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What is inner-amenability?

Definition. A group Γ is inner-amenable if
there exists an atomless conjugation-invariant
mean on Γ, i.e. a finitely additive probability
measure m : P(Γ) → [0, 1] such that for all
γ ∈ Γ, A ⊂ Γ, we have

m({γ}) = 0 and m(γ · A · γ−1) = m(A).

Examples.

inner-amenable

inf. amenable (inf. amenable) ×Γ

Property (T)

BS(m, n)

Thompson’s F
H

Zn Z × Γ

non-abelian free
non-abelian free×non-abelian free
AX (RAAG, see below)

SL3(Z)

Here, let X be a flag triangulation of RP2 [2].
The group H is a solvable, finitely generated,
not finitely presented example [4].

What is homology growth?
Let Γ be residually finite and countable. Let
(Γi)i∈N be a residual chain, i.e. a sequence of
finite-index, normal subgroups such that

Γ = Γ0 ⊃ Γ1 ⊃ ... and
∩
i∈N

Γi = {1}.

Definition. Let n ∈ N and K be a field. We
define

b̂n(Γ, (Γi)i ,K ) := lim sup
i→∞

dimK Hn(BΓi ,K )

[Γ : Γi]

t̂n(Γ, (Γi)i) := lim sup
i→∞

log | torHn(BΓi ,Z)|
[Γ : Γi]

.

Examples.
group b̂1(·,Q) b̂2(·,Q) b̂2(·,F2) t̂1 t̂2

Zn 0 0 0 0 0

Z × Γ 0 0 0 0 0

Fr+1 r 0 0 0 0

Fr+1 × Fs+1 0 r · s r · s 0 0

AX 0 0 1 0 > 0

H 0 ? ? > 0 ?

Theorem (U. [6]). Let Γ be a finitely presented, inner-amenable, torsion-free and residually finite group.
Then, for every field K and every residual chain (Γi)i , we have

b̂1
(
Γ, (Γi)i ,K

)
= 0 and t̂1

(
Γ, (Γi)i

)
= 0.

Idea of proof. Use a structure theorem for inner-amenable groups [5] and inheritance of the cheap
rebuilding property [1].
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