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Group theory for physicists

Problem set 11 (for the exercises in the week of Jan. 20)

Remark: Because of the holiday on Jan. 6 we are one exercise short. Therefore we have to skip
two problems that were announced in class: the relation between Euler angles and angle-and-axis
parameters for SO(3), and the proof that the generator of a rotation about the axis 7 = ngéy is
Ji, = niJi. Both are discussed in Tung’s book, see Eq. (7.1-14) and Theorem 7.2.

Problem 1 Rotations by the same angle are in the same class

Show that for any R € SO(3) we have RR;(¢)R™1 = Ry () with 7/ = Ra.

Problem 2 SU(2) matrices as exponentials of the generators

Show that for & = n1 we have
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Here, 7 is a unit vector in three dimensions, and the vector & contains the three Pauli matrices
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Hint: You can solve this problem without knowing anything about SU(2). First show (7-7)? = 1.

Problem 3 Invariant integration measure for SU(2)

Compute the Haar measure for the integration over SU(2) in the standard parameterization of
SU(2) from Sec. 6.8.1 of the lecture,
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Normalize the integration measure such that vol(SU(2)) = 1.

Hints: The generators of SU(2) are the three Pauli matrices o1, o2 and o3. Use the general
method to construct the Haar measure from Sec. 6.8.3 of the lecture.

Problem 4 SO(3) and SU(2)

a) Construct the irrep D7 of SO(3) for j = % Start with the general expression
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from Sec. 6.7.4 of the lecture.

Hint: Using the action of Jy on the states |3, £3), construct the explicit form of J, in this
two-dimensional subspace.

b) Convert the standard parameterization of SU(2) from Sec. 6.8.1 of the lecture (see problem 3)
to the form D1/2(a,5,’y). What are the intervals of the three angles? Compare with the
intervals of the Euler angles for SO(3) and discuss the difference.
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