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Problem 1 Rotations about an axis

Show that the generator Jn̂ of an SO(3) rotation about an arbitrary axis n̂ = (n1, n2, n3) with
|n̂| = 1 is given by

Jn̂ = n̂ · ~J =

3∑
k=1

nkJk ,

where the Jk are the generators of SO(3) given by

J1 =

0 0 0
0 0 −i
0 i 0

 , J2 =

 0 0 i
0 0 0
−i 0 0

 , J3 =

0 −i 0
i 0 0
0 0 0

 .

Hint: As shown in the figure, consider a rotation by a small angle δϕ and show that δ~r =
~r ′ − ~r = n̂ × ~r δϕ. Rewrite the cross product by means of the totally antisymmetric tensor ε
and use (Jk)ij = −iεijk.
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n̂
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θ

Problem 2 Rotations by the same angle are in the same class

Show that for any R ∈ SO(3) we have RRn̂(ψ)R
−1 = Rn̂′(ψ) with n̂′ = Rn̂.

Problem 3 SU(2) matrices as exponentials of the generators

Show that for ~α = n̂ψ we have

e−i 1
2
~σ·~α = 1 cos ψ

2
− i~σ · n̂ sin ψ

2
.

Here, n̂ is a unit vector in three dimensions, and the vector ~σ contains the three Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Hint: You can solve this problem without knowing anything about SU(2). First show (~σ·n̂)2 = 1.
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Problem 4 Relationship between angle-and-axis parameters and Euler angles

In Sec. 6.7 we have discussed two different ways to parameterize rotations in three dimensions,
i.e., angle-and-axis parameters and Euler angles. In the former case, we parameterize a rotation
Rn̂(ψ) by the rotation angle ψ and the rotation axis n̂ with

n̂ =

sin θ cosϕ
sin θ sinϕ

cos θ



x

y

z
n̂

θ

ϕ

The intervals of the parameters are ψ, θ ∈ [0, π] and ϕ ∈ [0, 2π]. In the latter case, we write a
rotation as R = Rz(α)Ry(β)Rz(γ) with

Ry(ψ) =

 cosψ 0 sinψ
0 1 0

− sinψ 0 cosψ

 and Rz(ψ) =

cosψ − sinψ 0
sinψ cosψ 0
0 0 1

 .

The intervals of the three Euler angles are α, γ ∈ [0, 2π] and β ∈ [0, π]. Prove the relationship
between the two parameterizations,

cosψ = 2 cos2 β
2

cos2 α+ γ

2
− 1 ,

ϕ =

(
1

2
(π + α− γ) + kπ

)
mod 2π ,

tan θ = (−1)k
tan β

2

sin α+γ
2

,

where k = 1 if (α+ γ) mod 4π ∈ [π, 3π] and k = 0 otherwise.
Hints: To derive the first equation, note that all rotations by the same angle ψ are in the same
class. Consider a rotation about the z-axis and compute the trace (i.e., character) of the rotation
matrix for both parameterizations. To derive the remaining two equations, use the fact that n̂
is left invariant by the rotation R(α, β, γ).
Remark: Since R(α, β, γ) is 2π-periodic in all three angles, we can shift the intervals of the
angles. In particular, if we use γ ∈ [−π − α, π − α], we always find k = 0.
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