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1 Measurements in a three-dimensional Hilbert space

Consider the following three operators on a three-dimensional complex Hilbert space,

1 010 1 0 - 0 1 0 0
Ly=—1(1 0 1]}, Ly=—/41¢ 0 —i], L,={0 0 0
V2 010 V2 0 ¢+ 0 0 0 -1

a) Consider the eigenbasis of L,. What are the possible results if L, is measured? Find (L),
(L2), and AL, in the state for which L, has eigenvalue +1.

b) Find the eigenvalues and the normalized eigenstates of L,. Express the latter in the L,-basis.

c) If the particle is in the state with L, = —1 and L, is measured, what are the possible
outcomes and their probabilities?

d) Consider the normalized state

If L2 is measured and the result +1 is obtained, what is the state after the measurement?
How probable was this result? If L, is measured, what are the outcomes and respective
probabilities?

e) A particle is in a state for which the probabilities are P(L, = 1) = 1/4, P(L, =0) = 1/2,
and P(L, = —1) = 1/4. Convince yourself that the most general normalized state with this
property is
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In quantum mechanics, states that only differ by a phase are considered to be equivalent.
Does this mean that the factors ¢’ in the expression above are irrelevant? (Calculate for

example P(L, =0).)

2 The density matrix

More common than single-particle systems in pure states |i)) are ensembles of N systems, n; of
which are in the state |7). (For simplicity, we restrict ourselves to cases where |i) is an element
of an orthonormal basis.) Such an ensemble is described by k states |i) = |1),]2),...,|k) and by
k occupation numbers n; (i = 1,2,...,k). A convenient way to assemble all this information is
the density matrix (which is really an operator that turns into a matrix once a basis is chosen),

PZZPi’i><i|7

where p; = n;/N is the probability that a system picked randomly out of the ensemble is in the
state |i). The single-particle systems considered up to now correspond to the situation of a pure



ensemble in which all p; = 0 except one. A general ensemble is mized. In such an ensemble one
considers ensemble averages of operators €2, which are defined as

The notation with the bar and the angular brackets indicates that two types of averages have
been taken: a quantum average (i|€2|7) for each system in a given state |i), and a classical average
over the systems in different states |i).

a) Define tr(Q2p) = >_,(j|Q2p[j). Show that (Q) = tr(Qp). (This demonstrates that p contains
all the statistical information about the ensemble.)

b) Prove the following list of properties.

1

S
>,
I

p-
rp=1.
2

11

-+

iii = p for a pure ensemble.
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) p=(1/k)1 for an ensemble uniformly distributed over k states. Here, 1 is the identity
operator on the space spanned by these states.

v) trp? < 1.
3 Time-evolution operator

In the lecture we will consider the so-called time-evolution operator. In an eigenbasis {|E)} of
the Hamilton operator H it takes the form

= 3 BB,

Show that its general form, without reference to any basis, is given by U(t) = e~ t/h,

4 Properties of the Dirac §-function

Use the relation d(ax) = 6(z)/|a| to show that
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where x1, x9, ..., xz, are the zeros of f(x) (which we assume to be simple zeros).

Hint: Start from the integral
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and rewrite it as a sum of n integrals, each of which is performed over an infinitesimal interval
centered at one of the z;. (What feature of the d-function allows for this preliminary step?) Then
expand f(z) in a Taylor series and keep only the first nonzero contribution.



