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Quantum Electrodynamics
Problem Set 2 (for the exercises in the week of April 27)

Problem 1 Fourier components of the Klein-Gordon field and ladder operators

As discussed in the lecture, we treat the Fourier components of the Klein-Gordon field as inde-
pendent oscillators,

φ(x⃗) =

∫
d3p

(2π)3
1√
2Ep⃗

(
ap⃗ + a†−p⃗

)
eip⃗·x⃗ ,

π(x⃗) =

∫
d3p

(2π)3
(−i)

√
Ep⃗

2

(
ap⃗ − a†−p⃗

)
eip⃗·x⃗ .

a) Show that the commutation relations of the ladder operators,

[ap⃗, a
†
q⃗] = (2π)3δ(3)(p⃗− q⃗) ,

lead to the commutation relations [φ(x⃗), π(y⃗)] = iδ(3)(x⃗− y⃗) of the field operators.

b) Show that the Hamiltonian

H =

∫
d3x

[
1

2
π2 +

1

2
(∇⃗φ)2 +

1

2
m2φ2

]
becomes

H =

∫
d3p

(2π)3
Ep⃗

(
a†p⃗ ap⃗ +

1

2
[ap⃗ , a

†
p⃗ ]

)
.

c) Show that the total-momentum operator

P⃗ = −
∫

d3x π(x⃗)∇⃗φ(x⃗)

becomes

P⃗ =

∫
d3p

(2π)3
p⃗ a†p⃗ ap⃗ .

Problem 2 Lorentz invariance of the normalization

In the lecture we introduced the normalization |p⃗⟩ =
√

2Ep⃗ a
†
p⃗|0⟩, which led to

⟨p⃗|q⃗⟩ = 2Ep⃗(2π)
3δ(3)(p⃗− q⃗) .

a) Show that the quantity Ep⃗ δ
(3)(p⃗ − q⃗) is a Lorentz scalar for the special case of a boost in

the 3-direction, i.e., p′3 = γ(p3 + βE) and E′ = γ(E + βp3).

b) Show that this quantity is also a scalar under the most general Lorentz transformation.
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Problem 3 Time dependence of the momentum density

In the lecture we have shown that ∂
∂tφ(x⃗, t) = π(x⃗, t). Using the Heisenberg equation of motion

and the Hamiltonian given in 1b), show that

∂

∂t
π(x⃗, t) = (∇⃗2 −m2)φ(x⃗, t) .

Problem 4 3-momentum and 4-momentum operators

Show that

e−iP⃗ ·x⃗ap⃗ e
iP⃗ ·x⃗ = ap⃗ e

ip⃗·x⃗ and e−iP⃗ ·x⃗a†p⃗ e
iP⃗ ·x⃗ = a†p⃗ e

−ip⃗·x⃗ ,

where P⃗ is the 3-momentum operator. Show that this leads to

φ(x) = ei(Ht−P⃗ ·x⃗)φ(0)e−i(Ht−P⃗ ·x⃗)

= eiP ·xφ(0)e−iP ·x ,

where Pµ = (H, P⃗ ) is the 4-momentum operator.
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