
phism X — S, the induced pullback functor Dmet(S) — Dmot(X) exhibits Dmet(X) as rigid over Dmor(S).
This should follow from a result by Arinkin-Gaitsgory—Kazhdan—Raskin-Rozenblyum-Varshavsky, [ ,
Theorem 4.3.1]: since Dmet(S) is locally rigid over Sp , Dmot(X) is locally rigid over Dmet(S) if and only if its
locally rigid over Sp, so that we have nothing to prove. Confession: I've not understood why the unit of
Dimot(X) 1S Dmot(S)-atomic. Hopefully someone has an idea. .. Anyway, let R be the right adjoint of XK. We

need to show that the unit map

idDmnt(X)®'Dmm(S)Dmol(Y] — R(—=X—)

is an equivalence. But since R is linear over Duet(S) and colimit preserving, we can reduce ourselves to
check that this is true when the input is given by the unit of Dpot(X) @, (s) Dmot(Y). This is obvious, since
the projection formula implies the Kunneth formula. O
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