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Quantum Electrodynamics

Problem Set 4 (for the exercises in the week of May 11)

Problem 1 Spinor representation of the Lorentz algebra
Assume that we have four n x n matrices v* satisfying the anticommutation relations
A7) =AY At =291,

We only know these relations but not the explicit form of the v*. Show that the n x n matrices
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satisfy the commutation relations of the Lorentz algebra, i.e.,

[SHV | §PT] = i(g"PSHT — gHP ST — gV GHP | gHo GVPY
Hint: First prove [S*,~vP] =i (y#g"P — ¥ gHP).
Problem 2 A property of the v-matrices

Show that the y-matrices satisfy the relation

AT AL = AR,
b 2

where
A% = exp (—;wWSW> with S = %['y“,*y"] ,
A = exp (‘;ww ) with  (T#)as = (385 — 040%)

Hint: Substitute w,, — aw,, and show that the matrices v*(a) = 1/ ( )y Ay jo(a) and
A (a) = AP, (a)y” satisfy the same differential equation, i.e., d, 7" () = 927" (). The result
from the hint in Problem 1 may also be useful.

Problem 3 Transformation properties of 11 and ~yHp

a) We know that v transforms like ¢» — A1 1/1 Show that 1 = 770 transforms like ¢ — wA_
Therefore 1) is a Lorentz scalar.

Hint: Show that (S*)f40 = 708k,

b) Show that vy*1) is a Lorentz vector.
Hint: Use the property of the v-matrices you proved in Problem 2.



Problem 4 Orbital angular momentum and spin

In this problem, we will construct the angular momentum operator and show that the particles
created by a‘;; and b]s; have spin 1.

a) Since the Dirac Lagrangian is invariant under Lorentz transformations, it is invariant under

c)

d)

rotations. Consider an infinitesimal rotation by an angle 6 about the z-axis, i.e., wis =
—w91 = 0, so that
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where X3 = diag(o3, 03). Compute the change
0 =1 (x) — () = Ap(A™w) — ()

in the field at the point x and show that the time-component of the conserved Noether
current is

0 = —ipn2 (28, — YOy + %z%.

Doing similar calculations for rotations about the x- and y-axes, one finds the angular

momentum operator
3 ls
J= [ dzyt iz x (-iV)+ 5 P

Express ¢ and 9! in terms of ladder operators to show that, at t = 0,
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In the following we consider particles at rest. We want to show that a0T|0> is an elgenstate of
J. with eigenvalue £1. Since J, must annihilate the vacuum, we have Jzao |0) = [J., ag 10).
Show that the only nonzero term in the latter expression leads to

10 = 537 (0500 ) a0 = 3 (75¢ ) o,

where u(0) means u(p = (m,0)). Choose the spinors £ to be eigenstates of o to show that
we indeed have

1
J.ail|0) = iiagT 0) .
Show that for antifermions the sign is reversed, i.e.,
st 1 st
J283110) = 7 58510)

(optional) To justify the trick used in part b), show explicitly that J, annihilates the vacuum.
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