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Preliminary warning: These notes are not proof-read by anyone, and are thus very likely full of
formal and conceptual errors. It is highly advised to use them with caution and scepticism.

Acknowledgements: These notes are based on handwritten notes by a lecture of Pavel Sechin,
whom I thank very much for giving the lecture and allowing me to make these notes publicly
available.

Conventions

All maps are assumed to be continuous. The set N of natural numbers contains 0 (usually).
Notation:

x: Single-point space
I :=10,1]: Standard interval; I": standard cube
Dm™: n-disk, S~ !: n — 1-sphere

For a category C, we let Ob(C) be the class of its objects and for x,y € Ob(C) we let
Mor¢ (z,y) be the class of morphisms between = and y. Sometimes we will abbreviate z,y € C
for z,y € Ob(C).

Top: Category of topological spaces.

Top?: Category of pairs of spaces (i.e. objects in Top? are of the form (A, B), where B C A,
and a morphism f : (A,B) — (C,D) is amap f : A — C with f|g : B — D. Similarly
define triples of spaces, etc. We will omit the curly brackets if the subspace is just a point:
(X,2) := (X, {z}). The category Top, of pointed topological spaces is (in a suitable sense)
a subcategory of Top?.

Sets, Sets,: Categories of sets and pointed sets.
Grp, Ab: Categories of groups and abelian groups.

We use the notation “f ~ ¢” if two maps f, g are homotopic. If they are homotopic through
a homotopy H, we indicate this by f ~f g. We use the notation “X ~ Y if two spaces
X,Y are homotopy equivalent. We use “X =2 Y” if they are homeomorphic.

If F:C — D is a covariant functor from a category C to a category D, z,y € Ob(C) and
f € More(x,y), then we denote the induced map by f. € Morp(F(z), F(y)), or by F(f)
or Ff. If F :C — D is instead a contravariant functor, we denote the induced map by
[T € Morp(F(y), F(x)) (or by F(f) or Ff).

For a point x € X in some topological space X, we abbreviate the constant map ¥ — X,
y +— z (for any other topological space V'), simply by x.

We denote equivalence classes by square brackets, e.g. a map f : (S™,*) — (X, z) defines an
element [f] € 7, (X, z). However sometimes we will simply write f and mean “f up to some
equivalence”.

For a homotopy H : X x I — Y between two maps f,g: X — Y, we write Hy(z) := H(z,t)
for z € X.

We denote the neutral element in a group sometimes by 1, sometimes by e and sometimes
by 0; there should not arise confusions.
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— If X, Y are topological spaces, then we denote the set of maps from X to Y modulo homotopy
by [X,Y]. If we consider pointed spaces (X, z), (Y,y) and pointed maps modulo pointed
homotopy, we denote the corresponding set by [(X, ), (Y,y)]« or sometimes abbreviatedly
by [X,Y].. Thus e.g. m,(X) = [S™, X]..

- A x% C': homotopy pullback, A U% C'": homotopy pushout.

— St(+): Stabilizer (for group action).

— Gr®(k,n): Grassmann manifold (or Grassmannian), V¥(k, n): Stiefel manifold.
- R,R",C,C",...: Trivial bundles.

— O(—1): Tautological (real resp. complex) line bundle on RP™ (resp. CP™), O(1): its dual.



1 Elementary methods in homotopy theory

Literature:
— A. Hatcher, Algebraic Topology
— T. tom Dieck, Algebraic Topology

1.1 Homotopy groups of pairs, long exact sequence

Recall the definition of homotopy groups:

Definition 1.1.1 (Homotopy group). Let (X, z) be a pointed topological space and n € N. We
define the n’th homotopy group of (X, x) by

(X, z) :={f: (I",0I") = (X,2)}/ ~,
where
f~g:e 3H : I" x I — Xsuch thatH|;,q0y = f, H|1x {1y = 9,
Vtel:Hy:=Hl|pmygy: (I",0I") = (X, ) (is a map between pairs of spaces).
[

Remark 1.1.2. Recall that m, : Top — Sets, is a functor. For n > 1, even 7, (X, z) € Grp, and
forn > 2, m,(X,z) € Ab: For f,g: (I",0I") — (X, ), one can define a composition

fQ2ty,ta, ... ty),

f+1g(I 781 )—>(X,$)7 t’_>{ g(Qtl—l,tQ,...7tn), t;

[MIEESIES

We can glue these two maps because the boundary 0I™ goes to X. Picture:

LA AF s
g
O 3 15

(Remark: We define (I°,01°) = (%, 0).)

The operation +; is well-defined, i.e. compatible with ~. Proof: Let H : I" x I — X : f1 ~ fo
be a homotopy. Since H|grnw; = {2}, the “side” faces are sent by H to . We get a homotopy
fi+19 ~ fa+19g by glueing to H the trivial homotopy g ~ g and reparametrizing (in the
t1-direction).

Neutral element: Z : (I™,0I™) — ({z},z). (Often it will also be denoted simply z.) Proof: The
cube below (which is obtained as the glueing of the cube f ~ f and the constant map to z in the
prism, and then reparametrizing) is a homotopy from f to f +1 T.

1n this case, we say that f and g are homotopic as maps between pairs of spaces.
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Commutativity (for n > 2):

Now define relative homotopy groups:

Definition 1.1.3. Let (X, A, ) be a pointed pair of topological spaces, i.e. z € A C X, and let
n>1. Let J*71:=9I" 1 x TUI™"! x {0} C 8I™. We define the n’th relative homotopy group of
(X, A, z) by

(X, A ) o= {f - (I", 01", J" 1) = (X, A,2)}/ ~,

where
f~g:=3dH: 1" x I — Xsuch that Hy= f,Hy =g,
VteI: H,(I",0I",J" ') = (X, A, z) (is a map between triples of spaces).
Remark 1.1.4. — The definition of 7, (X, A, z) is equivalent to what we obtained if we used

{(D™, 8" %) = (X, A,2)}/ ~.

— We have an isomorphism 7, (X, {z}, z) & m, (X, x).
— For n > 2, m,(X, A, x) has a group structure, and this group is Abelian if n > 3.

— Amap f:(X,A,z) = (Y, B,y) between triples of spaces induces a map f, : m,(X, 4, 2) —
(Y, B,y), ¢ v fu(¢) := f o of]

— We have a diagram of inclusions

(4, {2}, ) —= (X, {z},0) == (X, A,2) .

Let us define a map 9 : m,(X, A, 2) — mp—1(4,2) = m—1(4, {z},x) as follows: For f :
(I, 01, J" 1) — (X, A, x), let

af = f|]n—1><{1} : (Inil, 8[”’1) — (X, (E)
(This yields a well-defined map between equivalence classes of maps in 7,.)

Theorem 1.1.5 (The long exact sequence of homotopy groups). The following sequence of pointed
sets and groups is exact:

co——1, (A, ) L>7rn(X,x) *j*>7rn(X,A,x) 2 i (Az) — ..

——m (X, A x) 2. mo(A4, ) L>7T0(X,:E).
Proof. — Exactness at m, (X, A, x): doj, =0, since for f: (I",0I") — (X, x), we observe that
of:(I", 01", J" 1) — (X, A, x) satisfies O(j o f) = x by definition of 9.
Furthermore kerd C imj,: Let f : (I",0I",J" ') — (X, A,z) with 9f = 0, i.e. 9f =
flInflx{l} ~ x. Le.

JH "' x I - AC XwithHy=0f, Hy =z, HOI" " x I) = {z}.

Note I"™1 x I = I". Define F : I" x [0,1/2] —+ X by “glueing increasingly large parts of H
to f7. Picture of F; (for n = 3, using the same notation as for homotopies):

2l.e. 7, as defined above is again a functor.
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Thus

Fylpmxjoi—q(@1, . 20) = f(21,. ., 201, 20 /(1 — 1)),
Fy=f, Vte (0,1/2]: Fy : I — X, ’
o=/ (0,1/2] : i { Fylpsp—ea)(®1, -, 20) = H(x1, ..o 201, 2(2n — £+ 1))

Le. we speed up f in the n’th coordinate by a factor of 1/(1 —¢) for ¢ > 0, and then we glue
H to it, which we speed up by a constant factor of 2.

Then by construction I}/, € m,(X, ) and j.(Fy/2) = [f] (i.e. they lie in the same homotopy
class): Fy/; is a homotopy in ¢ between f and Fy ;.

— Exactness at m,(A,z): i, 09 = 0: Consider f : (I",0I",J" ') — (X, A,z). We need to
show Of = flrn-1xq13y ¢ I"1 ~ x. The required homotopy is just given by f itself (up to
inverting the parametrization): We have H = f : "1 x [ — X with H; = 0f, Hy = x and
Hy: (I""Y0I"1) — (X,z) forall t € 1.

Furthermore keri, C imd: Let f: (I",0I") — (A,z) withio f ~H 2 ie. H: " x I — X
with Hy = io f, Hy = z, H(OI" x I) = z. Consider then the “mirrored homotopy”

H(x1,...,Tpy1) = H(x1,...,1 —2py1). Then H : ["T1 — X can be regarded also as an
element of 7, (X, A, z) which defines a preimage of f under 9, since H sends 01" *! to A and
J" to z.

— Exactness at 7, (X, z): Exercise. It is helpful to imagine the case n = 2, when the homotopy
can be imagined in 3D.

O

1.2 Serre fibrations

Definition 1.2.1. A map p : E — B satisfies the homotopy lifting property (HLP) with respect
to a space X if for every commutative diagram

X——F

(id,o)£ J{p

XxI-*~B
there exists a map h: X x I — E (a “lift”) such that the diagram

X——F

-
(i,0) ho lp
7
XxI——B

is commutative. In other words, h satisfies h o (id,0) =g, po h=h.

Definition 1.2.2. A map p: E — B is called a Serre fibration, if it has the HLP with respect to
I™ for all n > 0.

Remark 1.2.3. — The HLP is stable under pullbacks and homeomorphisms.
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— In Algebraic Topology 1, we saw that every covering map p : ' — B with fiber F' is a Serre
fibration: We know that

1——=m(FE,e) ——=m(B,b) ——= F 2 o F moF mo B

is exact for any e € F, b € B (the map m(B,b) — moF is given by lifting loops in B to
paths in E and looking at their endpoints). In other words, m1(E, e) — m1(B,b) is injective,
implying the HLP for n = 1 (at least when considering pointed maps). For n = 0 the
required statement is just the path-lifting property. For n > 2 we had even an isomorphism
mn(E,e) = m,(B,b).

Proposition 1.2.4. Being a Serre fibration is local on the base, i.e.: If p: E — B is a map and
there exists an open cover {Ua}a of B such that pl,-1(v,) :p Y (Uy) — U, is a Serre fibration for
all o, then p is a Serre fibration.

The proof uses similar constructions as the proof of proposition below.
Remark 1.2.5. 1. Fibrations in general are not local on the base.

2. In the category of pointed CW-complexes, a Serre fibration is the same as a fibration (without
proof here).

Theorem 1.2.6. If p: E — B is a Serre fibration, then forn > 1, e € E, b = p(e), By C B,
Ey :=p~Y(By), we have an isomorphism

Dx - '/Tn(Ea EOve) iﬂn(B;Bﬂvb) .

Before proving it, we note that due to the long exact sequence of homotopy groups, we get:

Corollary 1.2.7 (Long exact sequence of a Serre fibration). If we choose By := {b} and define
Eq =: F = p~Y(b), then there is a long exact sequence

o——mp(Fie) ——=m,(E,e) —— m,(B,b) 2 m,(E, F,e) ——=m,_1(F,e) —— ...

co.—>mo(F,e) —mo(E,e) — mo(B,b) — 0.
The isomorphism m,(B,b) = 7, (E, F,e) is precisely given by p..
Bl

Lemma 1.2.8. If p: E — B is a Serre fibration, then if the solid arrows in the diagram

Jnfl - S E
7
incl / 7 ip
s
I"—B
define a commutative diagram, there exists a lift as indicated by the dashed arrow.

Proof. There exists a homeomorphism ¢ such that the diagram

"1 x {0} = Jn—! E
incl{\ lp
R B
commutes. Then use the HLP for "~ O

3From the requirement of the HLP for I° it becomes clear that the map 7o (E, ) — 7o (B, b) must be surjective.
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Proof of theorem[1.2.6, p. is surjective: Let f : (I",0I",J""1) — (B, By,b). By the lemma, we
get g : (I",0I",J"" 1) — (E, Eo, e) such that the diagram

Jl——{e}——=F

/’f
g -~ J{
—~ P
~
-
- !

= B

commutes. I.e. we have po g = f. Note that this is a map of triples, also because the diagram
commutes. (We must have g(J"~!) = e directly from the commutativity, and furthermore g(81™) C
p~1(By) = Ep because f(0I™) C By.) Thus p.g = f, i.e. ps is surjective.

ps is injective: Let fo, f1 : (I, 01", J"" 1) — (E, Ey, e) with po fo ~* pof;. Le. H:I"xI — B,
Hy = po fo, HL = po fi, Hy : (I",0I",J" ') — (B, By,b) is a map of triples for all t. Let
T:=1"x0IUJ" ! x I and define

fo(u), t=20
G:T—E, G(u,t) =4 fi(u), t=1
e, we Jr!
We have a commutative diagram
Jn—= .

Yo

with W(t1,...,tn, tnt1) = (t1, .-, tnt1,tn). Similar to the lemma, therefore we obtain (since p is
a Serre ﬁbratlon) a lift H in the dlagram

%

T
L\ /1
x I

H
e

\mz
D<M

I’Vl
Then H is a homotopy between fy and f; of pointed pairs: Since

ar o p

X

commutes for all z, ﬁt|51n must go to Ey. Thus p, is injective. O

1.3 Hopf fibration (Hopf bundle)

Recall the definition of a fiber bundle: p: E — B is a fiber bundle with fiber F' if there exists an
open cover |, B, = B, such that for all «, there exists a commutative diagram

p Y (By) <— By x F.

\L pry
p
B

[

Definition 1.3.1. The Hopf map n: S® — S? is a fiber bundle with fiber S*. It is defined by the
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commutative diagram

T C R*\{0} = C*\{0} :
52 = CP' = {[21 : 22] | (21, 22) # 0, (21, 22) € C?/C*}

where C* := C\{0}. The fibers are S, since 7~ ([z0 : 21]) = {(pz0,p21) | € C*} for [20 : 21] €
CP!. Without loss of generality we have chosen a representative such that |zp|? + |21/ = 1, then
1~ ([20 : 21]) consists of (uzo, uz1) with p € C* and such that |uzo|? + |uz1|? = 1, ie. |u? =1
resp. u € St C C*.

Proposition 1.3.2. Every fiber bundle is a Serre fibration.

Remark 1.3.3. From the proposition, we get a long exact sequence, for n > 3:
T (SY) = 0 —— 7 (8%) = T (S?) ——= T (S =0 —— ..
Furthermore we get
oo me(81) = 0 ——= 7 (53) = 0 —— w3 (S5?) — m(SH 2Z ——-=m(S3)=0——s...

since it is a known fact that m(S™) =0 for k < nE| In particular we obtain

m3(5%) —= m3(S?) £0..

lidgs | ——[n]

E| Thus m3(S?) & Z - [n], i.e. it is not zero, but isomorphic to Z with the generator [r)].
For the proof of the proposition, we will need the Lebesgue lemma:

Lemma 1.3.4 (Lebesgue lemma). Let X be a compact metric space. Let A := {V,}, be an open
cover of X. Then ther exists € > 0 such that for all x € X, there exists o such that Be(z) C V.

Remark 1.3.5. Application of the Lebesgue lemma: Let A = {V,,}, be an open cover of the cube

I™. Consider subdivisions of I™ of the form I™ = U0<j<N ]_[][%77 kj;,’l], where k;, 7 =0,...,N
such that [%, kjgl] form a subdivision of I. By Lebesgue’s lemma, there is some such subdivision

such that each cube is entirely contained in some V.
Proof of proposition [1.5.3 There exists an open cover {U,} of B such that

Ua x B = p_l(Ua)C—>

e

O ———

commutes for all a.

1. At first, note that every trivial fiber bundle is a Serre fibration: In

I"x {0} L >UxF,
H/1
’e

mxI— U

41t follows e.g. from cellular approximation, theorem later.

57m3(S3) 2 Z - [idgs] due to the Hurewicz theorem [1.9.8[Tater.

pry
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the lift can be defined by H(u,t) = (h(u,t), g(u,0)).

2. Now consider
I x {0} L; E ,

H 7
- p
e

h . B

e

" x I

where the solid arrows are given and we want to find the lift H. Let {U,} be a trivializing open
cover for p. Then {h~1U,} is an open cover of I" x I. Thus by the Lebesgue lemma (resp.
remark [1.3.5)) there exist 0 =¢; < --- < txn = 1 such that there is a subdivision of I"™ x I into
cuboids C x [t;,t;41], where C are certain cubes and we have C x [t;,t;41] > LU,CB
for all such cuboids.

Let V¥ C I™ be the union of k-dimensional faces of the cubes C. By induction the solid

arrows in the diagram

(k—1)

H
"< {0} UVF 1 x (0,0 —“ 2 E
Hgpy -~ - l
— r
I"x {0yUV* x [0,4,] —~ B

exist. We want to perform the induction step, thus we need to define H). To this end,

consider a cube W of V¥. Then we have OW C V*~1. Therefore, by lemma [1.2.8] there
exists a lift Hyy in the commutative diagram

o~ H1
JF—= s W x {0}UOW x [0,t] —2 U, x F—>E .

7
Hy -~ l
- p
—~
~
—~

I = W [0, 4] b U,C B

Glue all these Hy together to obtain H ). For k = n, we obtain

E .

>

I"x [0,t]]—= B

The same argument for [t1, 2], ..., leads to the map I x I — E (after finitely many steps).

O

1.4 Cofibrations

Definition 1.4.1. A map i : A — X satisfies the homotopy extension property (HEP) for a space
T,if for f: AxI =T, f: X — T such that foi = h|sx{o}, there exists H : X x I — T such
that H|x oy = f, Ho (i xid) = h. In diagrams: If the solid arrows in the diagram below form a
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commutative square, then there exists the dashed arrow making the whole diagram commutative.

A&AXI

%ﬁ//

i Y (,id 1)
e
3g> o
Xe— S XxI
(id,0)

Remark 1.4.2. The HEP is equivalent to the existence of a lift H in the (commutative) diagram

Al Tl 5 (g:1—T),
d
| v ‘/ 1
7 s evop evp
7f
X——T > g(0)

where T! = {g: I — T} is the space of maps I — T (equipped with the compact-open topology)
and evg denotes the evaluation at zero. Indeed, H|xxfoy = f © evoo H = f, Ho (i xid) = h <
Hoi=h.

Definition 1.4.3. i: A — X is a cofibration if it satisfies the HEP for all spaces.

We define i : A — X to be a Serre cofibration, if it satisfies the HEP for cubes, but this is usually
not of much interest.

Exercise 1.4.4. If i : A — X is a cofibration, then
— it is injective and a homeomorphism onto its image.
— if X is Hausdorff, then A C X is a closed subset.

Definition 1.4.5. The pushout Cyl(¢) in the diagram

A—*t o Xx

[(id,o) - lj

Ax I —s cyl(i)

is called the mapping cylinder of i.

(The symbol “7” denotes the pushout diagram.) By the universal property of the pushout, for
any T, if the solid arrows in the diagram below commute, then there exists a map as indicated by
the dashed arrow (still making the diagram commutative).
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In particular we obtain therefore a map s : Cyl(i) = X x I by the diagram

A—i>X

[(id,o) - lj

Ax I —s cyl(i)

iXxid

Example: If A C X is a subspace, this looks like
cUD)

Proposition 1.4.6. Fori: A — X, the following are equivalent (TFAE):
1. i is a cofibration.
2. i satisfies the HEP for Cyl(i).
3. s:Cyl(i) - X x I has a retraction r : X x I — Cyl(4).

Proof. — 1. = 2. by definition.

— 2. = 3. (h,j) can be extended to H : X x I — Cyl(¢). Verify commutativity in the diagram

lJM

Cyl(i) —= X x I = Cyl(i)
h
AxT

Thus H o s = idcyi(;) (since they agree on the images of A x I and X in Cyl(i)) and we have
found the desired retraction.

-3. =1 Givenh: AxI =T, f: X =T with foi=h|syq0}, consider

X
|
Cyl(i)
hT S
AxT X X I\%}/ T

H

where (h, f) is a suggestive notation for the push-out map from Cyl(z) to T induced by h and
fand H := (h, f) or is defined as the composition. Verify commutativity in this diagram,
and then note that the restriction of H to X gives f and the restriction to i(A4) x I gives h.
Thus H extends (f,h).

O
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Corollary 1.4.7. If A is a closed subset in X and there exists a retractionr: X x I — X x {0} U
AXx I, then A — X is a cofibration.

Proof. Consider
At

X
(id,0)£ - J
(@

AxI——Cy

I 1)
(0,id) T~ N

Xx{0JUAXICXxI

¢ is a continuous bijection. Furthermore, since A C X is closed, ¢ is a homeomorphism. (¢ is open
because an open set in Cyl(A — X) is of the form (U, W) with U C X open, W C A x I open.
This gets mapped onto something open in X x {0} U A x I, since U\ A is open and WNX x {0} C
X x {0} =2 X must be contained in U. Then every point in ¢(U, W) can be shown to have a small
neighbourhood contained in ¢(U, W) directly from the definitions.)

Then

Cyl(A — X) —>X><{0}UA><I

|

X x1I

commutes; thus ¢—! o r yields a retraction of s. One applies the proposition before to obtain the
claim. 0

Proposition 1.4.8. If f : A — X s a closed cofibration and Y is any topological space, then
fxidy : AXY — X XY is a closed cofibration.

Proof. There exists a retraction 7 : X x I — X x {0} U A x I. Then by multiplying with idy (and
swapping factors in the product) we obtain a retraction X XY x I - X x YV x {0} UA XY x I.
So we can conclude by the corollary above. O

Example 1.4.9 (Main example). dI" C I"™ and S"~! C D" are closed cofibrations.

To prove this, we need to construct a retraction I" x I — I"™ x {0} UdI" x [ = J". (For
S"=1 C D™, one can use the homeomorphism (I, dI") — (D™, S™~1).) This is sometimes called
“pushing through a cardboard box”. See Tom Dieck, 2.3.5. Here we give just pictures:

Proposition 1.4.10. Let

A
ol
X !

P,

~

be a pushout diagram in Top. If j has the HEP for a space T, then so does j'. If j is a cofibration,
then j' is also.
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Proof. The second claim follows directly from the first one. For the first one, consider

A#BHTI
T

. ~ 7/ ev

| e

1. By the HEP for j, H exists.
2. By the universal property of the push-out, H exists.

3. Again by the universal property of the push-out, evg o H = (Y — T)) (they coincide on the
images of X and B). The other triangle commutes by construction.

O

Exercise 1.4.11. Let (X, A) be a relative CW-complex (or a cubical subcomplex, to be defined
later). Then A — X is a cofibration.

Proposition 1.4.12. Let X EERS Y be a map in Top. Then there exist X I, Cyl(f) sy
such that
1. j is a cofibration.

2. q is a homotopy equivalence, i.e. o q ~ idcyi(syrelY (see below).

8. qoj=f.

%

na

A
e

Proof. 3. Go through the diagram

\L idy
g

X Loy L=y

(idk\ hT /

XXxI——X

Prx

(The map g exists by the universal property of the push-out and the diagram commutes then
by construction.)

1. We verify that the left square in

fuidx mnx

Xxo0l=XUX YUuX X

idx xincl\[ (w‘)l /
J

X x1 Cyl(f)

is a pushout diagram. Furthermore idx X incl is a cofibration by proposition [[.4.8] Thus by
the proposition before, (m,j) is a cofibration. Furthermore one can directly verify that inx
is a cofibration.
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Then j is a cofibration as a composition of two cofibrations.

2. We need to construct the homotopy. Consider

Y x

l

Cyl(f) x I L Cyl(f)

|

(X xI)xI

defined by

)=y =m(y),
H: { (2, ), 7) — h(z, 7),

where fi : X x I — Cyl(f) is the canonical map as usual. Check that this has the desired

properties: For 7 =1, we get idgy(y). For 7 =0, we get

Cyl(f) =Y — 5 Cyl(f) .

o

XX]——X—>Xx1I

(x,Tg sz ——> Ex,O)

def. of q) (def. of Cyl(f))

O

Remark 1.4.13. This factorization is functorial.

Application: X Ty yields 7, ( X Ty ) =: o (Cyl(f), X), the homotopy group of f :
X — Y. For these groups, we obtain a long exact sequence because 7, (Cyl(f)) = m,(Y).

This will sometimes also be used to define relative homotopy groups 7, (Y, X, z), where X is not
a subspace of Y.

1.5 Higher connectivity
Definition 1.5.1. A map f: A — X is n-connected (—1 < n < 00) if
0. X #£0.
1. fi:mA — mpX is surjective if n > 0.
2. mi(X,A,a)=0forallac A, 1 <i<n.
Proposition 1.5.2. Let (X, A) be a pair in Top. The following are equivalent:

1. Each map (I9,019) — (X, A) is homotopic to a constant map, 1 < q¢ < n, and mgA —» mpX
18 surjective.

2. Each map (I19,019) — (X, A) is homotopic rel 019 to a map into A, 0 < g < n.

3. moA——mX s surjective, m4(A,a) i>7rq(X, a) 1is an isomorphism for all a € A,

1<q¢<n-1, and 7,(A,a) — 7,(X,a) is surjective.

4. The inclusion A — X is n-connected.



1.5 Higher connectivity 17

Proof. — 1. = 2.: ¢ = 0 can be checked directly. Let ¢ > 1, let f : (I9,019) — (X, A). By
assumption there exists H : I? x I — X such that H|axqoy = f, H|raxq1} = a for a € A,
Hlaraxr C Aﬁ We define H : I9 x I by the following picture:

JRITLAN
I'%]

Thus on the inner “truncated pyramid” (resp. “deformed cube”), we define H to be H (up to
reparametrization). For a given time slice 79 € I, we define H on the upper shaded trapezium
in this time slice by the identification with the other shaded trapezium (as indicated in the
sketch on the right-hand side). This goes to A. Similarly we define it on the left, right, and
lower trapezia, and analogously in higher dimensions. Explicit formulas can be given and
continuity can be verified.

~ 2. = 4. Let ¢ > 0 and f : (I9,0I9,J97 ') — (X,A,a). We know that there is g :
(19,011, J971) — (A, A, a) such that f ~ g. Thus [f] comes from 7,(A, A,a) — m,(X, 4, a).
However mq(A, A, a) is trivial due to the long exact sequence for homotopy groups (theorem

1.1.5)) applied to the pair (A, A).
— 3. & 4. by the long exact sequence of homotopy groups.

— 4. = 1. Let f: (I%,0I9) — (X, A) be a map of pairs. Note that JI9=! < 9I7 < [? are
cofibrations. We have f|j.—1 ~ a for some a, since J9~! ~ x. Extend the corresponding
homotopy using the cofibration property (twice) to get a homotopy of pairs (using suggestive

notation)
H: (19,019 x I — (X, A),
Hlraxgoy = f,
Hlraxgy = 9,

where g : (19,019, J971) — (X, A,a) is a map of triples. By 4., g ~ a (constant map) as a
map of triples. Thus f ~ g ~ a.
O

Theorem 1.5.3 (Connectivity theorem). Let X,Y be topological spaces, Xo, X1 C X be such that

XogUX? =X, Y0,Y1 CY be such that Yy UYP =Y, and f(X;) C Y, fori = 0,1. Assume

furthermore that f|x,, i = 0,1, is n-connected and f|x,nx, s (n — 1)-connected for some n > 1.
Then f is n-connected.

(Proof later.)
Corollary 1.5.4. S™ is n-connected.
Proof. By induction on n. We decompose S™ = U, UU_, such that Uy NU_ ~ S"~1 U, ~ %,
_ ~ %, (We choose Uy and U_ slightly larger than the upper and lower hemisphere such that
St =U;uUU°))
U,
52

6Here we denote the constant map to a also by a.
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By theorem [1.5.3| applied to

X1 = % Yi =U_
we obtain the claim. O

Remark 1.5.5. Let i : A < B be a cofibration. Consider the diagram, where the solid arrows

commute:
bla

— X .

A
‘W/
g v/
v

B

— =Y

¢

Are we able to find a map v (as indicated) such that ¢ oi = ¢|4 and f op ~ ¢rel A?E]
For example, consider

A\

ol1 ——= X |
w7
7/
17T—Y
where f: X < Y is an inclusion map which is g-connected. Then by 2. of proposition [[.5.2] we

can find such a .
If we can solve this problem for

A X
b 7

7 // J

B/—d;Cyl(f)

then we can solve the original problem (this is called the “mapping cylinder trick”, cf. proposition
1.4.12) and finds also application in other cases): We extend our original diagram to

A X
=7
B TOoP

- — > Cyl(f)

R,

Y

éla

-

The square does not commute. However we have (since g o j = f)
7To¢oi:7rofo¢|A = mogq ojo¢|A ~j0¢|ArelA.
——
~idrel Y

Thus, since i is a cofibration, there exists
H: B x I — Cyl(f),

Hlpxoy =m0 ¢,
H|pxq1y = ¢,

"Note that 1 does not need to make the diagram commute, only “up to homotopy”.
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where g?) makes this square commutative, i.e. ggoi =joq| AI

Now suppose that we have solved the problem of finding 1 in the mapping cylinder push-out
diagram above. l.e. ¢ 0i=¢|a, and jo w (brelA Furthermore (b ~ 1o ¢ by the homotopy H.
We conclude

foqz):qojozzwqo<;~$~qo7ro¢:¢relA.
~—
idy

We have solved the original problem if we simply choose ¢ = 1.

k; k 1
Definition 1.5.6. A subdivision of I" of width % is the representation I" = J,, k€40, N—1} H + ]

n—dim. cube

ki K
A cubical complex B C I™ is a union of cubes Jl;[l[ﬁj, N]] ,

————

“elementary cubes”

{kj, kj1} (with &} = k; if k; = N; the cube can also be “flat” in dimension n). The k'th skeleton
of B is defined as B(k) :=|J < k — dim. elementary cubes in B.
A subcomplex A C B is a subset of the union of cubes of B.

where 0 < k; < N and k;- €

Lemma 1.5.7 (Strictification lemma). Let

f

—_—

Zip

g

~

7

<0

l~<

in Top be homotopy commutative, i.e. po f ~H goi.
If i is a cofibration, then there exists ¢’ : B —'Y such that ¢ oi =po f, g
If p is a fibration, then there exists f': A — X such thatpo f' =goi, f' ~ f.

Proof. We only show the first claim, i.e. let i be a cofibration. We can extend H to

H:BxI—Y,
I:-’O_gv
Hl* g/a
(where ¢ is defined by fIl) such that fIO(z’ xidy) = H. Thus g’ oi = Hi|a =po f. O

Lemma 1.5.8. Let f : X — Y be n-connected, and (B, A) be a cubical pair of dimension less
than n (i.e. B is a cubical complex of dimension < n and A C B is a subcomplex). Then every
commutative square indicated by the solid arrows

S

¢la
- s
7
f

b
¥,
g v/

-

<0

=<

/
_—
¢

where i denotes the inclusion, admits b with

Yoi=qa,
fov ~ ¢rel A.

Proof. 1. By a mapping cylinder trick (cf. proposition [1.4.12)), we can reduce the problem to
the case that f is an inclusion.

8¢ is in general not unique.
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2. Proof by induction on the relative dimension dim(B, A) =: m. This shall be defined as
the highest dimension which occurs in B but not in A. We prove that there exists v, :
AU B(m) — X such that ¢,|a = ¢|a and f oy, ~ ¢laupm-1)rel AU B(m —1). By
induction assumption we have the diagram (which commutes “up to homotopy”)

¢la

. h U x

A .
Ym—1
!

AUBm =1y

A\

[
B
Now consider
Ljorm— HAUB(mfl)%X .

I e
_--r o m

| == AUB(m) ——=Y

The map ¢ is obtained by the strictification lemma we have ¢ ~ ¢grel AU B (m—1)
and the right square is commutative (the left one is so trivially). We get the map ¢ and a
homotopy from proposition [1.5.2) 2. (i.e. the upper left triangle is commutative, the lower
right one up to homotopy). The left square is a push-out diagram (similar to the construction
of CW-complexes), yielding the map ¢, with ¥,|a = ¥m—_1|la = ¢|a. Furthermore A U
B(m —1) — AU B(m) is a cofibration by proposition therefore we get a suitable
homotopy f o ¢, ~ ¢rel AU B(m — 1). This completes the induction step, since by glueing
two homotopies we obtain then f o, ~ ¢rel AU B(m — 1).

In the end, we get ¢ := 1, : AUB(n) = B = X with ¥|4 = ¢|a, fop ~ prel A.

Now we can turn on to prove theorem [1.5.3

Proof of theorem [1.5.3, 1. Reduce to the case of a pair (Y, X) and the inclusion map. This
follows almost by definition of m-connectivity of a map, using the mapping cylinder con-
struction (cf. proposition . We note the elementary statements that Cyl(f|x,) C
Cyl(f) for i = 0,1 may be regarded as a subspace and Cyl(f) = Cyl(f|x,)° U Cyl(f|x,)°,
Cyl(f|x,) N Cyl(f|x,) = Cyl(f|xonx,)- In the following we abbreviate Xgo; := Xo N X7,
Yo1 := Yo NY;. We have commutative diagrams

~

X—— Cyl(f)

Y
Y.

Xi) =~ 1
for i = 0,1,01 (and similar ones for Xo; < X, Xo1 < X1). Thus we can indeed reduce to
this case of an inclusion.

2. Now consider f: (I",0I™) — (Y, X). (We abuse the letter f here; the map f: X — Y from
the statement of the claim is by step 1. just the inclusion j : X < Y any more. Furthermore
for ¢ < n, the construction can be done very similarly.) We want to find a homotopy rel 9I™
to a map into X (because of 2.). To this end, let us construct a suitable decomposition
I = KoUK into cubical complexes such that f(K;) CY; fori=0,1and f(K;NOI") C X;.
To construct these, consider A; := f~1(Y\Y°) U f~1(X\X?). This is closed in I". We have
AgN Ay =0, thus (I™\Ap) U (I"\ A1) is an open cover of I"™. By the Lebesgue lemma, there
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exists therefore a subdivision of I™ into cubes W such that for all W, we have W C I"™\ Ag
or W C I™\A; (or both). Now define

. FW)CY?,
W such that FWNaI™)C X2

3. Let Ko; := KoN Ky, and for ¢ = 0,1,01, denote K? := (n — 1) — skeleton of K;. At first, we
“compress f on K§;”. Consider the diagram (where jo; denotes the inclusion)

go1 -~

- Jo1
-
-

oI N Koy ~— Xfl

K& —F Yo1

HNote that K§; is a (n — 1)-dimensional cubical complex, and jo1 : Xo1 < Yo1 is (n — 1)-
connected by assumption. By the construction of Ko, K1, indeed f|ks : K§; — Yo1. Thus
the solid arrows form a well-defined commutative square. By the lemma before, there exists
go1 : K§; — Xo1 as indicated, such that the upper left triangle commutes, i.e. goilormnk, =
f, and the lower right triangle is “homotopy commutative”, i.e. jo; 0go1 ~"0t frelOI" N Koy;.
(We denote hgy the homotopy.)

4. Now we extend go1 to a map go : Ko N (0I"UK?}) = (KoNoI™) UK — Xo by

golrorar = f,
90|K51 = go1-

|E| Furthermore we glue hg; together with a constant homotopy to get a homotopy Hy such
that jo o go ~° freldI™ N Ky. (Here jo : Xo — Yy denotes the inclusion. Recall that
hotlarmnk,, is constant.)

5. KoN(OI"UK?}) — K is a cofibration (it is a relative CW-complex). Therefore we are able
to extend Hy to a homotopy Wo : Ko x I — Yy with Wo|g, 10y = f. Denote Wo|x,x (13 =: Fo.
This yields the solid arrows in

Ko (0I" UK?) % Xo

ho -~ .
7 Jo
-

-
Fo—p—%

The square is commutative. Now note that jg is by assumption n-connected. Thus by the
lemma before there exists hy as indicated, making the upper left triangle commutative and
the lower right one homotopy commutative. To be precise,

holron(armuks) = 9o,
jo Oho ~ FO relKO n (8In UKI) '

Then (jo o ho)lkon(armuks) ~ frel0I™ N Ko by construction of Iy (and by gluing together
two homotopies).

6. Performing analogous constructions as in steps 4. and 5. with the roles of Ky and K;
swapped, one gets g1 : K1 N (0I"UKS) — X1, hy : K1 — X;. One verifies that these return
the same on K§; (namely go1). Thus they glue together to a map h : K§ U K7 — X, and

9We have 91" N Kg1 = dI™ N Kg§;.
10These glue together to a continuous map by construction of goi.
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similarly the homotopies glue togetherE Then

h ~ f‘KguKl’ rela[",
hlor = f.

7. Finally, we extend h to I™; i.e. we need to “fill in the cubes of the subdivision”. Consider
any cube W of the subdivision of I, without loss of generality W C Kg. Consider

ho
o /\
oI —— OW_C K&*;XO
_ Jo
=W Yo
Jooho

and recall that jo is n-connected. Clearly the solid arrows form a commutative diagram, thus
by the lemma before, there exists hy : W — X as indicated such that

hw low = holow = hlow,
jOOhW NjoohorelaVV.

This we do for all such cubes W (for W C Kj;, we make the arbitrary choice to define hw
using hg). Glueing everything together, we get a map h: I" — X. This map satisfies then
h ~ freldI™, by at first applying the homotopies jo o hyw ~ jo © hg resp. ji o hw ~ j1 0 hy
for all cubes W, and then applying the homotopies jgo hg ~ Fy ~ f (resp. jiohy ~ Fy ~ f,
where F} is defined analogously to FO)E This proves the n-connectivity of the map X — Y.

O

Corollary 1.5.9 (“Easy excision”). Let Y € Top, U,V CY an open cover (i.e. Y =U°UV?°)
with W :=UNV # Q. If (V,W) id n-connected, then (Y,U) is n-connected.

Proof. The situation is described by the (pushout) diagram of inclusions

We——sU..
| -
Ve—Y
We apply the previous theorem to
X =U—>=Y
Xo =W=2Y, =V
X, =U—"%'Yv, =U

oo —conn.

Xop =W ——= Yo =W.

[ O

Exercise 1.5.10. Let ¢ : A — X be a cofibration, f : A — A’ be a homotopy equivalence.

" They do in general not glue together on Ko U K1 = I"™, thus we need to consider the (n — 1)-skeleta at first.

120ne verifies that these homotopies glue together on the intersections of the cubes W (regardless of the choice
involved for W C Ko1) and that the homotopy is relative to 9I™. Here it is used that the homotopies joohg ~ Fo
and ji ohy ~ F are in particular relative to K§; and that ¥ and ¥, are extensions of hg1, where Wy is defined
analogously to Wg.

13Note that this requires W # 0.
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Consider the pushout diagram

Then f’ is a homotopy equivalence.

Proposition 1.5.11. Consider the pushout square

|_|S"¢4>A .

T

|_| Dn+1 T> X

Then f is n-connected.
Proof. Consider the factorization
15" —— Cyl(g) —= A .

T

| | Dt Z X

Here we have constructed the pushout Z and got the map Z — X from its universal property.
The diagram is commutative. Now it is a basic exercise in category theory to show that, since
the big rectangle and the left square are pushouts, so must be the right square (as indicated).
Furthermore, by proposition i is a cofibration (since 7 is one). Thus by the exercise before,
Z — X is a homotopy equivalence. Therefore, f is n-connected if and only if 7 is.

We apply easy excision, corollary @ Let U := AUcys) LJ(S™ x [0, %]) ~ A~ Cyl(¢) C Z.
Let V :=[ | D" U (S™ x [1,1]) ~ ] D™ ~ | ], where * denotes the one-point space. We have
UNV ~|]S™ Now (| | D"",| ] S™) is n-connected (e.g. by the long exact sequence of homotopy
groups). Then, by easy excision, i is n-connected. O

Corollary 1.5.12. If (X, A) is a relative CW-complezx, then (X, X™) is n-connected.

Proof. Finite-dimensional case: Apply inductively the proposition before.
In infinite-dimensional case, use that by a compactness argument: m,, X = colim,, 7, (X (")). O

1.6 CW-complexes (recollection)

Definition 1.6.1 (CW-complex). ~ Let (X,Y) € Top®. A relative CW-structure on (X,Y) is
a sequence of subspaces of X:

Y::X(_l)C“'CX(n)C-"CX

such that
1. X = colim, X (with the colimit topology).

2. Foralln > 0, X(™ is obtained from X (»~1) by attacting n-cells: Precisely, X ")\ X (7=1) =
Uace 7, D" for some index set I, and for all a € I, there exist

o D" — X ) (characteristic maps),
@ 9D™ — X(»=1D  (attaching maps),

n
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such that we have a pushout diagram

Uaer, ¢n
—_—

Lpes, 0D™ x(n=1)

-
x(n)

L D"
In
ac Uaer, ®n

— A CW-structure on X € Top is a relative CW-structure on (X, ().
— A CW-complex is X € Top together with a CW-structure.
— A CW-complex X has dimension n if X = X" and X # X(=1),

Example 1.6.2. CP" is a CW-complex with one cell in each dimension 2i, for 0 < i < n.
RP™ is a CW-complex with one cell in each dimension i, for 0 < i < n.

Definition 1.6.3. A subcomplex Y of a CW-complex X is Y C X such that for all cells e C X
with eNY # (), already e C Y.

Remark 1.6.4. If Y is a subcomplex of X, then Y is itself a CW-complex with Y (") =y n X (),

Proposition 1.6.5 (Closure finiteness (i.e. each cell intersects only finitely many cells)). Let X
be a CW-complex, K C X compact. Then

1. K is contained in some finite subcomplex of X, in particular
2. there exists n such that K C X,

Proof.

— Claim 1: Let S be a set of points which lie in different cells of X. Then S C X is closed.

Proof of claim 1: By definition of the weak (i.e. colimit) topology, S C X is closed if and
only if S N X is closed for all n € N. Now argue by induction on n: We have for all a (in
the index set for the attached n-cells):

(®2)~1(9) = (62)71(9) U {preimage of at most one point in the cell D]}
——
COD™, closed by induction CDm° closed

This yields the induction step by definition of the pushout topology, thus S is closed. This
proves Claim 1.

— Observation: In fact we even have, iterating the previous argument, that for all S’ C S,
S’ C X is closed. Thus S carries the discrete topology. Now, for K C X compact, let S be
a set of representatives of cells intersecting K (i.e. one point in each cell). Then S C K is
a closed subset of a compact set, thus it itself is compact. On the other hand, S carries the
discrete topology. Thus S is finite, i.e. K intersects only finitely many cells.

— Claim 2: Every cell in X is contained in a finite subcomplex.

Proof of claim 2: Let e := ®%(D™) be a n-cell. By the previous part, ®%(0D") C X is
contained in a finite subcomplex Y of X, since it is compact. Then € C Y Ue is contained in
a finite subcomplex.

The two claims and the observation together prove the proposition. O

Corollary 1.6.6. Let X be a CW-complex, K be a compact topological space. Then [K,X] =
colim,, [K, X(™)]. The same holds in Top,.
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Proof. There is a canonical map B : colim,, [K, X("] — [K, X]. Let us show that it is bijective.
Surjective: For all f: K — X, there exists a factorization (i.e. a commutative diagram)

K*f>X

N

X (n)

for some n.

Injective: Let fo, f1 : K — X (™ be homotopic in X via H : K x I — X. Since K x I is compact,
H factors through some X (™ so that [fo] = [f1] € [K,X™)]. Then they are also equal in the
colimit. ]

Definition 1.6.7. A map f: X — Y of CW-complexes is cellular, if f(X™) C Y™ for alln € N.

Theorem 1.6.8 (Cellular approximation). Let X,Y be CW-complexes and B C X a subcomplex.
If f : X =Y is a map such that f|p is cellular, then there exists a cellular map g : X — 'Y with
f~grel B.

Proof. We prove: For all n > 0, there exists H™ : X x I — Y such that
L Hxxqoy = f, H" Mxxqy = H" [ xxqo} forn > 1.
2. Hn|X(i)><{1} - Y(z) for i <n.

3. H" is constant on X1 U B.

Then we can prove existence of H : X x I =Y, f ~f g as follows: Define H by

Hi(z, 2t —14+27%), 1-27"<t<1—270
H(z,t) = { Hi(z,1), ze XD t=1.

F—++

This can be done because the “new” homotopies H7 for j > i change nothing on X UB. Then
H is continuous on X x I for all i. Using X x I = colim; X x T (since X is a CW-complex),
H is continuous.

Proof of the existence of H": By induction on n. We assume that there exists H" !, f,,_; such
that H"71|X><{1} = foorand fr, 1 (X®) CY® for i <n— 1. Consider the commutative diagram

Sn—l HAX'(n—l) gy(n—l) )

S

Dn X Y

n—1

Since (Y, Y () is n-connected, the composition (D", S" 1) —— (X" X (1) fror (Y, y(n=1)

is homotopic to a map g : (D™, S~ 1) — (Y (), Yy (=) re] 71,

We glue g and the homotopy (together with maps and homotopies defined similarly for all other
cells in X(™) to get H"|xm s : X™ x I =Y. Since X < X is a cofibration, we can extend
H™ to X x I. Defining f,, := H"|x 1y completes the induction step, since fn(X™) C Y™ by
construction. O

Corollary 1.6.9. Let fo ~ f1 be cellular maps from a CW-complex X to a CW-complexY. Then
there exists H : X x I — Y such that H(X™ x I) CY"+t) Hy = fy, H = f1, i.e. a cellular
homotopy between fo and fi.

The proof consists of noting that X x I has a CW-structure as well, and then applying the
previous theorem.
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1.7 Whitehead’s theorem

Proposition 1.7.1. Let (Y, B) be an n-connected pair, (X, A) be a relative CW-complez, rel dim(X, A) <
n < oco. Then any map f : (X, A) — (Y, B) is homotopic to a map into B relative to A: In the
commutative square (formed by the solid arrows)

fla

A
7
/
/
/
X

R

f

)

i

<<~

there exists a dashed map such that upper triangle is commutative and the lower one is homotopy
commutative rel A.

Furthermore, if reldim(X, A) < n, then the homotopy class of the map X — B is unique relative
to A.

Proof. Observation: Consider for ¢ < n the diagram

Ll@[q;)A&)B .

-7

gL - s .

FTl 7a |
// /

][l ——= X —=Y
L ®qg:=P f

— There exists g : | |9 — B such that iog ~ fo®rel | |01 via a homotopy H : (| |I?)xI =Y.

— Define G : X — B to be equal to f|4 on A and to be equal to g on | |0I? (a map out of a
pushout).

— There exists h : X x I — Y such that G ~" frel A: It suffices to note that H : (| |[9)x ] — Y
agrees with the constant homotopy A x I — Y, (a,t) — f|a(a) on (| |0I9) x I. Thus H and
this constant homotopy glue together and define h.

Now on to the actual proof. We construct the needed homotopy by induction on the skeletal
filtration.

Induction step: For ¢ < n, suppose that we have found Gy : X@ - B, hq: X@ x I Y such
that G, = f|a and i o Gy ~"4 f| @ rel 4, i.e. we have a diagram

such that the upper triangle is commutative and the lower one up to the homotopy h,. Since
X (@ < X(@+1) is a cofibration, we can extend h, to

Hy: X0 x [ Y,
HQ|X(<1+1)><{O} = f|X<q+1>.

By the observation made before with X (@ instead of A and Gy(= Hy41x «{1}) instead of fl4,
there exist

Gy : XD 5 B,

i0Ggy1 ~ Hylxwatn X{l}relX(‘I),
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i.e. we have a diagram
G
X 1 5B,

7
Got1 ~
Ve 3

s

x(+) Sy
Hq‘x(q-%—l) x {0}

27

This yields the desired maps and homotopies by inductionE For n = oo, glue all homotopies

using X = colim, X (9). This proves the first part of the claim.

For the uniqueness in case reldim(X,A) < n, let Fy,Fy : X — B such that Fj|a = f|a,

ioF; ~Hi frel A, j =0, 1@ Consider
(F07F1)

XX@IUAXaIAXI

B.
proj {
Y

“HO Hl”
on X x [0, %] : Hy,
on X x [3,1]: Hy.

X x 1=

|E|Here the map X x 0l Uaxgr A X I — B is defined by gluing the maps defined on the subspaces

as indicated. Picture:
= _B
A«T 5@

v )51
i ’:1

Since (X x I, X x OI Uaxor A x I) is a relative CW-complex of relative dimension equal to

rel dim(X, A) + 1 < n, there exists (as indicated)

h:X xI- B,
h|xx 0y = Fo,
hlxxqy = F

by the first part. This proves the uniqueness.

Corollary 1.7.2. Suppose that X is a CW-complez, g: B =Y is n-connected, n > 0.

If dim(X) < n, then [X, B] = [X,Y] is an isomorphism (of groupoids).
If dim(X) = n, then [X, B] — [X,Y] is surjective.

Proof. (X,0) is a relative CW-complex. Apply the proposition before.

O

Definition 1.7.3. A map f:Y — Z is a weak equivalence if f, : 7Y — moZ and f, : m;(Y,y) —

mi(Z, f(y)) for ¢ > 0 are isomorphisms of sets resp. groups.

Note also Hq|X(q+1)X{1} ~ flx(a+nyrel A.
15].e. they are homotopic through Y, but we want to find a homotopy inside B.

16 H, is the inverse parametrization of Hy; strictly speaking we also need to speed up both Hg and H; by a factor

of 2.
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(This is the same as co-connected.)
Theorem 1.7.4 (Whitehead’s theorem). Let f :Y — Z be a map of CW-complezes.
1. f is a homotopy equivalence if and only if f is a weak equivalence.

2. If dim(Y') < k, dim(Z) <k, fo: mg(Y,y) = 7y (Z, f(y)) is an isomorphism for q < k, then
f is a homotopy equivalence.

Remark 1.7.5. Note that for Y and Z to be homotopy equivalent, it is not sufficient that they
merely have (abstractly) isomorphic homotopy groups. There needs to be amap f: Y — Z which
induces these isomorphisms.

Proof of theorem[I.7.7]. 1. “only if”: Clear.

“if”: Let f be oo-connected. Therefore f : [X,Y] = [X, Z] is an isomorphism for all CW-
complexes X (by the corollary before). By the Yoneda lemma in the category hCW, f is an
isomorphism in hCW C hTop. So f is a homotopy equivalenceﬂ

2. If f is k-connected, then f.[Z,Y] — [Z,Z], g — [ o g is surjective. In particular there exists
lg] € [Z,Y] with f.([g]) = [f o g] = [id]. Thus we can find a right inverse g to f in hCW.
On the other hand, we have isomorphisms g. : 7;(Z, z) — m;(Y, g(2)) for i <k, since f, is
an isomorphism and f, o i : i (Z,2) — m(Z, f(g9(2))) is an isomorphism@ Applying the
same reasoning as before, g, : [V, Z] — [Y,Y] is surjective, thus g admits a right inverse h in
hCW. Then in hCW, [go f] =[go fogoh] = [goh] = [id]. Thus g is also a left inverse to f
in hCW, i.e. f is an isomorphism in hCW.

O

Corollary 1.7.6. A CW-complex X is contractible if and only if moX = {x}, m;(X,z) = 0 for
1> 1l,rxe X.

There is nothing left to prove.

Example 1.7.7. S is contractible. It is a CW-complex since S < S"*+! defines a CW-structure
(8%°) (M) ey (§°°)(+1) | Thus

7T7L(SOO) ~ 7_{_n((soo)(nJrl)) _ Wn(snﬂ) =0

(the first isomorphism by cellular approximation). Then apply the corollary before.

1.8 CW-approximation

Theorem 1.8.1. Let A,Y be topological spaces and f: A —Y be k-connected, k > —1. Then for
each n >k, n < co (where by definition co < o0), there exists a space X and an injective map
A — X such that (X, A) is a relative CW-complex with cells in dimension k+ 1,k +2,...,n and
there is an n-connected map F : X — 'Y such that

commautes.
If A is a CW-complex, then A C X is a subcomplex.

1"Here hCW denotes the homotopy category of CW-complexes, i.e. the full subcategory of hTop generated by
CW-complexes. By cellular approximation, this is the same as the homotopy category of CW-complexes with
only cellular maps and cellular homotopies.

8By construction f o g o ¢ is homotopic to ¢ for all ¢ € m;(Z,z). Thus f(g(z)) and z must lie in the same path-
connected component and then it is well known (see also chapter 2.5) that the change of basepoint from z to
f(g(2)) yields an isomorphism of homotopy groups.
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Proof. Special cases n = 0, n = 1: Exercise.
Assume n > 2. We argue by induction (assuming the base case given). It suffices to treat
n=k+1,ie weneed to find F in the diagram

A k—conn. vy
f
F
X (k+1)

If n =k + 2, we would just start from

x(k+1) (k+1)—conn.

Y
F
F/
k+2)—conn.

X (k+2)

and so on. (If n = oo, we need to glue all these maps together using the colimit topology.) So
assume n =k + 1.
We reduce to the case of the mapping cylinder: It suffices to find F' in the diagram

)

A: kfconrbyl(f) q )%

| A

X

where ¢ is a homotopy equivalence (cf. proposition . Thus we can assume that (Y, A) is a
pair, i.e. f: A < Y is an inclusion. (Then by the above diagram we can solve the problem for
arbitrary Y.)

Choose a point a in any path-connected component of Y and fix a set of generators of 7, (Y, A, a):

(@) (D", 5" %) = (Y, A,)} e

[™] Consider then
Djlon—1
S”‘U—>IS AC—>f Y.

j K
U ®;

Here the right square is defined as the pushout, which yields the map F. (F,id) : (X, A) — (Y, A)
induces a commutative diagram of long exact sequences

(A, a) — 7, (X,a) —— 7, (X, A,a) ——>7m,_1(A,a) ——7,_1(X,a) ——0 .

L e ST

(A, a) — 7, (Y,a) —— 7, (Y, A,a) ——7mp_1(A,a) ——>mp_1(Y,a) ——0

(2) is surjective (since {X; : (D", 8" 1, x) = (X, A,a)}jes L {®;: (D™, 5" 1, %) = (Y, A,a)}jes
by construction of F'). Furthermore we have 7,1 (X, A, a) = 0 since we only attach n-dimensional
cells, and m,—1(Y, A,a) = 0 since f is n-connected. Thus by exactness and a diagram chase, (3) is
injective.

On the other hand, (3) is surjective, as the surjection f. : mp_1(4,a) - m_1(Y,a) factors

19This is possible since mp(A) = mo(Y) is bijective.
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through (3). Thus (3)(= F\) is an isomorphism.
By another diagram chase, (1)(= Fy) is surjective. Thus by proposition 3., Fis n-
connected P O

Corollary 1.8.2. Let Y be a topological space. Then there exists a CW-complex X and a weak
equivalence F' : X =Y.

Proof. Apply the preceding theorem to A = 0. O

Corollary 1.8.3. Let Y be a CW-complex with m;(Y) =0 for 0 < i < k, k € N. ThenY is
homotopy equivalent to a CW-complex X with X ) = «.

Proof. Consider

f is k-connected by assumption. By CW-approximation (the preceding theorem), F' exists, where
we choose n = co. Then F' is a homotopy equivalence by Whitehead’s theorem [1.7.4 O
1.9 Excision for homotopy groups and applications

Motivation:

Example 1.9.1. Let i : A — X be an inclusion. Often (e.g. if A is a NDR, neighbourhood
deformation retract) this induces an isomorphism

H.(X,A) = H.(X/A)
on homology (in all degrees, indicated by the subscript). This is not true for
T (X, A) = m (X/A, %).

Counterexample: (X, A) = (D?,S%), thus X/A = §%: From the long exact sequence we have

o= (D) =0 ——=m(SY) XZ ——-m(D*S) =7 mo(S1) mo(D?) .

Thus 71(D?,S1) — 71(S%) = 0 is not injective. On the other hand, for i > 2, m;(D? S1) = 0.
Thus e.g. ma(D?, S1) — m2(S?) is not surjective.
Excision states that m;(X, A) & m;(X/A) in a certain range of i.

Theorem 1.9.2* (Excision for arbitrary topological spaces) Let Y be a topological space, Y =
Yo UY: with Yy, Y1 open and Yo1 := YoNYy # 0. If (Y, Y1) is p-connected, (Yo, Yo1) is q-connected
for p,q >0, then m;(Yo, Yo1) — mi(Y, Y1) is

an isomorphism for i <p+q—1,
surjective for i = p +q.

Diagram:

}/bljl‘z_conn. Y )

g—conn.

e

20In all lower degrees, the relative homotopy groups 74 (X, A, a) are zero, thus 7, (X, a) = (A, a) for k < n — 1.
Then there F is an isomorphism because fix is one.
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Theorem 1.9.3* (Excision for CW-complexes) Let X be a CW-complex, X = AU B with A, B
CW-complexes such that the inclusions are cellular maps, and C :== AN B # 0. If (A,C) is
p-connected, (B, C) is q-connected, p,q > 0, then m;(A,C) — m;(X, B) is

an isomorphism for i <p+4+q—1,
surjective for i = p + q.

Excision for CW-complexes implies excision for arbitrary topological spaces: Consider

Wk eq. \\Wiak eq.

Y1

g—conn.

C: p—conn. A
B

Weakk

Yo

The weak equivalences exist by CW-approximation (theorem and its first corollary). We have
an induced map
)(Z:14UC'B—>Y':Yv()UYO1 Y:
(where C' is non-empty because it is weakly equivalent to a non-empty space). This is a weak equiv-
alence by the higher connectivity theorem Then excision for CW-complexes is recognized
to imply excision for arbitrary topological spaces.
Furthermore, excision for arbitrary topological spaces implies excision for CW-complexes (exer-

cise). However, the actual proofs of the theorems (actually theorem[1.9.3)) are postponed to section
2.7

Corollary 1.9.4* (Quotient theorem) Let (X, A) be a p-connected CW-pair, where A is q-
connected, p,q > 0. Then (X, A) — m;(X/A) (induced by the canonical projection) is

an isomorphism for ¢ < p + q,
surjective for i = p+ ¢ + 1.

Proof. Consider the cone C'A := (A x I)/(A x {1}); this is contractible. Now consider the pushout

conn.

qo ety

(q+1)—conn.\£\ - l

CA—— XUy CA

By the long exact sequence, we have isomorphisms 7;(CA, A) = m;_1(A) for ¢ > 1 (for any
basepoint). Thus A < CA is ¢ + 1-connected since A is g-connected.

X
A

21The theorem must be applied to suitable open neighbourhoods of A and B, which exist since relative CW-
complexes are neighbourhood deformation retracts.
22For this reason, they have been marked with an asterisk.




1.9 Excision for homotopy groups and applications 32

(XUsCA,CA) is a CW-pair, and in X Uy CA we have X NCA = A. By the excision theorem
for CW-complexes, m;(X,A) - m;(X Ua CA,CA) is

an isomorphism for ¢ < p + g,
surjective for i = p+ q + 1.

Since CA ~ x, mi(X Ug CA,CA) = 1;(X Uyq CA). Now observe that m;(X UCA) = m;(X/A):
Consider the pushout

CA fibratign oA
homotopy eq. - \L
x— X/A
By an exercise in the section on higher connectivity, the right map is a homotopy equivalence@ O

Corollary 1.9.5* (Freudenthal’s suspension theorem) Let X be an n-connected pointed CW-
complex. Then there are natural morphisms

7T,'(X) — 7T,'+1(EX),
where XX is the (reduced or unreduced) suspension. These are

isomorphisms for i < 2n,
surjective for ¢ = 2n + 1.

In particular,
mi(S"T) 2 mpa (S7F2)

for i < 2n. Therefore there is a chain of isomorphism@

o o

Tn(S™) —— ... .

T2 my(52) = 13(S%) — my(S1) —

Proof. (For CW-complexes, the reduced and unreduced suspension are homotopy equivalent. Thus
it suffices to consider the unreduced one.) We decompose ¥ X = C; X UC_X into the upper and
lower cone, where C; X NC_X = X.

C, X
LY
C X

As in the proof of the quotient theorem (C+ X, X) are recognized to be (n + 1)-connected
because of the long exact sequence of homotopy groups. We have a commutative diagram

Tit1(C1 X, X) ——m1 (BX,C_X) .

ul Tu

mi(X) - - - - - > mir1(3X)

The left map is an isomorphism because of the long exact sequence for (C1 X, X), the right one
because of the long exact sequence for (XX, C_X). Because of the excision theorem, the upper

23By functoriality, the resulting isomorphism is indeed the one induced by the canonical projection. We may glue the
two pushout diagrams together; then the resulting large diagram is again a pushout and the resulting composed
map X — X Uy CA — X /A is exactly the canonical projection.

2414 starts at 7r2(52) = 7 because of the Hopf fibration.
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map is an isomorphism for i +1 <n+1+n+1, i.e. i < 2n, and surjective for ¢ = 2n + 1. The
dashed arrow is defined as the composition; this is a natural morphism. O

Corollary 1.9.6* The degree map
deg:Z - [idgn] 2 7, (S") — H,(S") X Z
is an isomorphism for all n € N.

Proof. We have deg([ids»]) = 1, so deg sends the generator of 7, (S™) to the generator of H, (S™).
O

Remark 1.9.7. Let X,Y be finite CW-complexes. Using Freudenthal’s suspension theorem one
can show that
(X, Y] := colim, [Z" X, ¥"Y] = [2F X, 2*Y]  for k> 0.

This leads to the subject of stable homotopy theory. In particular, one can define the stable
homotopy groups

75 X) = colimy, m; 1 (X7 X).
Theorem 1.9.8* (Hurewicz’ theorem) Let X be an (n — 1)-connected topological space, n > 2.
Then

H;(X)=0 fori<n-—1

and the Hurewicz homomorphism
h:mo(X) = Hy(X)

18 an isomorphism.
If (X, A) is (n — 1)-connected and A is simply path-connected, then

Hi(X,A)=0 fori<mn-—1

and
h:ma(X,A) = H,(X,A)

18 an isomorphism.

Remark 1.9.9. 1. Recall the definition of the Hurewicz homomorphism:

hy (X, x) = [(S™, %), (X, 2)] — H,(X),
(f:8" = X) = L ([S™])s

where [S™] € H,(S™) = Z-[S"] is the generator (before also called [idgn]. Similarly we define
hn s (X, Ay 2) = Hy (X, A).
2. If X is not simply connected, but path-connected, we have at least a surjection
m(X) — Hi(X) = m (X)/[m (X), 71 (X)]
of the fundamental group onto its abelianization (without proof here).

Proof of theorem [1.9.8 1. At first, let us only consider CW-complexes. Then we can reduce
the relative statement to the absolute one for CW-pairs: consider an (n — 1)-connected CW-
pair (X, A), where A is 1-connected. By the quotient theorem (X, A) =2 m(X/A)
for i < n. Furthermore H;(X,A) = H;(X/A), because A is a neighbourhood deformation
retract in X. Y := X/A is an (n — 1)-connected CW-complex.

2. Thus in the following, after the reduction step, we can assume to have a (n — 1)-connected
CW-complex given. By CW-approximation (theorem resp. one of its corollaries), we
can assume that V("1 = {4}, Thus

ym =\/ s
acA
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is a wedge sum, where A is an index set. Y ("1 is obtained from Y () by attaching (n+1)-
cells eg for B € B and some index set B.

Claim:

o

7Tn(\/aeA S™) @aEA Z[ia : ST = \/aeA Sn]

:l i:

COlil’nA/gA finite W”(VQGA’ Sn) ? COlimA/gA finite @QGA’ Z[la]

is a commutative diagram of isomorphisms. Here the left map is an isomorphism by a
compactness argument, the right isomorphism is purely algebraic. The actual claim is that
the upper map is an isomorphism, but by commutativity of the diagram, it suffices to consider
finite A’ C A, since this will then prove that the lower map is an isomorphism.

Proof of the claim: \/ ¢, S™ = [lpca is @ CW-pair that is (2n — 1)-connected, since

[Iaca S™ is obtained from \/, 4, S™ by attaching 2n,3n,4n,...,|A’|n-cells. For example,
if |A’| =2, we have S™ V §™ «— S™ x S, where S™ x S™ consists of

eV x e?
e” x eV Snv . sm
e x e™
e" x em (n+m) — cell

~

7Tn(\/ozeA’ Sn) — Wn(HaeA’ Sn) — @aGA’ Wn(sn) — @QGA/ 7,

where the second isomorphism exists since the product is finite, » > 1 (thus one gets the
direct sum instead of some product) and by Algebraic Topology 1. This proves the claim.

Furthermore (Y,Y (1Y) is (n + 1)-connected (see a corollary to the “easy excision” theo-
rem [1.5.9). Thus 7,(Y) = 7, (Y D). Also, by cellular homology H,, (Y) = H, (Y (*+1),
Therefore we have

T (YO Yy s 7 (YY) — s 7 (YD) — s (YD) Y () =0 (6) .

1[(1) =1(4)

7rn+1(Y(n+1)/Y(n)) @aeA Z - lia]
Vgep S™H! h—Hurewicz homomorphism
=]
GBBeB Zeg =|(5)

%T(Z)

Hyp (YD vy > g (YW) — H, (YD) — = H, (YD) y()) =0 (7)

The upper and lower row are the long exact sequences of homotopy resp. homology groups.
(1): This is an isomorphism due to the quotient theorem; note 2n — 1 >n+1if n > 2.

(2): This is an isomorphism since (Y (**1D V(™) is a good pair, cf. excision on homology.
(3): By the claim above, with B instead of A.
(4)

4): By the claim above.
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(5): By cellular homology.

(6): Since (Y (1D Y (") is n-connected, this is zero.
(7): H

cells

7): H, (YD Y () = 0 since it is isomorphic to H, (Y ™+ /Y (™) and we attach (n+1)-
. (Use e.g. cellular homology.)

Now verify commutativity. Then h is an isomorphism by taking quotients of isomorphic
groups (or the five lemma).

3. The case of arbitrary topological spaces may be reduced to the case of CW-complexes, by

virtue of the following proposition.
O

Proposition 1.9.10. Let f : X — Y be a weak equivalence. Then for all coefficient modules
Ae€Ab
fo: HAX, A) =5 HL(Y, A),

froHY (Y, A) = HY (X, A)
are isomorphisms between the homology and cohomology of X and Y .

Proof. 1. We start with the proof for homology and with the “usual” coefficients in Z. We can
reduce to the inclusion using the mapping cylinder construction (proposition [1.4.12)):

X Cyl(f) 2%y
\/

f

(where h. eq. denotes a homotopy equivalence) Then X — Cyl(f) is a weak equivalence as
well, and due to m;(Cyl(f)) = m(Y), H;(Cyl(f)) = H;(Y) it suffices to prove the claim for
the inclusion.

2. Consider the diagram of long exact sequences

(X)) i (Y) (Y, X) —— 1 (X) —— ..., ,
oo |
. — H;(X) Hi(Y) Hy(Y,X) — H;_1(X) — ...

where all vertical maps are the (relative resp. absolute) Hurewicz homomorphism. If we can
prove that H;(Y,X) = 0 for all ¢ € N, then we obtain the desired isomorphisms H;(X) &
H;(Y). It suffices to show that if (Y, X) is n-connected, then H;(Y, X) =0 for i < n.

3. Thus assume (Y, X) to be n-connected. Let [a] € H;(Y, X) be a homology class. This can
be “lifted” to a = Ziel n;o;, where I is an index set n; € A fori € I, 0; : AJ = Y are
simplices, such that 0A is a chain in X. Define a CW-complex

Ko |_| A/ glue (j — 1)-dimensional faces of A?’s that are .
oy sent to Y identically under different o;
[

Example for ¢ = 2, in Y

e
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Define o : K — Y such that
K—2>Y

7

commutes. Furthermore let L C K be the subcomplex of (i — 1)-dimensional faces of A’ that
appear non-trivially in da. Now consider

f£

Since X < Y is by assumption n-connected, there exists g : K — X such that g ~ orel L
(cf. proposition [1.7.1). There exists o/ € CP"#(K) with o o o’ = a (by construction). Thus

U‘L
——

*<<—>><

_

[a] = 0. ([a']) = (Image of g.([a]) along H;(X,X) — H;(Y, X)) =0,

since H;(X, X) = 0. This proves H;(Y,X) = 0 and therefore the claim for homology with
Z-coeflicients.

~

4. Now, since f, : H,(X) — H.(Y) is an isomorphism by the first part, also

fo it Ho(X, A) S H (Y, A),
F* L (Y, A) S H* (X, A)

are isomorphisms for all A € Ab by the universal coefficient theorem.



2 Homotopy pullbacks and homotopy pushouts

Literature:

M. Mather, Pullbacks in homotopy theory

— M. Mather, Hurewicz theorem for pairs and squares

— P. Fantham, 1. James, M. Mather, On the reduced product construction

— J. May, Weak equivalences and quasifibrations

— J. Milnor, On spaces having the homotopy types of CW-complexes

— P. Fantham, F. Moore, Groupoid enriched categories and homotopy theory
— J. Strom, Modern classical homotopy theory

— B. Munson, I. Voli¢, Cubical Homotopy Theory

2.1 “Problems” with categorical constructions in Top(,) and hTopy,,

This section is meant to motivate that for a proper treatment of homotopies, a different categorical
setting than the one previously used is needed.

— Top as a category “knows nothing” about homotopies. Consider the two pushout squares in
Top
X— and X ——CX.

1]

* CX —3¥X

There is a levelwise homotopy equivalence

NS
|

CX

X

CX

k

but XX — * is not a homotopy equivalence. Thus the pushout in Top is incompatible with
homotopy equivalences.

— To find a “dual counterexample” for pullbacks instead of pushouts, for a topological space
X, define the space of paths in X 11X := map(l,X) = X'. As a set, thisis {f|f: 1 —
X is a map}. Now define the space II, X by the pullback diagram

X —>I0X |,
_
i \LQVO
* X
T

37
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where x € X and the constant map to x is again denoted x. Then II, X is the set of paths
starting at x; it is also called the fiber over x. I, X is contractible: Consider

H: II,X xI—TI,X,

(7:8) = (7 = (7)== (t7))

We have H; = idp, x, and Hy = = : I, X — II,X (ie. every path gets mapped to the
constant path x). Now compare the two pullback diagrams

x—x and QX ——=TIX .
_ _
l xT i levl
*———> * X
Here 2, X is the space of loops in X based at x. By the above, we have a levelwise homotopy
equivalence
x<— I, X .
e
X~—X
X <— %

But it can be showrﬂ that mo(Q,X) = 71(X,z). Thus Q,X is not contractible if X is not
simply connected, and therefore also the pullback in Top is incompatible with homotopy
equivalences.

— However, it is also not favorable to simply work in the homotopy categories hTop resp. hTop,
instead. hTop, does not have some simple pushouts: Consider the situation in hTop,

Sl o«

17
T

Z

Here 22 denotes the pointed homotopy class of the map of degree 2 (viewing S! as a subset of
C), and the arrows are assumed to commute in hTop, (i.e. up to pointed homotopy). Suppose
that there existed P such that P were a pushout in hTop,. We construct a contradiction by
considering three different spaces Z and analyzing the conditions on the maps P — Z.

There is a fiber bundle RP? = SO(3) — SO(3)/SO(2) = §? | with fiber S1 = SO(2).
(SO(3) acts on S%, and SO(2) can be regarded as e.g. the stabilizer of the unit vector
(0,0,1)T.) Because it is a fibration, for any T € Top,, we have an exact sequence of pointed

sets
[T, S, — [T,RP3], — [T, $?], .

B

Now note [St, Z] = 71(Z). Then an examination of the (assumed) pushout diagram above

1See later in a more general setting, or explicitly as an exercise.

2Here [T, Y]« denotes the set of pointed maps from T to Y, modulo homotopy. The statement about the exact
sequence means just that every map 7' — RP3 whose composition with the projection is nullhomotopic in S2 is
already homotopic to a map from T to S!. In order to prove this, one just needs to lift the homotopy to RP3,
which is possible since RP3 — S2 is a fibration.
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shows that
[P, Z). ={yem(2)|7* =€}

(where e is the neutral element). Then the above exact sequence reads
0=[P,SY. ——[P,RP3,2Z/2——[P,S%.=0.

This is a contradiction (it clearly is not exact). Thus P cannot exist.

The idea to remedy these shortcomings is to include homotopies in the structure of the category
(and develop language for this). This will be done in the following sections.
Future example of reasoning: Consider e.g. the data encoded in a diagram

X ——x

|

* H

21

Z

Here (and often in the following) this means that the diagram only commutes up to homotopy, i.e.
there is

H:XxI—=Z
Ho(X) = {20},
Hy(X) = {=1}.

This is equivalent to a map XX — Z. Thus we will define ¥ X as the homotopy pushout of the
diagram

X —— % .

|

*

Dually (or at least similarly), the data of the diagram

ﬁm
*mX

is equivalent to a map W — Q,X. Thus we define 2, X as the homotopy pullback of the diagram
x .
X

Problem: composition (i.e. concatenation) of homotopies is not associative.
Solution: It is associative if we treat homotopies up to homotopies between homotopies.

* —
xr

2.2 Elements of 2-category theory

Definition 2.2.1. A 2-category C consists of the following data:
— A set/class of objects ObC.



2.2 Elements of 2-category theory 40

— For all z,y € Ob(C, a small category HOM¢ (z, y)ﬂ such that:
— Objects of HOMc¢ (z,y) are 1-morphisms

f

r——1y.

— Morphisms of HOM¢/(x, y) are 2-morphisms
f

X\
H:
z 1y, f=g
g9

— For all z,y, 2z € ObC composition functors

HOMc¢(y, z) x HOMc¢ (2, y) Sl S HOMc¢(z, z) .

product of categories
objects: pairs of objects
morphisms: pairs of morphisms
— For z € Ob¢ an identity morphism id, € Ob HOM¢ (z, x).
This satisfies the following requirements:

— Associativity of compositions: For all z,y, z,t € Ob(C,

idXo0g,y,

HOMc¢(z,t) x HOMe¢(y, 2) x HOMe (2, y) ——= HOMe¢(z,t) x HOMe(z, 2)

oy,z,txidi \Loz,z,t

HOM¢ (yv t) x HOM¢ (33, y) HOM¢ (.’13, t)

Oz,y,t
commutes.

— For all z,y € Ob(C,

Oz,z,y

HOM¢ (z,y) x HOM¢ (2, 2) — HOMc (2, y)

idxidy
id

HOMC (.CL', y)
commutesﬂ Furthermore

HOMe (y, y) x HOMe (7, y) —“4 HOMe(z, )

id, xid

HOMC (.CL', y)

comimutes.

Definition 2.2.2. A groupoid is a small (1-)category, where all morphisms are isomorphisms.

3A small category is one where for all pairs of objects, the class of morphisms between them is a set.
4Here id is a functor, while id, is an object in HOM¢ (x, ); thus the “product functor” in the left arrow is constant
in one component.



2.2 Elements of 2-category theory 41

Example 2.2.3. 1. Let G be a group. Then there is a category with one object e and
Hom(e,e) = G. This is a groupoidﬂ

2. Let X be a topological space. Then we define the fundamental groupoid of X to be the
category 11y X with

ObIl; X := points in X
Ve,y € X : Homp, x (z,y) ={v:1— X|7(0) = z,v(1) = y}/(homotopies of paths)

E.g. for x € X, Homp, x(x,2) = 71 (X, x).
Remark 2.2.4. If X is path-connected, then

(mxo) (o) & ILX
is an inclusion of categories. Here we denote by mi(X,z) C e the category defined by the group
m1 (X, z) (as in the first example above).

Definition 2.2.5. A (2,1)-category C is a 2-category where for all z,y € ObC, HOM¢(z,y) is a
groupoid.

(I.e. in a (2, 1)-category, every “double arrow” or “homotopy” has an inverse.)

Example 2.2.6. 1. Cat, the category of categories, is a 2-category. Here for C,D € Ob Cat,
HOMc¢at(C, D) consists of

ObHOMcat(C, D) = functors from C to D
VEF,G € ObHOMcat(C, D) : Morgone,, (c,p)(F,G) = natural transformations of functors from F to G.

In diagrams

2. The category of groupoids Gpd C Cat (this is an inclusion of categories) is a (2, 1)-category.
Le. if C, D are two groupoids, and we have a diagram

F
¢ D,
xG/

then 7 is invertible. Verify this: Let c¢1,co € ObC. By definition of the natural transformation
71, we have morphisms 7., € Homp(Fc1,Ger), ne, € Homp(Fea, Gea) such that

Meq
FCl I GCl

F% leﬁ

FCQ s GCQ
Neg

commutes in D for all ¢ € Home(cq, ca). Le.

7762 OF¢:G¢O7751'
Applying the inverses (which exist since D is a groupoid) we obtain
-1 —1
Foong =mn, oGo.
5We denote homomorphism sets in 1-categories by lowercase Hom, while the homomorphism categories in 2-

categories are denotes with uppercase HOM. Sometimes we use again subscripts to specify the category, some-
times not if it should be clear from the context.




2.2 Elements of 2-category theory 42

Then (7. 1)cec is a natural transformation G = F which is inverse to nﬁ
Remark 2.2.7. We have different compositions of morphisms between 2-categories:
— Composition of 1-morphisms:
! g gof
—_— 0 —> 0
) z

[ ]
T

— Composition of 2-morphisms:

;
>N

° ° ~s ° U.fon °
T g Y T~ V" 7y
\W k
k
— Composition of 1- and 2-morphisms:
A ko
k — |,
A e i
g kog

To define k o n precisely, consider the category [1] consisting of two objects and a single
morphism,

e —>0

0 1
A functor out of [1] can be regarded as a way to specify a morphism.

Thus we can define k o 7 by the commutative diagram

Oz,y,z

HOMec(y, z) x HOMe(z, y) — HOMc(z, 2)

(fggkf_)k)T /('kofék/og)_;k,on

[1]

where the arrow k o7 is defined as the composition of functors as indicated["]

(Analogously one can compose at first a 1-morphism with then a 2-morphism.)
We generically use the symbol “o” for all of these compositions.

Further examples of 2-categories:

Example 2.2.8. 3. Let A be an abelian category, e.g. R—Mod, where R is a ring (and R—Mod
are the modules over it). Then there is a (2, 1)-category Ch(.A) of chain complexes over A:

~ Let Cy, Dy € Ch(A). Then

Ob HOMgyp(4)(Ce, Ds)
= {(fn :Cp — Dn)nGZ | dP o fn = fn—l o dc},
V(fn); (gn) € Ob HOMen(4) : MorHOMc1,(A)(C.,D.)((fn)’ (9n))
= {(hn : CTL — Dn+1)n€Z | dr? o hn + hn—l o dC = fn - gn}

6Just paste the two resulting commutative squares to each other.

7Commutativity of the diagram is used to define k o 1, not a statement to be proven. Note that (f 4, g,k id, k)
denotes the images of the single morphism, not of the objects. The object 0 gets mapped onto (f, k), while the

object 1 gets mapped onto (g, k).
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In words, 1-morphisms are given by chain maps and 2-morphisms by chain homotopies.
Diagram:

d® dc
Cn+1 > Cn e Cn—l .

v

Dn+1 dT> Dn 7> anl
— The composition of 2-morphisms is
H L
f—m—g—=k; (H+L),=H,+ L,.

— The 2-morphism (h,, = 0),cz is id f.
— The 2-morphism (—hy)nez = “ — A7 is the inverse 2-morphism to h.

4. Main example: Top, Top,. For X, Y € ObTop,), we define HOMTOP(*>(X,Y) by

ObHOMrop,,, (X,Y)
={f: X — Y (pointed) continuous maps},

va g€ Ob HOMTop(*> : MOTHOMTop<*) (X,Y) (fv g)
:={H : X x I = Y (pointed) homotopy | Hy = f, Hy = g}/ ~,

where Hy ~ H; if there exists

F:(XxI)xI—=Y,
F|xx1x{0y = Ho,

Flxxixqy = Hi,
Vee X,t€l:F(x,0,t) = f(z), F(z,1,t) = g(z).

(In Top,, F is also required to fix the basepoint.)lﬂ

f_'
N 1 27

l—#o{: F = {-f 4
/ N

1y 4

In the following, we will often omit subscripts on the various categories and sets if they should
be clear.

Lemma 2.2.9. Let X, Y € ObTop. Then concatenation of homotopies make HOM(X,Y) a
groupoid.

Proof. We need to consider the situation

f

X/JHN
W

Y

)

where
o H1(2t>7 tE[
(Honl)(t){ Hy(2t—1), te]

8F is the “homotopy of homotopies” mentioned earlier.

ik
).

v~ O
[u—y

)
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We need to check: If H; ~F Hj, then there is F such that Hyo Hy ~F Hy o HY. To this end define

_ _ F@2tn), e,
F(x,t,7) -—{ Hy(z,2t = 1), te[3,1

Similarly, if Hy ~ Hj, then H} o H; ~ Hy o Hy. Thus the composition is well-defined.
Furthermore the composition o is associative: For 0 < a < 1, define

[ Hi(=,1t), t €10,al,
(H2 Oq Hl)(-r,t) = { HQ(Q? 1 (t _ CL)), te [a7 1]

’1—a

ﬁ'“/f ﬁHl
e

O a 1

Claim: For all a,b € (0,1), Hy o, Hy ~ Hj o}, Ho.
Proof of the claim: Define F': (X x I) x I =Y by

Hy(2, o7 t)s tel0,a+ (b—a)Tl],
F<x7t;7-) - { HQ(Z', m(t — (CL+ (b— a)T)), te [(1+ (b— a)T, 1]

Then F(-,t,7) = Ha 044 (y—a)r H1, yielding the desired “homotopy of homotopies”.

Using the claim, one can verify that o is associative.

(Finally, note that every homotopy has an inverse, given by inverse parametrization. Thus
HOM(X,Y) is indeed a groupoid.) O

Remark 2.2.10. Let X,Y be topological spaces. If YX exists, then there is an isomorphism
of categories HOM(X,Y) = II;(YX): For T € Ob Top, we have Hom(T,Y*) = Hom(X x T,Y)
(where Hom denotes 1-morphisms in Top). By definition IT;(YX) is made into a category by
choosing here

T=x%: Hom(*,Y¥) = Hom(X,Y), objects of II; (Y*),
T=1: Hom(I,Y¥) = Hom(X x I,Y), - morphisms of IT; (YX)
T=1IxI: Hom(IxI,YX)=Hom(X x1Ix1I,Y), (homotopies modulo homotopies of homotopies)

Thus IT; (YX) has “the same” objects and morphisms as HOM(X,Y).
On the other hand, this can be used to define (2, 1)-category structures on Top, Top,, CW,CW.,
(which coincides by the above observation in the case of Top with the one defined above).

Remark 2.2.11. Every 1-category is a (2, 1)-category trivially: In a 1-category C, for z,y € ObC_,
Home(z,y) € ObSets. Then use the inclusion

Sets — Gpd,
{ Ob:zx
x —

Mor : only identities

However, in this chapter/generally, we only consider the “non-trivial” (2, 1)-category structures on
Top, Top,, . ...

Definition 2.2.12. Let G be a groupoid. Then we define
7o G := Ob(G)/isomorphism.
Example 2.2.13. 1. If X is a topological space,
o T X 2 70 (X)),

where (X)) on the right-hand side denotes the set of path-connected components of X as
defined earlier.
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2. If Gy, G, are groupoids, there is an isomorphism (i.e. a bijection)

m0(G1 X G2) = 7o G1 X 7o G1.

)

(Here G; X G is the explicit “product category” used also earlier.)

In fact, mp : Gpd — Sets is a functor.

Definition 2.2.14. Let C be a (2, 1)-category. Then define the homotopy category hC of C by

ObhC .— ObC,
Vz,y € ObC : Homype(z,y) := moHOMc(z,y) =: [z, y].

This is a 1-category, where the composition is defined using the diagram

Hoth (ya Z) X Hoth ($7 y) — Hoth (l’, Z) 3

o HOM¢ (y, 2) x mo HOMe (2, y)

:

ﬂ—O(I—I()l\/*[C(y7 Z) X HOMC(xv y)) —>To HOM(@', Z)

where the lower map is induced by the composition functor (which is a morphism in Gpd).

Example 2.2.15. — The usual homotopy categories h'Top, hTop, are homotopy categories in
the sense defined above.

— One can define a homotopy category hCh(.A) of chain complexes over an abelian category .A.

Definition 2.2.16. A l-morphism f : x — y in a (2,1)-category hC is called an equivalence, if
one of the following equivalent condition holds:

1. [f] is an isomorphism in hC.

2. There exists a 1-morphism g : ¥ — = and 2-morphisms { : go f = id,, n: fo g = id,.
Example 2.2.17. — In Top, an equivalence is a homotopy equivalence.

— In Gpd, an equivalence is an equivalence of categories.
Definition 2.2.18 (imprecise). A diagram in a 2-category C is a collection of:

— objects,

— 1-morphisms between some of the objects,

— 2-morphisms between some of the morphisms.

A diagram is 2-commutative, if whenever there are different compositions of 1-morphisms between
the same two objects x,y of the diagram, then 2-morphisms between these 1-morphisms form a
commutative diagram in HOM¢(z, y).

(Usually the conditions to verify will be clear from the context.)

Example 2.2.19. — The most trivial 2-commutative diagram is a 2-commutative triangle:
w
b 2
N
&
u v
[ ]
Y

There is no condition on 2-morphisms.
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— A 2-commutative 3-simplex is defined by the data:
— objects 0,1,2, 3,
— l-morphisms 01,02, 03,12, 13, 23,
— 2-morphisms 012,013,023, 123.

These are fit into the following diagram:

OO.

Above, the 2-morphisms have not been drawn. The 012-face looks actually like

e
7

01 12

—e

and similarly the other ones. The 2-commutativity condition means here that in HOM(0, 3)
(a 1-category), the diagram

03 —25__ 93502

OlBﬂ /H\230012

13001%23012001

commutes.

2.3 2-pullbacks and 2-pushouts

In the following, we will often use the terms “2-morphisms” and “homotopies” interchangeably.
We work in an abstract (2, 1)-category C, often without specifying this.

Definition 2.3.1. A weak (resp. strict) 2-pullback of a diagram

B

)

A——=C
f

is the data (X, u,v, H) such that there is a 2-commutative square

i

Sy

-
Q

4 \\“ i

satisfying the following two conditions:
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— “Existence”: For any (T,u’,v’, H') such that there is a 2-commutative diagram

’
v

|

T B
o | H 9
7|
A C

|

there exist

a:T — X,
hy tuoa =1,
hy :voa =1

such that

is 2-commutative when adding H’ to it, i.e. in HOM(T, C), the diagram

hu
fouoafo:>fou’

Hoaﬂ I

goyoa:}go@l
gohs,

commutes.

— “Uniqueness”: Suppose that there is (T, u', v, H') as above and (a, hy, hy), (&, R, Bq,) both
yield 2-commutative diagrams as above, then there exists £ : @« = & such that the diagrams

/\ /’\

T N(23 X and T (23 X
V \/
2 2

A B

are 2-commutative (when adding the other relevant homotopies to them). ILe.

in HOM(T, A), in HOM(T, B),
1 hu 1 hy
U UOo v Vo
P uo& By voé
UoQ vod
comimutes. commutes.

If (X, u,v, H) is a strict 2-pullback, & is unique.
Dually, one defines weak/strict 2-pushouts.

Remark 2.3.2. — A strict 2-pullback is a weak 2-pullback (and similarly with pushouts), but
we will see that in Top/Top,, only weak 2-pullbacks/2-pushouts exist.

— Note the difference to a simple pullback in the homotopy category: Here also the explicit
2-morphisms are required/provided.
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Lemma 2.3.3 (Uniqueness of 2-pullbacks I). Assume that

X—""~B and X —*t-B
w H ' H

l flg flg
A—f>C’ A?C

are two weak 2-pullbacks. Then there exist equivalences o : X' — X, B: X — X' that fit into a
2-commutative diagram (where not all homotopies have been drawn)

In particular, weak 2-pullbacks are unique up to equivalence.

Proof. By the “existence” parts for X resp. X', we get «, 5, hy, hy, hl,, bl such that

huy
fouoafo:>fou'

,HHoa (1) /HH’

govoaﬁgovl
gohy,

and similar other diagrams commute.

h.0f R, .
Define H, : uoaof——u'of—=u, i.e.

X

N
\ Boa
N

N
H

A

Similarly define H,. We check that the black arrows in

ohy 08 ;9o
govoxo ﬁgov oﬂﬁgov

Hoaoﬁﬂ (1)opB H/H’OB (2) ﬂH

/
fouoaoﬁfﬁfou oﬂﬁfou

commute: We insert the red arrow and observe (as indicated) that the left square is just (1) o j3,
which commutes since (1) commutes. Furthermore also (2) commutes, since it is the 2-commutativity
condition of the data (8, k!, hl).
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Therefore, the diagram

v )

idx > B
i“?;%
A——C

is made 2-commutative by the data (8 o a, H,, H,) (as indicated, but the homotopies have been
omitted in the diagram). On the other hand (as also indicated) it is made 2-commutative by the
data (idx,idy, idv)ﬂ Thus by “uniqueness”, there exists o a = idx.

Similarly, one gets a o 8 = idxs; thus « and § are equivalences which are inverse to each
other. O

Definition 2.3.4. In a (2,1)-category C, * € ObC is an initial/final object if for all T € ObC,
HOMe (*,T) resp. HOM¢ (T, %) are equivalent to a trivial groupoid (with object 0 and morphism
0—0).

x is a zero object, if it is both an initial and a final object.

Proposition 2.3.5. Let x be a zero object in a (2,1)-category CE
Assume that
F
*

1s a weak 2-pullback diagram. Then for all T € O

m

o

C, the sequence

(7, F| —2~ [T, B] -~ [T, X]

I

is a weak 2-pushout square, then for all T € Ob

is exact. Dually, if
B

P

Y
C

N

7 7

Y, T) — [B,T] —= [A, T
18 exact.

Proof. We only prove the statement for 2-pullbacks.
Let [k] € [T, E] such that [po k] = [*], where * denotes the zero morphism which factors through
*. Thus there exists £ : pok = (T — *x — X). Fitting these into a diagram we obtain the black

part of
F—'SF
 — X

9Here idy,, id, are morphisms in HOM(X, A) resp. HOM(X, B).
0Then for all X,Y € ObC, [X,Y] contains the equivalence class of the “zero morphism” which factors through x.
Thus we can speak about exactness.
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which is 2-commutative. Since the original diagram was a 2-pullback diagram, we obtain g as
indicated in red, such that the resulting diagram still is 2-commutative. Thus in particular there
isiog=k, ie. [iog]=]k]

This shows one of the necessary inclusion to prove exactness. The other one follows directly
from 2-commutativity of the weak 2-pullback diagram. O

Proposition 2.3.6. Given a 2-commutative diagram

A—Q>B—ﬂ>E,
f (1 lg (2 \Lk
Tay' Vo
C’T>DT>F

we define H : koﬂoagéogoagéofyof and

Al B

f (1+ k
Vet

C——=F
oy

Then the following are equivalent:
— The squares (1) (ABCD) and (2) (BEDF) are weak 2-pullbacks.
— The squares (2) (BEDF) and (1 +2) (AECF) are weak 2-pullbacks.

Proof (sketch). “=7: “Existence”: Given (T,v,u,h:kov = do~you), we consider

We are given the black part and obtain the red part (w, hg: Bow = v, hy : gow = 7y ou) because
(2) is a weak 2-pullback. By definition then

(507ou<h:kov

6ohg/H\ ﬂkohg

5ogow%koﬂow
20w

commutes. Now by the existence part for (1), applied for the data (w,u,hy), we obtain (x, hq :
aox = w,hy: fox = u). We need to check that this gives a 2-commutative diagram for
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T X (1+2), i.e. the black arrows in

do~yoh
doyo fox o doyou

dohg
SoHqox §oT ABCD h
dogohg

dogoaoy=—=09ogow TBEDF kow

Hgooeoxﬂ () X ,H\kohg
20w

kofBoaoy oo kopBow

commute. (Then “existence” is proven by the data (x, ¢, (kohg)o (ko o hy)).)

As indicated, we insert the red arrows and verify commutativity. The “square” indicated with
“TBEDF” commutes because it is the 2-commutativity condition of this diagram (constructed
above). The “square” indicated with “6 o TABCD” commutes because it is the 2-commutativity
condition of TABC D, composed with §. Thus it remains to show that (%) commutes. To this end
consider the piece of the diagram defining it:

T w

ha
X

AH—B?

E
a
H.
g i/fl/k

Let again [1] :== 0 ——=1 be the category with 2 objects and one non-trivial morphism. In the
product category [1] x [1], there is a commutative square

(07 0) - (17 0

.

(Oa 1) - (17 1)

~—

Actually, [1] x [1] is “the” commutative square in the following sense: A functor out of [1] x [1]
into another category yields a commutative square in this category. Thus in order to show that
(%) commutes, we want to find a functor H out of [1] x [1] to HOM(T, F') which takes the right
values on objects and morphisms (i.e. it maps (0,0) onto ko S o a o ¥, etc.).

Now observe that we can define H just as the composition

oT,B,F

HOM(B, F) x HOM(T, B) ——=* > HOM(T, F) .

[ > [1] "

(I.e. the diagram commutes by definition.) The left part of the diagram is understood as a functor
G : [1] x [1] - HOM(B, F) x HOM(T, B)["]]

The composed functor [1] x [1] EN HOM(B, F) x HOM(T, B) 2nBE, HOM(T, F) (ie. H)

HTo be precise, G shall be defined on objects by

G((0,0)) = (a0 x, ko p),
G((0,1)) = (aox,009),
G((1,0)) = (w, ko B),
G((1,1)) = (w,609)
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corresponds now to precisely the diagram (x):

k he
koﬂoaox%ko/@ow

Hgoaoxﬂ () ﬂHgow

6ogoaoxéogo:h>6090w

Thus (%) commutes, finishing the proof of “existence”. o
“Uniqueness”: Assume that we have given (T',u, v, h) and (X, k¢, hgoa), (X, hf, hpoa) both make
the diagram below 2-commutative:

B

. B-_"SFR
k

g
C——D—F
vy 4

E Then also the following diagram is 2-commutative by definition:

As indicated in red, here we can view K as a 2-morphism in two different “two-cells”. We want to

and on morphisms (denoting the single morphism in [1] simply by “—”) by

G((ido, =)) = (idaox, H2),
G((idlv _>)) = (ldw, H2)7
G((=,ido)) = (ha,idkop),
G((—,id1)) = (ha, idgog)
(All other images of morphisms are either identities or can be obtained by composing these basic ones.) Then

G is by definition a functor.
12The homotopies are omitted to avoid clutter.
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use apply the uniqueness part for (1) to get a 2-morphism x = ¥. To this end, consider

QOCVOX goaox .
Hiox \ / hex
= A/OfOX
Yohy ~yohy

Here the two unnamed arrows are just defined as the respective compositions, such that the left and
the right triangle trivially commute. The last triangle also commutes, since this is a condition on
K (obtained from the “uniqueness” for (2)). Thus the black arrows form a commutative “square”.
On the other hand, also

gOida ox

goaoy goaoy

vofox==>yous—==y0fox

Yohy,

commutes (clearly). Thus by “uniqueness” for (1), we obtain a 2-morphism x = x. One verifies
the necessary 2-commutativity conditions, proving “uniqueness” for (1 + 2).

“<” (assuming that all weak 2-pullbacks exist): We construct a weak 2-pullback P of BC'D and
insert it into the given diagram, as indicated in red (omitting some homotopies):

The map x : A — P exists since P is a weak 2-pullback.

By “=7, PECF is a weak 2-pullback. On the other hand, by assumption AECF is a weak
2-pullback. Thus by lemma 2.3.3L X is an equivalenceE Then also ABCD is a weak 2-pullback
square, which was to be shown O

Corollary 2.3.7. Assume that C admits a zero object * and all weak 2-pullbacks/2-pushouts. Then
for X € ObC, there exists a weak 2-pullback

QX —— =«

|

* — X
This gives a functor Q : hC — hC (exercise). Dually, there exists a weak 2-pushout

X — > %

e

* — 32X

13Note that the map w in the proof of “=” may here again be taken as a, and then from lemma, it follows
that it is indeed the map x which is an equivalence and not some other map A — P.
14The formal proof that ABCD is a weak 2-pullback square if PBCD is one and w is an equivalence can be done

using proposition @ later.
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that gives a functor ¥ : hC — hC. Consider then the weak 2-pullback diagram

I

)

and the weak 2-pushout diagram
A B
* Y

Then there are long exact sequences (the Puppe long exact sequences) for every T € ObC

S

H[TaQF}H[TaQE]H[TaQX}H[IJ:F] [TaE] [T7X]

and

[A,T] < [B,T] Y, T] [SA, T <— [EB,T] < [SY, T] <

Proof (Sketch). We only show the statement for 2-pullbacks, for 2-pushouts, the argument is dual.
By proposition 2:3.6] we can construct

QOF * ,
L Al
* F E
|~
* — X

where all squares resp. rectangles are 2—pullbacks]E| This construction can be repeated.
Then one only needs to assemble the sequences from proposition to obtain an exact sequence

— [T, QF| — [T, QE] — [T, QX| — [T, F] T, E] T, X],

as claimed. |

Definition 2.3.8. Weak 2-pullbacks/pushouts in Top/Top, /CW /CW, are called homotopy pull-
backs/homotopy pushouts.

(Sometimes, sloppily, we will use these terms for general 2-pullbacks/pushouts in arbitrary cat-
egories as well.)

Theorem 2.3.9. Let
C

lg
A*f>B

be a diagram in Top, where g is a fibration. Then, denoting the ordinary pullback of this diagram

15The lower square is the original 2-pullback; then one constructs the upper right square as a 2-pullback. Due
to proposition [2.3.6] mirroring the rectangle used in this proposition, the big vertical rectangle is then again a
2-pullback. Due to uniqueness of 2-pullbacks, lemmam the space in the upper left corner is then indeed Q2X.
Afterwards one constructs the left square as a 2-pullback and obtains that also the horizontal rectangle is a
2-pullback, thus the space in its upper left corner is indeed QF.
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by A xp C, the diagram

Vv
A — B
s a homotopy pullback@
Dually, if
A *f> B
C

18 a diagram in Top, where i is a cofibration, then, denoting the ordinary pushout of this diagram
by BUyx C,
!

7 .B
(trivial) .
7> BusC

<"

s a homotopy pushout.

Sketch of proof. We only prove the statement for pullbacks. “Existence”: Suppose we are given
T \

, C
Al
B

A

xim

By the strictification lemma there exists v’ : T — C, v o, o with goh, = H, and such that
the corresponding diagram with v’ instead of v is 1-commutative. By the universal property of the
1-pullback, we obtain a map (u,v") : T — A x5 C. Recalling that f’ is just the projection onto C
(by definition of the 1-pullback A xp C := {(a,c¢) € A x C| f(a) = g(c)}), then f' o (u,v") =/,
we can fit everything into a diagram

T N v )
~ -1
AN h,
) N R
’

Q

N
AXBC4>

|

A—>

!

-
)

Sy

where h; ! denotes the inverse homotopy to h,. Here the left triangle and the square are understood
l-commutative, i.e. with “zero homotopy” resp. “identity homotopy” E The irregular “square”

16Here the trivial homotopy is just a constant one.
17Use here that also g’ is actually just a projection.
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TCAB also contains the homotopy H. Thus one needs to prove that in HOM(T, B), the diagram

hot
gofo(u,v) I go

I

fog o (uv)—— fou

commutes. This is indeed true since g o h, = H by the strictification lemma (then also go h;! =
H=Y.

“Uniqueness”: Suppose we are given (T, u, v, H) and have ((u1,v1),u; = u,v1 = v), ((ug, va), us =
u, v = v) both satisfying the necessary 2-commutativity conditions

T v

\\M(ul,vl)
(udv2) f
N |
g

A

We need to find a homotopy (u1,v1) = (ug2,v2), which is equivalent to finding two homotopies
u1 = U2, v1 = v9. To this end, consider the commutative diagrams

in HOMop (T, A) in HOMp (T, C)
U] =————> Uy V] =12

NSNS

Since we are working in Top, all 2-morphisms are invertible, thus the composition of one of the
red arrows in the right diagram with the inverse of another one gives a 2-morphism u; = us (as
indicated by the black arrow). Similarly for v; = vy. The necessary 2-commutativity conditions
are just again given by the diagrams above and are therefore satisfied by construction. O

Definition 2.3.10. A 2-commutative cube in the category C consists of the data
— Objects A,B,C,D,A’",B’,C’",D" € Ob(C
— l-morphisms «, 8,7v,0,a',8',+',8', fa, [, fc, [D
— 2-morphisms H, H', Fy, Fy, F3, F}

forming a diagram

18Using that f’, g’ are projections, we already have abbreviated e.g. f’ o (u1,v1) = v1.
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satisfying that in HOM¢ (A, D'), the diagram

F,
§ofeoB < fhodop
6 oFy poH

0" opofa fpoyoa

H'ofa Fsoa
Y oad'ofas==9"0ofpoa
Yy OF1
commutes.
Often we will not specify all homotopies, but they are understood implicitly.

Definition 2.3.11. A 2-commutative square
A—2>B
ﬁi H 7 Y

\4

C——D
)

is equivalent to

AIQH/B/

’ H' ’
BJ/ \/f iw
C/T>D/

if there exists a 2-commutative cube as in definition [2.3.10| before, where f4, fB, fc, fp are equiv-
alences.

Lemma 2.3.12. FEquivalence of 2-commutative squares as in definition [2.3.11] is an equivalence
relation.

Proof. Reflexivity: Clear.
Transitivity: We may “compose” 2-commutative cubes, “glueing” them onto each other.
Symmetryﬂ We are given a 2-commutative cube for which we use the same notation as in
definition and furthermore 1-morphisms g4 : A’ — A, ... and 2-morphisms h4 : ga 0 fa =
idg,..., ha: faoga =idas,.... We proceed in three steps.

1. First we define the 2-morphisms of the “inverse cube”, which shall be denoted G1, Go, Gs, G4.
The construction is described at the example of G4, for the other ones it is analogous. We

9Note that if A is a l-category, I is an “index category” like e.g. [1] x [1] considered before, D1,Ds : [ — A
are “diagram functors” and 7 : D1 = Dy is a natural transformation such that n(¢) is an isomorphism for all
i € Ob1I, then 7 has an inverse n~! defined by n~1(3) := n(i) .
Dy
I~ {n A
Dao

But this is no such obvious construction in a (2, 1)-category. Thus the construction of an “inverse cube” requires
some work.
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are in the situation

fa C

ga '’

C—— D

The intention is to find G5 such that the resulting lower cube is again 2-commutative. In

hindsight view of the next two steps, however, we want to find G5 such that the homotopy

Ks:gcofcof ELLLEN gocofBofa Gaola, Bogao fain the left face of the composition of

the two cubes takes on a particularly simple form:

Q

B
_—

A
ngfAi Ki’f
A

gcofc

-

Vv
_—
B

Q

We want to achieve Ky = (30 ha)~!o (ho o), ie. the square

oF:
geofooBE=goof o fa

Ko
he oﬁﬂ/ ﬂ/G2 ofa

ﬁ(:ﬂongfA
Boha

shall commutem Reformulating this, we need to find G such that Hom(gc o o fa, 80940
fa) > Hy:=(Boha) to(hcopB)o(geo Fy) ! satisfies Hy = Gy o fa.

This is achieved by defining G5 as the 2-morphism which makes the diagram below commu-
tative (i.e. as the composition of the other arrows resp. their inverses):

gcoB'oh 4

goof'ofaohaog gcoB'oh10fa0ga
gcof goo B ofaogs=———="gc0p 0fa0gs0 fa0gs———t=gcof ofa0ga

Gzﬂ/ H/HzogA

< B —
Bogass—m——=1PB0ga0faoga smmm—m=fogacfacgacfacyga Bogaofaoyga

Bogaoh grofaoga
Claim: Go as defined above has the desired property Ho = Go o fa (and hence Ky =
(Boha) Lo (hcop)).

Proof of claim: The composition of all arrows but the right three ones (when taking the
necessary inverses) is of the form H) o g4 with H) € Hom(go o 8/ o fa,80ga o fa). Note
that in HOM(A, C) we have Hyogao fa = (Bogaofaoha) toH,o(gooB ofaoha) due

20The upper triangle commutes always by definition of Ko and the lower one does so if and only if the square does.
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to the commutative diagram resulting out of

/i(u\ w

A \U/hA A U,Hé C
~_" 7 ~_ 7
gaofa Bogaofa

(Compare the proof of proposition ) Thus upon composing the above diagram with f4,
we can rewrite it also as

C ofB’ch sr0fa gcoB ofaoh coB’ofach cof’oh r0fa
gcofo “='go o o faogaofs =—=>gc o A2 900 o faogao fa—25Gp 0B o fa .
Gzo.)"/\ﬂ/ ﬂHz
Bo ngf?}oquhA Of/@ ogaofao ngf‘boquonhAﬁ 0gao fz%ongonhAﬁ ogao faogao f@ow:h/gfﬁ ogao fa

In the top and the bottom row, all arrows “cancel each other”; these are identity morphisms.
This proves the claim.

2. We need to show that the lower cube is 2-commutative, i.e. in HOM(A', D),

G408’
Sogoof €25 gpodop

JofBoga gpo~y od

Hoga Ggoa’
Yoaoga<—==yogpoa
’yOGl

comimutes.

Observation: In a (2,1)-category, 2-morphisms yield natural transformations between func-
tors between HOM-categories: Consider

f
TN

e |n e.
X\é/fY

For any object T, we obtain a natural transformation between functors, that we still call 7,

of
HOM(Y,T) |n HOM(X,T).

—
°g

In particular, an equivalence f4 : A — A’ induces equivalences of categories
HOM(A’, T) —= HOM(A, T) ,
HOM(T, A) —= HOM(T, A') .

BT

Because of this observation, the lower cube is commutative if and only if its composition
with f4 is commutative. On the other hand, we can construct a diagram relating the 2-

21 An equivalence of categories is what its name suggests: An equivalence in the 2-category Cat. Alternatively it
may be proven to be exhibited by a functor which is fully faithful and essentially surjective. Such a functor
admits an inverse functor. Cawveat: The definition of “inverse functor” does not imply that the composition of a
functor which its inverse functor is the identity, but only up to natural equivalence.
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commutativity conditions of the lower cube with f4 to the 2-commutativity condition of the
composed cube: Consider

gpofpoH

gpofpodofB<=gpofpoyou

%ﬂ gm

gpod ofcof gpo(upper cube) gpovy ofpoa

Db’ 0F gpoy oF;
gpoH'ofx
dogcofcop gpod oflofa<=gpoy oalofs
dogeo ﬁ'ofA lower cubeo f 4 Yyogpo o/ofA

JoGsofa yoGiof
Hogaofa

dofogaofa<s=ryoaogaofa

Here the lower central hexagon is, as indicated, the 2-commutativity condition of the lower
cube composed with f4 (which we want to prove), whereas the upper central hexagon is
gp composed with the 2-commutativity condition of the upper cube (which we know). The
underlined 1- and 2-morphisms form the 2-commutativity condition for the composed cube.

The left and right irregular hexagons always commute: For example, in the left one one can
insert the red arrows depicted below:

gpo fpodof .

A

gpoFyop
gpod'ofcof

pod’oFy
740fcop

dogcofcof gpod of ofa

dogcopB ofa

IS
o
=
o
)
kS

oG20fa

A

dofogao fa

Then the two triangles commute by definition of Ky resp. Ky, and the square commutes
because of a similar argument to the one made in the proof of proposition m (for the
square called (x) there).

We conclude that the lower cube is 2-commutative if and only if the composed cube is 2-
commutative 7]

3. Finally, we verify that the composed cube is 2-commutative. We need to check that in

22 Note: The diagram also shows that the composition of two 2-commutative cubes is always 2-commutative. This
is hardly surprising, but useful when examining larger diagrams.

YogBo fpow
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HOM(A, D), the black arrows in

K40
SogeofooB e gpofnodop

SoK. H
= Sohcof (%) Rofpe
podof3
7
a

§oBogaofa §op 2 gpofpovoa

o
dof3oh 4 H v
(%) yohpoo
Hogaofa Foaoh A Ksoa

’YOO&OQAOfAﬁ’YOQBOfBOOZ

commute. We insert the red objects and morphisms and verify commutativity:

The triangles all commute by the construction of the G; in step 1 (as proven there). The
lower “square” marked by (%) commutes because of

HOM(A, D) x HOM(A, A) —=*" . HOM(A, D) .

50[3£>'yoozT TQW
[1] x [1]

(Compare the proof of proposition M) For the upper “square” marked by (x), there is an
analogous diagram.

This concludes the proof of the lemma.

O

Proposition 2.3.13. If a 2-commutative square is equivalent to a weak 2-pullback/weak 2-pushout,
then it is also such.

Sketch of proof. Only a brief argument for 2-pullbacks shall be given here. Let ABC'D be a 2-
commutative square which is equivalent to a weak 2-pullback A’B’C'D’. Let (T,u,v, H) be the
necessary data for a 2-pullback map into ABC D, which shall be shown to exist. This is used in
the following composition of 2-commutative cubes (the other homotopies are omitted for brevity):

D

The arrows T'— B’,T — C" are defined as the compositions; then the dashed arrow exists because
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A'’B'C'D’ is a weak 2-pullback. The red arrow is again defined as the composition and shows
“existence” for ABCD.
For “uniqueness”, the proof is similar if the following lemma is used. O

Lemma 2.3.14. Let f : A — A’ be an equivalence. Let g,h : A — X be 1-morphisms and
H:gof= hof be a2-morphism. Then there exists a 2-morphism G : g = h with H =G o f.

Proof. This was already shown in the proof of lemma [2.3.12] in step 1. for “symmetry”. The
replacements in the notation to be made correspond to identifying f4 = f, gco ' =g, Boga = h,
ngHanngzG. O

2.4 Homotopy pullbacks and pushouts in Top/Top,

We begin with the dual of proposition [1.4.12[ (a “mapping cocylinder construction”).

Proposition 2.4.1. Let f: X = Y be a map of topological spaces. Then there exists a factoriza-

tion X —>=W(f) L.y of f such that s is a homotopy equivalence and p is a fibration.

For the proof, we need:

Lemma 2.4.2. Let Y be the path space of Y and evg,evy : Y — Y denote the evaluations at 0
resp. 1. Then (evg,evi) : Y1 — Y x Y is a fibration.

Proof. Suppose we are given a space T and maps H : T — Y!, (Hy,Hs) : T x I — Y x Y such
that

Hl|ryx g0y = Hilrx {0} H|pyxq1y = Ha|rxqoy-

3] Thus the solid arrows in

T—H _yI

idx{O}l l(evmevl)

Tx]——Y XY
(H1,H2)
commute, and we want to find a lift H as indicated by the dashed lines. This can be interprete
asamap H :T x I x I — Y such that

];:I‘TXIX{O} =H,
Hlrx{oyxr = Hu, -
H|pypiyxr = Ha

We denote the coordinate in the first interval by ¢ and in the second one by 7. Then H can be
sketched as follows:

23H may also be regarded as a map T x I — Y by the exponential property of the mapping space, and (Hi, Hz)
can always be written in such a product form.
240ne uses again the exponential property of YI.
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Proof of Proposition[2.4.1l Define W(f),s,p via the 1-pullback diagram
W(f) — v
_
(q,p)i (evo,evi)
XXxY——Y XY
fxid

Because of the lemma before, (evg,evy) is a fibration. Now fibrations are stable under pullbacks
(this is the dual of proposition , thus also (¢, p) is a fibration. Furthermore the projection
pry : X xY — Y onto Y is a fibration and fibrations are stable under composition. Therefore
p=rpry o (q,p): W(f) =Y is a fibration.

By definition of the 1-pullback, W (f) = {(x,y,v) € X x Y x YL |(f(x),y) = (v(0),~(1))}. This
is homeomorphic to X x YZ O {(z,v7) € X x Y!|~(0) = f(z)} and in the following we will view
W (f) as a subset of X x Y.

For the maps, we have by commutativity of the pullback diagram: ¢(z,v) = z, p(z,v) = v(1).
Therefore if we define s : X — W(f), x — (x, f(z)), where f(x) denotes the constant path to
f(z), we indeed obtain po s = f. - -

Furthermore g o s = idx, and soq : W(f) — W(f), (z,7) — (=, f(z)) = (x,7(0)). This is
homotopic to idy sy by H : W(f) x I — W(f),

(2,7,7) 1 (@,7%7),  where 7, (1) = y(t7).

Theorem 2.4.3. Homotopy pullbacks and pushouts exist in the categories Top and Top,.

Proof (for Top). Consider at first homotopy pullbacks. Given

a,

|

A——DB
f

consider the cube
E¢g : C

where W (g) is the mapping cocylinder defined in proposition the maps p, s were also defined
there, the unspecified maps are identities and all faces with no explicitly depicted homotopies have
a trivial one. The space Fy 4 is defined as the 1-pullback of the front face, i.e.

AxW(g) D Efqg={(a,c,7) € AxCx B! |7(0) = g(c),v(1) = f(a)}.

The maps u and 7 are projections; furthermore we define v(a,c,y) = ¢. The two non-trivial
homotopies are defined as

Hy:gov=~vyou, H,:E;4,xI— B, (a,¢,v,7) = (1),
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Hy:s0v=m, Hy:E;qgxI—W(g), (o, ¢, v, 7) = (¢,7r), where v, (t) = y(t7).
(One computes Hi(a,c,7,0) = 7(0) = g(¢c) = (9o v)(a,¢,7) and Hi(a,¢,7,1) = f(a) = (fo

u)(a,c,v), Ha(a,c,7,0) = (¢,7(0)) = (c, 7)) (sov)(a,c,v), Ha(a,c,v,1) = (¢,7) = w(a,c,7).)
The cube is 2-commutative, because p o Hy = Hp (equality of maps): v(7) = (7). Thus the

square

le

E

g
Hy

f

u

-
<

W=0

]

is equivalent to the homotopy pullback square

1

rg——=Wi(g) .

’)
u lp
B

A— >

f
(The latter one is a homotopy pullback square since p is a fibration, cf. theorem m) Thus by

proposition [2.3.13] also the former one is a homotopy pullback, as desired.
Dually, one shows that for a diagram

the square

C—>Qyg

is a homotopy pushout, where ()s 4 is defined by the 1-pushout diagram

a—L-cyp) .
-
C——>0Qry
Explicitly,
Qﬁg:BUCLIAx[/( Ezz(l)gzg((s)) )
and
Hy:uof=wog, Hy: AxI— Qg (a,7) — [a, 7).

O

Definition 2.4.4. The homotopy pullback and pushout squares constructed in theorem are
called the standard homotopy pullback and standard homotopy pushout of their respective input
diagrams [

Sometimes we will also use the notation A x% C:= E;,, BU% C := Qy,.

25Sometimes, the standard homotopy pushout is also called the double mapping cylinder.
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Example 2.4.5. Examples of homotopy pushouts:

A B A— =B X —x S >
| | LAl A
* — Cone(f) * —— B/A * o gn+l
where 7 is a cofibration
Example of a homotopy pullback:
QX —— =« , where Q, X is the loop space based at x € X.
|~
* X
Remark 2.4.6 (Notes on the pointed case). The standard homotopy pushout in Top, is defined
as
f
(A7a0) > (B,bo) )
h
i 7 l
(Cv CO) - ( If,gﬂ *)
where
(a,0) ~ f(a),
(Q/f,w*) = | BUCUAXI (a,1) ~ g(a), , [ag, t]
(a()a tl) ~ (a03 t2)

=[f(ao0)}=[bo]=[g(a0)]=[co]

and h: Ax I — Q’ is the canonical map. Then h(ag,t) = [ag,t] = * equals the distinguished
point for all ¢, i.e. h 1s a pointed homotopy.

Example:
X Z‘O — >k ’
l 7 l
x — (X' X, %)
where
z,0) ~ (2,0),
(XX, %) = / (', 1), [0, 1]

$0,t1 $0,t2)

3’ X is called the reduced suspension of X.

T . — 7'

The standard homotopy pullback in Top, is defined as
(Ef,g,%) — (C, o) :

|

(A’ aO) — (B> bO)
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where
(Ef.g,%) = ({(a,¢,7) € Ax C x B"|7(0) = g(c),7(1) = f(a)}, (a0, co, bo)) -

Thus the underlying topological space of the 2-pullback in Top, is the same as the 2-pullback in
Top. For the pushout, this is not the case.
Reason for this: The forgetful functor Top, — Top, (X, z) — X has a left adjoint

Top — Top,, X = X = (X Usx, %),
@ This means thast we have isomorphisms of categories for all X € Ob Top, (Y,y) € ObTop,
HOMrop, (X, (Y1) = HOMp,p (X, ).
This follows since
Ob HOM 1oy, (X4, (Vi) = {f : X = Y| f(+) =y} = {f : X = ¥} = ObHOMp(X, V)
and for f,g € ObHOMro,, (X4, (Y,9)),

MoraoMy,,, (f,9) = {h: X4 X I =Y |h(xt) =y, ho = f,h1 =g}/ ~
——

X xITUxxI

2{h: X xI—=Y|hy=f,h1 =g}/ ~= Morrep(f,g)

(where “~” denotes higher pointed resp. unpointed homotopies). Then the reason for the above
observation follows from the next lemma.

Lemma 2.4.7. The forgetful functor Top, — Top preserves homotopy pullbacks.

Proof. Given a homotopy pullback in Top, E

(Y7 y) — (07 CO) 5

|k

(A, ao) — (B, bo)

LN

— = C

we consider

u
g

e

- B

f

with b : gov = fou in HOMr,, (T, B). By adjointness we have HOM,, (7', C') = HOMrop (T4, (C, co)),
HOMrop (T, B) =2 HOMrop (T4, (B, bo)), HOMop (T, A) = HOMrop, (T4, (A, ap)), thus there are
vy Th = (Crco), uy : Ty — (A,ap) and hy : govy = fowuy. Since the square we started out

26These are functors between (2, 1)-categories; we do not consider such ones in their full generality here.
2TWe also indicate it by the symbol “J” as the 1-pullback if there should not arise confusion.
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with was a 2-pullback in Top,, we get by its universal property the map « in

T, .
h N\
/ (Yv yO) (Cv CO)
H g
L
(Aa aO) — (B,bo)

!

Applying the forgetful functor to « (and the homotopies), we obtain a map T'— Y (and the re-
quired homotopies) to make the necessary diagram in Top 2-commutative. This shows “existence”
for YC AB; “uniqueness” is shown similarly. O

Remark 2.4.8. The forgetful functor Top, — Top does not necessarily preserve homotopy
pushouts ™|

Theorem 2.4.9* (Milnor) Homotopy pullbacks of CW-complexes can be chosen to be CW-complezxes.
In particular, Q. X has the homotopy type of a CW-complex if (X, z) € Ob CW,.

(Without proof here, hence marked with an asterisk.)

Corollary 2.4.10* Let

(FJ;]:) s (Ei, e)
x — (X, 1)

be a 1-pullback in CW ., where g is a Serre fibration and X, E are connected. Then it is a homotopy
pullback square in Top and Top*@

In particular, by the Puppe long exact sequence, corollary for all T € ObTop equipped
with any basepoint, the sequence

co. ——> 1,9, Xy — [T, F|l. — [T, E]l, —— [T, X
is exact, where we denote the equivalence classes of pointed maps by [-, ]*E
(Proof later.)

Proposition 2.4.11. There is an adjunction ¥’ - Q of functors hTop, — hTop*E

Proof (sketch), in an arbitrary (2,1)-category with zero object x and weak 2-pullbacks, weak 2-pushouts.

We need to construct a (natural) isomorphism [¥'X,Y] = [X,QY] for objects X,Y in our

28This also holds for general colimits: If one considers e.g. an “unrelated diagram”, then the homotopy colimit is
the same as the ordinary colimit since one cannot consider any homotopy. In Top,, the resulting colimit is the
wedge sum, but in Top, it is the disjoint union.

29 F is necessarily connected as well. By definition of the pullback, F is the fiber at the point . In other words, the
statement of the corollary is that the fiber (over some basepoint) of a Serre fibration is the same as its homotopy
fiber (over this basepoint).

30To be precise, we should write e.g. [T, Fl« = [(T,to), (F, fo)]« for to € T.

31The symbol “+” denotes the adjunction and can safely be ignored in the following.

321t could also be proven not hard “by hands” in Top,.
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category. Given f: X — Y, consider

p
—_—

X *
H .

Pl )\(/f \Ll
« —2'X

X

Y

thus by the existence part of the homotopy pullback QY we get the map f in the diagram below.

E3]

In order that the assignment f — f descends to a well-defined map [¥'X,Y] — [X,QY], we
need to show that if there is a 2-morphism & : f = f’ and f, f’ are defined as above for f, f’, there
is also a 2-morphism f = f’.

Claim: If such an h exists, then fo Hx = f' o Hx.

Proof of claim: Consider

X —x%

|
* —>2'X
f
4

f/
Y

By the argument made already at some times before, we obtain from the composition functor a
commutative diagram:

HOM(X'X,Y) x HOM(X, ¥'X) — HOM(X,Y),
(f—"=f") € HOM(Z'X,Y),
(iop—~iop)e HOM(X,T'X)

yield commutativity of
foiop%f’OiOp .
foHXﬂ H/f’oHX
foiopho:m;f’oiop

Since * is the zero object, HOM(x,Y) is the trivial groupoid, having a single object and as only
morphism the identity. In particular, the maps f o7 and f’ o4 must coincide; they shall be called
i’. Also the morphism h o ¢ must then be equal to id; @ Inserting this into the above diagram we

33Here f o H is understood as the homotopy in the large, distorted “square”, not the small one.
348logan: “Maps into/out of * do not have any homotopies.”



2.4 Homotopy pullbacks and pushouts in Top/Top, 69

obtain

i

y id;s op=id; ony
7' 0 p :> e p

fOHX\H, H,fIOHX

i'op=—=>f'oiop
id; op=id;7,,

i

This shows the claim.

By “uniqueness” for the 2-pullback QY and the claim, we get a 2-morphism f = f’ This
shows that there is a well-defined map [¥' X, Y] — [X, QY].

Similarly, one gets the map [X, QY] — [2'X,Y] and verifies that the respective compositions
are the identity. Also one verifies that this is functorial in X and Y. O

Corollary 2.4.12. For a homotopy pullback in Top, (using some unspecified basepoints)

F——F

| 7

* ——= B
one can rewrite the Puppe long exact sequence @ as
... — [¥'T,E]y — [¥'T, B, —— [T, F]. —— [T, E]. —— [T, B«

for T € Top,.
In particular, for T = (S™, %), one gets a long exact sequence of homotopy group@

> i1 (E) —— 71 (B) —— 7, (F) 7 (E) Tn(B) — ... .

The dual result holds for homotopy pushoutsm
This follows from the previous proposition and corollary

Proof of corollary[2.4.10. Consider
(£, f)

N

|

*—>(va)

where the inner square is a homotopy pullback@ Then consider the following long exact sequences
of homotopy groups:

e Tt (B) —— g1 (X) ——= 7 (F) T (E) (X)) — ...
e T e
e Tt (B) — = g1 (X) ——= 1, (V) n(E) (X)) —— ...

35By the claim, both f, f/ satisfy, together with their respective homotopies, the necessary 2-commutativity condi-
tions for (X — %, X — %, K), where K := foHx = f' o Hx.
36The basepoints shall be omitted for brevity.

The Puppe long exact sequence thus generalizes the long exact sequence for Serre fibrations m resp. the
“usual” long exact sequence for homotopy groups. Sometimes we will thus call also this sequence a long exact
sequence for homotopy groups.

37But there is no statement about homotopy groups here.
38The map ¢ always exists since the outer four arrows even commute.
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The upper one is the long exact sequence of a Serre fibration obtained in Corollary the lower
one comes from the Puppe long exact sequence, cf. Corollary before. By the five-lemma,
¢4 is an isomorphism. Since this holds for all n and by theorem both spaces are homotopy
equivalent to CW-complexes, by Whitehead’s theorem ¢ is a homotopy equivalence. This
proves the corollary. O

2.5 Pointed versus unpointed

Lemma 2.5.1. There is a natural functor 11;(X) — Grp for all X € Top,n > 1 that sends

ObIl;(X) 3z — 7, (X, x) € Ob Grp,
Vg, z1 € ObIIi(X), (v : o = x1) = (g : T (X, 20) = (X, 21)).

Proof. One can give a concrete description of vy for v € Hom(xzg, z1) (i.e. 7 is a path from zo to
(El)l

Given v : (I, 0I™) — (X, x0), i.e. o] € mn(X, x0), consider the homotopy dI" x I 22 T 5 X.
This can be extended to v : I x I — X starting with vp, using that I™ < I™ is a cofibration (cf.
example [1.4.9)). At time 1, we obtain vy : (I",0I") — (X, z1) and define y4([vo]) = [11].

Picture (in case n = 2):

O

X\
Lemma 2.5.2. Let X {7 Y be a diagram in Top. Let xo € X and denote by 0, the restriction
~—7

g
ofn: X xI =Y to{axg}xI (thisis a path inY ). Then forn > 1, there is a commutative diagram

(X, 70) : (Y, f(x0)) -

\\ (o)

(Y, g(20))

Proof (Sketch). Given v : (I",0I"™) — (X, z0), we need to construct a homotopy between maps
of pairs (1z,)4(f o v) = gowv. This will establish their equality in 7, (Y, g(z0)). Denote yo =
f(xo), 11 := 9(x0), Yt := Ny, (t). For n = 2, the situation looks like follows:

39If f: Y — X is a map, then it induces a functor (i.e. a map between groupoids) f. : II1(Y) — II1(X). That the
constructed functor is natural means that the resulting triangle

I (V) —— = 1 (X)

\G/

commutes. The proof of this is left as an exercise.
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nov is defined on the interior, black cube, and we want to extend it to the blue (deformed)
cube, such that for all ¢ it sends OI™ to y;. Thus one needs to “fill in” the remaining parts. For
the “upper piece”, we use the following picture:

21
T
j
% 4
21
t YL

170 )0 +

I.e. we define the map to be constant along the lines in the vertical slices of the “upper piece”
(one of them is sketched above). This we do for all such slices. O

Corollary 2.5.3. Let

?

F——F
Ll
*T>X

be a homotopy pullback in Top,, where the constant map to x € X is also denoted x. Then for all
points f € F (not necessarily the distinguished one), there exists a long exact sequence

e T (F, f) = (B, i(f)) (X, 2) —2 01 (F f) —— ...

\ 1)y

™ (X, p(i(f)))
where Hy denotes the restriction of H to f.

Idea of proof. One attempts to find a 2-commutative cube that gives an equivalence from the
given homotopy pullback to the standard homotopy pullback defined in theorem [2.4.3] This can
be “pointed” by any point in the (homotopy) fiber, since it is a 1-commutative square. Then one
carefully needs to compute how all 2-commutative faces of the cube induce maps on homotopy
groups. O
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Question: For X,Y (pointed) topological spaces, how do [X, Y], and [X, Y] differ?
(Answer later, in section 4.5.)
2.6 On the importance of the homotopy fiber

Definition 2.6.1. For amap p: E — X and =z € X, the space F that fits into the homotopy
pullback square

F——F
| ar

* —— X

is called the homotopy fiber of p over X. Here we denote the constant map to = again by =x.
Sometimes we will also use the symbol E, instead of F E

Lemma 2.6.2. Let (X, A, a) be a pointed pair in Top and let

af)H(Ava)

(F
i

— (X,0)
be a homotopy pullback in Top,. Then there is an isomorphism mp1(X, A, a) = 7, (F, f) for all
k>0.

Proof (Sketch). Given [g] € m11(X, A, a), i.e. g: (IFF1 0I*1 JF) — (X, A, a) is a map of triples,
we get a map g : I*t1/J* — A and a homotopy h that form a diagram

g

QI JF %) — (A, a) .

e

x ——> (X, a)

Here h is given by g itself, if I x {t} is collapsed to a point for all ¢ € I:

=2 X

9

h is a homotopy between maps of pointed spaces. Because (F, f) is a homotopy pullback, we
therefore get a map (S*,*) = (911 /J* %) — (F, f). This defines the map 7,1 (X, 4, 2) —

Tk (F7 f)
There is a map between long exact sequences

coo——Tpr1(A a) — = mp1(X, a) — = mp1(X, Ay a) ——= (A, a) —— (X, a) —— . ..

N

coo——Tpr1(Aa) — T 1(X, a) ——— 7 (F, f) ——— 1 (A, a) —— (X, 0) —— . ..

where the upper sequence is the one obtained in theorem [I.I.5] while the lower one is the Puppe
long exact sequence from corollary [2.4.12] One verifies commutativity of this diagram (thus it

40 Cqution: Sometimes we will also use E, for the “usual” fiber of a fiber bundle, not the homotopy fiber.
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indeed is a map between sequences). Then the five-lemma yields the claim. O

Definition 2.6.3 (Redefinition). A map p: E — X is n-connected, n > 0, if all homotopy fibers
of p are (n — 1)-connected.

Lemma 2.6.4. The old definition of n-connectedness and the above redefinition are equiva-
lent.

Proof. — n = 0: Definition [1.5.1| required that p, : m¢F — m9X was surjective.
The new definition requires that for all x € X, the homotopy fiber E, defined by the 2-
pullback

E,——=F
*

is (—1)-connected, i.e. E, # (). This is satisfied if and only if 7o E — moX is surjective.

al <\
o~ Iy

— n > 0: Definition required that moE — mpX was surjective and m;(X, E,e) = 0 for all
e € E,1 <i <n. By Proposition and Corollary this is equivalent to m;(Ey, f) =0
forallz € X, fe E,,1<i<n-—1,ie E,is (n— 1)-connected.

O

Definition 2.6.5. A 2-commutative square in Top

X
i i

\%
B

is called n-weakly homotopy cartesian if the map X — X ><C B is n-connected. Here A X}é B
denotes the (resp. a) homotopy pullback of ABC' in the diagram above@

A

!
c

-

N

T

Proposition 2.6.6. The square

is n-weakly homotopy cartesian if and only if for all b € B, the map
X xB{b} = Xy = Ay = AxE {5 (b)}
s n-connected.

Proof. Denote W := A x% B. For b € B, consider

v

Wy ——=W 254

| Al

*T>B—,>C’
J

9

where the constant map to b is again denoted b and the left square is defined as the homotopy
pullback (i.e. W is the homotopy fiber of f’ at b). By proposition the big rectangle is then

41The map exists because A Xg B is a homotopy pullback.
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again a homotopy pullback. Therefore both W}, and Aj are the homotopy pullbacks of

'

*4>C'
job

Since homotopy pullbacks are unique up to homotopy equivalence by lemma Wy ~ Aj(b)@
Therefore, it suffices to prove the claim (both directions) with W} instead of Aj).

Now consider in Top, (however without specifying the basepoints; the pullbacks are anyways
always the same due to lemma

Xy == =Wy —= 4j) -

A

X—=—>W A

lp l' s
\/

B C

The map X — W is obtained since W is a homotopy pullback (as already stated); the right lower
square is the pullback square. The map X, — W, is obtained since Wj is again a homotopy
pullback. The left part of the diagram yields therefore a morphism of Puppe long exact sequences

(cf. corollary [2.4.12))

oo Tp1(B) — 1 (Xp) —= (X)) — m(B) — ... — 71 (B) — 7p(Xp) — mo(X) — mo(B) .

L i

oo —> 71 (B) —= 1 (W) — 1, (W) — 7 (B) — ... — 71 (B) — mo(Wp) — 1o (W) — 7o (B)

Now

— For n = 0: “If”: Let [w] € mo(W) (connected component of w € W). Then f(w) = b for
some b € B. By assumption we have a surjection mo(Xp) — mo(W}), thus there is a preimage
[z] of [w] € WO(Wb)ﬁ By homotopy commutativity of the square XpW, XW constructed
above, the image of the map mo(X) — mo(W) contains [w], i.e. mo(X) — mo(W) is surjective.

“only if”: By assumption mo(X) — mo(W) is surjective. From the morphism of long exact
sequences considered above, we obtain that also mo(Xp) — mo(W}) is surjective for all b € B.

— For n > 0: Use the five-lemma in the above diagram of exact sequences to get the claim:
X — W is n-connected if and only if X, — W}, is n-connected for all b € B.

This proves the proposition. [

2.7 Statement of Blakers-Massey theorem
Theorem 2.7.1* (Blakers-Massey) Let

C

f
B

A
f/
B

“I5 |

42Recall that homotopy equivalence is obtained by fitting the homotopy pullback Aj(vy in the horizontal rectangle
in the diagram above.
43Note here that W} is defined as the standard homotopy pullback, in which W embeds.
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be a homotopy pushout in Top. Assume that f is m-connected, g is n-connected, n,m > 0. Then
this square is a (n +m — 1)-weakly homotopy pullback.

(Proof later, in section 2.11.)

Remark 2.7.2. E.g. in the gategory Ch(.A) of chain complexes over an abelian category A, or
in the stable homotopy category D(.A), homotopy pullback squares are the same as homotopy
pushout squares.

Corollary 2.7.3* (Excision for CW-complexes, theorem [1.9.3)) Proof. Recall the situation in the-
orem [[LO.3}
oy

A O R
where C, A, B are subcomplexes of a CW-complex X. We need to show: If f is m-connected, g is

n-connected, then the map m;(B,C,c) — m;(X, A,¢), for c € C, is

an isomorphism for ¢ <n+m — 1,
surjective for i = n + m.

Now since (x) above is also a homotopy pushout square (since f is a cofibration, cf. [1.4.11} and
by theorem [2.3.9)), the Blakers-Massey theorem yields that it is also a (n+m —1)-weakly homotopy
pullback. By proposition this implies that C¢) — Ay(g(e)) is (n +m — 1)-connected. By

proposition [1.5.2} this means that m;(C(c)) = mi(Ay(g(e))) 18

an isomorphism for ¢ <n +m — 2,
surjective for i =n+m — 1.

Since by lemma we have m;(Cy(e)) = mip1(B, C,c) and m;(Ay(ge))) = miy1(X, A, g(c)) (and
g(c) = ¢), we obtain the excision theorem. O

Example 2.7.4* (Freudenthal’s suspension theorem (again, cf. corollary [1.9.5)) Let X be n-
connected, n > 0. Consider the homotopy pushout

n-+1)—conn.
— %

(n—i—l)—conn.l vf i

* ——= B

The Blakers-Massey theorem yields that X — QXX is (2n + 1)-connected**| Thus the map
mi(X) = m(QTX) = 7,41(QXX) (the latter isomorphism by the adjunction [2.4.11 and XS =
Si+1) is

an isomorphism for i < 2n,

surjective for ¢ = 2n + 1.

This is Freudenthal’s suspension theorem.

2.8 Quasi-fibrations

Note: Many results will be stated in Top/Top,, but proven only in CW/CW,.

Definition 2.8.1. A map p: E — B is a quasi-fibration, if it is surjective and for all b € B, the
map
p~H(0) = B x5 {b}

is a weak equivalence.

44This is a reformulation of the square being (2n + 1)-weakly homotopy cartesian.



2.8 Quasi-fibrations 76

Example 2.8.2 (Examples of quasi-fibrations).
— Fibrations

— Serre fibrations of CW—complexeﬁ

Remark 2.8.3 (Warning). Quasi-fibrations are not stable under pullbacks (contrarily to e.g.
fibrations or Serre fibrations).

Definition 2.8.4. Let p: E — B be a map. A subspace A C B is called distinguished for p if the
induced map p~1(A4) — A is a quasi-fibration.

(We will not need this definition but in the next few sections.)

Lemma 2.8.5. Letp: E — B be a map and A C B be distinguished for p. Then the following
are equivalent:

p: (E,p~t({a})) — (B,a) is a weak equivalence for alla € A (i.e. p, : mi(E,p~ ({a}),a’) =
mi(B,a) is an isomorphism for all ' € p~*({a}) and all i)

2. (E,p~1(A)) — (B, A) is a weak equivalence.

Proof (for CW-complezxes). For CW-complexes, a weak equivalence is the same as a homotopy
equivalence by Whitehead’s theorem Then consider

p'({a}) —E

J{ o

——

Mirroring this and constructing the homotopy fibers of the map p~*({a}) — E, one obtains (i.e.
the left square is a homotopy pullback)

—p '({a}) —

F *
T
* FE B

p

Then 1. holds if and only if the large rectangle is also a homotopy pullback, i.e. the homotopy
fibers of p~!({a}) — E and * — B are equivalent. (“If” follows from lemmam “only if” follows
from the same lemma and Whitehead’s theorem.)

We thus have a chain of logical equivalences:

(see above)  the homotopy fibers of the horizontal proposition Z26:4 (x) is a homotopy

1 maps in (*) are equivalent for all a € A pullback for all a € A ~

45Recall that E x% {b} is defined by a homotopy pullback diagram. The “usual” fiber p~1(b) is defined as the
1-pullback of the same input diagram. By theorem [2.3.9]and corollary [2.4.10} respectively, the 1-pullback is here
a 2-pullback as well, thus the two coincide up to homotopy equivalence.

46This is a homotopy equivalence, thus the homotopy fibers are points.
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By the same reasoning, 2. holds if and only if the square

pil(A) ——F .

| o l

A——-1B
is a homotopy pullback. Now consider

b ({a)) —p (4 — E
i @ | lp
B

The square (+) is a homotopy pullback, because A is distinguished for p (and by definition of a
quasi-fibration). The right square is (*x), while the total rectangle is (x). Thus by proposition
the claim follows: (x) is a homotopy pullback if and only if (xx) is. O

Proposition 2.8.6 (Being a quasi-fibration is local on the base). Let p : E — B be a map,
By, B1 C B with B= BjUBY. Let By := ByNBy. If By, B1, Bo1 are distinguished for p, then B
1s distinguished for p, i.e. p is a quasi-fibration.

In the proof, we need:

Theorem 2.8.7* (May (see literature list)) Let f : X =Y be a map, X0, X; C X, Yp,Y1 C Y,
X01 = Xole, Y01 = Ybﬂ}/l such that X :XSUXf, Y = }/OOUY?, f(Xl) C er fOTiZO,l.
If (X;,X01) — (Yi,Y01) is a weak equivalence for i = 0,1, then (X,X;) — (Y,Y;) is a weak
equivalence for ¢ =0, 1.

The proof is similar to the one of the higher connectivity theorem [[.5.3] and is omitted here.

Proof of proposition[2.8.6. Denote E; := p~'(B;), i = 0,1, and Ep; := p~'(Bo1). Consider the
commutative diagram, where “g-fib.” denotes a quasi-fibration, the horizontal maps are all inclu-
sions and the vertical maps are restrictions of p:

Ey——E,‘“——F,

q-ﬁb.l q-ﬁb.i l

BOlﬂBiHB

fori =0,1. By lemma|2.8.512, (E;, Eg1) — (B;, Bo1), is a weak equivalence for i = 0, 1: Assumption
1. in this lemma is satisfied since we have shown in its proof that it is equivalent to

being a homotopy pullback for all b € B. However, it is co-weakly homotopy cartesian since F; is
a quasi-fibration, and since we work in CW, it is a homotopy pullback.

By May’s theorem 2.8.7 (E, E;) — (B, B;) is a weak equivalence (for i = 0,1). Reversing the
logic from above, from lemmal we now obtain that (E,p~1(b)) — (B, b) is a weak equivalence
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for all b€ B;, ¢ = 0,1, thus for all b € B. By the same reasoning as before this is equivalent to

p~i(b) —=F

|

* B

b

being a homotopy pullback for all b € B, i.e. p~!(b) is the homotopy fiber over b for all b € B.
This concludes the proof. O

2.9 Mather’s cube theorems

Theorem 2.9.1 (Mather’s first cube theorem). Let
A—* B

B

W

fa D

¢ §
fc Fl/l
A 3 — 7 % e
AN -
4
5/

c’ D’

2

5

5

be a 2-commutative cube as in definition |2.3.10. Assume that the top and the bottom face are
homotopy pushouts.

— Strict version: If the rear (containing Fy) and left (containing F») faces are homotopy pull-
backs, then so are the front (containing Fy) and the right face (containing Fs).

— Weak version: If the rear (containing Fy) and left (containing Fy) faces are n-weakly homo-

topy cartesian, n € N, then so are the front (containing Fy) and the right face (containing
Fs).

Proof (Sketch). The proof of the strict version for CW-complexes is sketched. It suffices further-
more to prove that the front face is a homotopy pullback, for the right one the proof is analogous.

1. Preparation step: We may assume that fa, fg, fc are fibrations, that A is the 1-pullback
A’ x g B, and that Fj, F5 are trivial. This is done using the following construction:

— There exists an equivalence from the Fj-face to the standard homotopy pullback of
A'B'B (e.g. due to “Uniqueness of 2-pullbacks I”, lemma [2.3.3). Composing this with
the cube from the definition of the standard homotopy pullback in theorem m (resp.
actually its inverse cube, which can be constructed as in lemma yields a cube
(omitting homotopies and names of maps for brevity)

X

W
i
NV

A—>C

D/
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where the rear face is a (commutative) 1-pullback square@ Then this cube can be
composed with the original one. The assumptions on the new, big cube are still satisfied:
Consider e.g. its top face, which looks (after mirroring) like

ALl

aHﬁ S5
B——D

v

Wl <
zl <\\ lu

The right square is a homotopy pushout by assumption, the left one also (exercise).
Thus by the dual of proposition m the composed square ACBD is a homotopy
pushout, which is the condition for the top face of the composed cube.

Similar reasonings are applied to conclude that also the left and bottom faces of the
composed cube still satisfy the conditions of the theorem.

Thus we may assume now (after renaming spaces and maps) that A = A’ xp, C' and
F is trivial. Furthermore, fg is a fibration because of the construction using theorem
and then f4 is a fibration because it is the pullback of a fibration (the dual of

proposition (1.4.10)).
— Now f¢ is replaced by a fibration as follows: Consider a factorization of the map
(fibration)
(homotopy eq.) 7o
fc : C — C’ into a composition C °C C < C’ (which can be
obtained by the mapping cocylinder construction, proposition [2.4.1). Let pc be the
homotopy inverse to s¢. Consider then the cube

A——B

\ﬁjcoﬂ \
I8} 5=

=dopc

D

where the maps 3, 6 and fo and the space C have changed compared to the cube
obtained from the first reduction step (and none else). In order that the new cube is
still 2-commutative, also the homotopies H and Fj in the top and front face need to be
altered to H and E We define H := (6o hal of)o H, where h¢ : pcosc = ide is a
homotopy, and Fy shall be such that Fy o (fpodohc) = Fyosc (this exists by lemma

Z3T).

The new cube is still 2-commutative, since (Fyo8)o(fpoH) = (FyoB)o(fpoH). Thus,
removing the overlines from the notation again, we may assume that fo is a fibration
(since s¢ is a homotopy equivalence, the top face is still a homotopy pushout, the right
one is still a homotopy pullback, and the new front face is a homotopy pullback if and
only if the old front face is one).

4TA, B are likely different from A, B, but the bottom face contains two times the same spaces.
48Note that F» can remain the same; although one space in the left face changed, the maps A — C’ did not.
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— To finalize the preparation step, we need to alter the left face. Currently it looks like
AL

e

2
A ——(C
B/

)

where fc is a fibration. Now by the strictification lemma there exists 5: A — C
with 3’ o fao = fcofB, B ~ . Then upon composing the given cube with the 2-

commutative cub
A
K

A—m——m—m— )
L BN

BN

A—— | —— A

NN

c’ C’
we can alter the left face of the given cube to contain @ instead of . Furthermore,
since the maps to the right are all identities, the front, rear and bottom faces remain

unchanged, and the top face remains a homotopy pushout. Thus we may assume that
F} is trivial, which concludes the preparation step.

2. Construction step: We now investigate the cube (omitting homotopies for brevity, and the
unnamed maps are canonical ones)

A = B
X fB \
fa C l cul B
A o | I B’ q

NN

C'———=C'"UL, B

where C U B, C" U, B’ are standard homotopy pushouts. Furthermore we assume that
the left and back faces have the properties obtained in the preparation step. The map
q: CU% B — C'U%, B’ is induced from the composed maps B — C'U%, B’ and C — C'U", B'.
We want to show that the right face

c—CculB

fcl (%) lq

C'——=C'Uh, B
g

is a homotopy pullback. Now recall from theorem that CULY B = CUBUA x

49In this cube, all unnamed arrows are either identities or come from the left face of the original cube. Only the top
and right face contain nontrivial homotopies; the 2-commutativity follows from the (proof of the) strictification
lemma.
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/(5 )

A>T

G B

Analogously, ¢’ U, B’ is defined. Then it is observed that the map g is defined as (viewing
e.g. A x I as subspace of C' Uy B)

fAXid], OHAX[,
q= fBa on B,
va on C.

Claim: q is a quasi-fibration.

Proof of claim: Since fa X id, fp, fo are fibrations, they are quasi-fibrations. Since quasi-
fibrations are local on the base (by proposition [2.8.6), ¢ is a quasi-fibration "]

Now by proposition (*) is co-weakly homotopy cartesian (i.e. a homotopy pullback,
in case of CW-complexes) if and only if for all ¢/ € C’, the map between the fibers Cv —
(cuh B)gi(cry is oo-connected. But fc is a fibration, and by the claim, ¢ is a quasi-fibration.
Thus the homotopy fibers coincide with the fibers (by theorem resp. by definition of
a quasi-fibration). These fibers are the same: Co = f5'({c'}) = ¢ *(g(¢")), since g is an
inclusion and ¢ is defined to be f& on C' (which is the preimage of g(C")).

We conclude that in this particular cube, the front (and right) faces are indeed homotopy
pullbacks.

3. Finally, we return to the original cube with arbitrary homotopy pushouts D, D’ instead of the

50We apply proposition|2.8.6{to By := B'LA’x [0, %]/((a’, 0) ~ a/(a’)), and By := C'UA’ x [%, 1)/((a’,1) ~ B'(a’)).
These are homeomorphic to mapping cylinders.
Claim: The restrictions q|,—1p,) ¢~ %(By) — Bo and alg-1(By) ¢~ Y(B1) — Bj are quasi-fibrations.
Proof of claim: For Bg, we have a commutative diagram

incly /3 retraction

q~'(Bo) —=B

fAl iqqlugo) lfB

A B B’

0 .
incl2/3 retraction

The big rectangle is a homotopy pullback by assumption. The right square is a homotopy pullback since both
horizontal maps are homotopy equivalences. So by proposition m the left square is a homotopy pullback. By
proposition the homotopy fibers of all the vertical maps are weakly equivalent. As f4 is a (quasi-)fibration,
its homotopy fiber is weakly equivalent to its actual fiber, analogously with fg.

One concludes for ' € B’ C By from the right square that its homotopy fiber is weakly equivalent to its
“usual” fiber (since then, viewing B as a subspace of ¢~1(Bp), we have ¢~ 1(z') = f};l(:c’), which is weakly
equivalent to the corresponding homotopy fiber of f;3, which is weakly equivalent to the corresponding homotopy
fiber of q.) For (z/,t') € A’ x (0, %] C By, its “usual” fiber is ¢~ 1((2/,t')) = f;l(;r’), regardless of ¢t'. One
concludes then from the left square that this is weakly equivalent to the corresponding homotopy fiber.

Thus the homotopy fibers over any point 2’ € By are weakly equivalent to ¢g~!(z’). proving that the corre-
sponding restriction of ¢ is a quasi-fibration.

For Bj, the proof is analogous.
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standard ones: To this end, consider (omitting most of the names of maps and homotopies)

A

where the homotopy equivalences C' U’AB — D, ' Ufﬁl, B’ have been obtained from uniqueness
of weak 2-pushouts (the dual of proposition [2.3.3). This is furthermore 2-commutative, if
the face (C'U" B)D(C' U", B') is equipped with the homotopy obtained from “uniqueness”
for C' U B. Now one can insert in the prism C(C U" B)DC’(C’' U%, B’) the maps id¢, id,
to “blow it up” to a homotopy commutative cube whose rear face is

c

cuk B,

At

Cl I C/ Uh/ B/

and whose front face is
C *6> D

fci \///F‘I lfn

C/?_D/

and the maps between the rear and front face are all homotopy equivalences (or even identi-
ties). This therefore describes an equivalence between its front and rear face, and since the
rear face has been proven to be a homotopy pullback in step 2., also its front face is one
(cf. proposition [2.3.13]). This proves that CDC’D’ (the front face of the original cube) is a
homotopy pullback.

O

Remark 2.9.2. Where do such cubes as in theorem [2.9.1| come from? Example:

1. Start with a homotopy pushout square A’B'C’D’.
2. Find f¢, fp such that A is a homotopy pullback for both squares

A—— B, A——C .
LAl A
A ——= DB Al —— ('

3. Construct D as a homotopy pushout

A B

o2
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4. Use the universal property of homotopy pushouts to get fp (check that this yields a 2-
commutative cube; exercise).

Theorem 2.9.3 (Mather’s second cube theorem). Let

B
¥
5| g
C D
s
Fl/l I
—F— B’ =\ fo
'y’\ Fy
b LG},
5/

be a 2-commutative cube as in definition|2.3.10. Assume that the vertical faces (containing Fy, Fy, F3, Fy)
are homotopy pullbacks and the bottom face is a homotopy pushout. Then the top face is a homotopy
pushout.

In the proof, we need:

Lemma 2.9.4. Let

C——F—D

A/

\4
C'——=FE ——=D
u v
be a 2-commutative diagram in CW. If u, : moC’ — moE’ is surjective and the left square and the
total rectangle are homotopy pullbacks, then the right square is also a homotopy pullback@

Proof. By proposition and since we work in CW, it suffices to check that for all ¢’ € E’, the
map between the homotopy fibers Eer — D, () is a homotopy equivalence. In fact, in view of the
isomorphisms constructed in lemma it suffices to look at representatives of 7o(E’). Thus, by
assumption on u, we can assume e’ = u(c’) for ¢ € C’. We can thus form

(+%)
Du(e/) .

N 7
Eo

(where the homotopy is obtained using that E. is a homotopy pullback; the horizontal map
“factors up to homotopy” through E. because ¢/ = u(c’)). Since the left square is a homotopy
pullback, () is a homotopy equivalence, and since the total rectangle is a homotopy pullback; (xx)
is one. Thus by the 3-out-of-2-property for isomorphisms (in hCW), E.r — D,y is a homotopy
equivalence; hence the lemma. O

C.

Proof of theorem (sketch, for CW-complexes and in the case that 7oC’' — moD’ is surjective).

51Compare proposition and in particular the additional required assumptions.
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We construct a new 2-commutative cube ABC(C U B)A’B'C'(C’ U", B’) and consider

By theorem in particular the face

C——=CUB

]

C'——=C'U, B
is a homotopy pullback. Then consider@

C——=CUyB

D,

o

' ——=C' Uy B —>D

where the map C’ Uff‘, B’ is a homotopy equivalence, because the lower face of the original cube
was already a homotopy pushout. The left square is a homotopy pullback by theorem [2.9.1] see
above; the total square is a homotopy pullback by assumptionﬂ By the lemma before, hence, the
right square

CUNB—D

|

'y, B — D’

is a homotopy pullback.
Then C' U B — D is a homotopy equivalence (exercise, already seen before). Thus ABCD is a
homotopy pushout, proving the theorem. O

Remark 2.9.5. In the situation of theorem we can prove the case that mo(C’) — mo(D’)
is not surjective, as follows: In this case, we can write B’ = B’ LI B’ such that A’ — B’ factors
through B’ (i.e. A— B' = A — B’ < B’) and up to homotopy equivalence, D’ = (E’U}jl, c’) UB.
Then we can “decompose” the cube into several ones with connected spaces to prove the theorem.

52Homotopies are omitted.

53Note that the change to homotopic maps does not change the homotopy pullback property in the case considered
here; one can can construct a 2-commutative cube yielding an equivalence from the original front face to the
total square above.



2.10 James’ reduced product and Freudenthal’s suspension theorem 85

2.10 James’ reduced product and Freudenthal’s suspension theorem

Definition 2.10.1. Let (X,e) € ObCW,. The James’ reduced product (or James’ construction)
of (X, e) is a CW-complex
J(X) := colimy>o J*(X),

where for k£ > 0,

Jk(X) ={(z1,...,2) € XXk}/(x17.T2,...,"Ei,e,xi+17...7xk) ~ (X1, T2y By T 1, €y v oy L)

Remark 2.10.2. ~ We have J*(X) c J**1(X) for k > 0, if we embed it by [x1,..., 23] >
[T1,..., 2k, €].

— We denote [z1,...,x5] =: @1 - -+ - x. These are “words in X, modulo e” (since arbitrary

strings of e may by the above embeddings just be ignored).
— Thus J(X) is the free associative monoid on X, viewed as a set; e is the neutral element.

Theorem 2.10.3 (James). Let (X, e) be a connected pointed compact CW-complex. Then there

exists a homotopy equivalence \ : J(X) = QX' X. Here \(z) is defined to be the image of {x} x I
in X' X; this is a loop based at e.

Remark 2.10.4. — The theorem also holds in the noncompact case.

— In fact, X is a map of H-spaces, i.e. monoid objects in the homotopy category. Picture:

DR Sg<T
%

Lemma 2.10.5. ForneN, let T : X x J*(X) — J""Y(X), (z,21 - Xp) > T -1 - Ty Then

X x JV(X) — JrH(X)

T

JN(X) —————

s a homotopy pushout in Top*@

Proof. By induction on n. For n = 0, we have

X x{e} —% JH(Xx) =X,

—

>

which is a homotopy pushout.

54Note that for any space @, this means that there are only very few maps J™(X) — Q and J*t1(X) — Q that
are compatible with 7" up to homotopy; they are constant (up to homotopy). In this sense, the statement is
unexpected and strong.
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Induction step n +— n + 1: Consider the 1-commutative diagram

X x JV(X)—s X b JoH (X)) L Jrt(X)

£ )

pry @ X x J'HH(X) ——= J"2(X)

przl (3) L

JMX) s (X)) *

where X &> J" (X)) := X x J"(X) Ugepxgnx) {e} x J"TH(X) € X x J"(X) is a 1-pushout and
T is defined by
o [T on X xJUX),
| id, on {e} x J"T(X).

(1) is a pushout square: Since X is compact, all spaces considered here are compact Hausdorff,
so it suffices that it is a pushout for sets, and this can be done directly. Since X > J*"1(X) —
X x J"H(X) is a cofibration, it is also a homotopy pushout square (by theorem .

(2) is a pushout square by the 3-out-of-2-property for 1-pushouts and since in

{e} x JM(X) ——{e} x J"I(X)

| - |

X x JY(X) —= X > J"(X)

| |

JHX) e LX)

the upper square and the total rectangle are 1-pushouts. Since X x J*(X) — X > J""(X) is a
cofibration, (2) is also a homotopy pushout.

By induction assumption, the total square in the diagram above (i.e. (14 2+ 3)) is a homotopy
pushout. Since (2) is a homotopy pushout, by the 3-out-of-2-property (the dual of proposition
2.3.6), (1 +3) (ie. (X > J"FY(X))J"(X)J" 1 (X)*) is a homotopy pushout. Since (1) is a
homotopy pushout, then it follows that (3) is a homotopy pushout, and this was to be shown to
conclude the induction step. O

Corollary 2.10.6. Consider the maps T : X x J"(X) — J""1(X) as in the previous lemma; these
glue together to a map T : X x J(X) — J(X). Then

X x J(X) T J(X)

£
J(X) ——— =
18 a homotopy pushout.
Proof. For n € N, let W™ be the standard homotopy pushout of

X x JM(X) —— JnH(X) |

incl. xid
-

C(X) x JV(X) —= W™
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where C(X) is the cone of X. Since this is contractible, C(X) x J"(X) ~ J"(X), but the map
incl. x id is a cofibration. Therefore (by theorem [2.3.9), W™ may be chosen as the 1-pushout.
Let W := colim,, W". Then

X x J(X) ——= J(X)

incl. xid

C(X) x J(X) —=W

is a 1-pushout square which is also a 2-pushout square by the same argument as before. Since
C(X) is contractible, W is the homotopy pushout of the diagram we want to consider.

For all n € N, W™ ~ % (by the previous lemma), in particular all its homotopy groups are
trivial. Since it is known that for k& € N, 73, (W) = colim,, 7, (W™) (see Algebraic Topology I), W
has trivial homotopy groups. By Whitehead’s theorem [I.7.4] W ~ x. O

Proof of James’ theorem[2.10.3 Consider the cube

pry

X x J(X)

R

S

* X

Here the top and bottom face are homotopy pushouts (the top one by the previous corollary, the
bottom one by definition), and the left and rear face are homotopy pullbacks. By Mather’s first
cube theorem (theorem , the front (or right) face

J(X) *
* ¥(X)
is a homotopy pullback. This implies J(X) ~ Q¥'X. O

Corollary 2.10.7 (Freudenthal’s suspension theorem (cf. corollary but now independent of
the excision and hence the Blakers-Massey theorem)). If X is an n-connected CW-complez, then
X — QY'X is (2n + 1)-connected["”]

Proof. Because of James’ theorem (theorem [2.10.3), it suffices to prove that X — J(X) is (2n+1)-
connected. We can assume that X () = {x} because of corollary For k € N, consider the
map X — J¥(X) = X**/ ~. The cells of J*(X) can be enumerated explicitly:

0 —cell: {e}
XMFD 5 {e} x {e} x -+ x {e}
{e} x X+ x fe} x - x {e} these glue together

(n+1) — cells: to X+

{e} x {e} x --- x {e} x X(»+1)
(higher dimensions)

55The formulation from corollary [1.9.5is obtained using the ¥/-Q-adjunction, proposition [2.4.11
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The cells with the lowest possible dimensionality which differ from X ™+1) x(*+2) (i.e. from
X) are of the form X ™+1) x X+ x fel x ... x {e} (or analogously with other factors). Thus
J(X) is obtained from X by attaching cells with dimension greater than or equal to 2(n + 1).

Now it only (up to some technical details) remains to note that if a space B is obtained from a
space A by attaching an (2n + 2)-cell, i.e. by a pushout diagram

S2n+1 A ,

o

D2n+2 B

then, since the inclusion $?"+1 < D?"+2 i5 (2n + 1)-connected, also the map B — A is (2n + 1)-
connected. O

Remark 2.10.8. — The absolute Hurewicz theorem follows from the Freudenthal suspension
theorem (exercise).

— Both the absolute and the relative Hurewicz theorem can also be deduced from Serre spectral
sequences.
Thus also the Hurewicz theorem has found a proof which does not depend on the Blakers-Massey
theorem. We will use the former in the next paragraph to prove the latter.

2.11 Proof of Blakers-Massey theorem

We give the proof in CW and in the case n,m > 2, or m = 0, n arbitrary resp. n = 0, m arbitrary.
Theorem 2.11.1 (Blakers-Massey, theorem [2.7.1f). Let

g9

A——B
fi f
vf
C ——

/

g

be a homotopy pushout in Top or Top,. Assume that f is m-connected, g is n-connected, n,m > 0.
Then this square is a (n + m — 1)-weakly homotopy pullback.

Proof (in CW () and in case n,m > 2, or m = 0, n arbitrary resp. n =0, m arbitrary). Note: Since
we work in CW, we can assume that f : A — X is a relative CW-complex with only cells of di-
mension greater than or equal to (n + 1) are attached. (Cf. theorem ) Then the square may
be assumed to be an actual pushout (since f is then a cofibration) and thus D is obtained from
B by attaching cells of dimension greater than or equal to (n + 1). By “easy excision”, corollary
(resp. one of its corollaries), f’ is n-connected.

Now:

— Case m = 0% Let P := C x B be the (standard, or any other) homotopy pullback.
Consider the diagram

56y, = 0 will not be proven; it is symmetric to this one.
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(where w is obtained from the universal property of P, and homotopies have been omitted).
Since f’ is n-connected by the above observation, f’ is n-connected. (The homotopy fibers
of f/ and f’ are homotopy equivalent by proposition Then by the new definition in
section 6 of this part, f’ is n-connected.)

Now we consider

A

v P
N

(which commutes up to homotopy). Applying the homotopy invariant functors 7;, i € N, we
obtain

i (A) mi(P) .

M~
WiC) *

(

For i < n —1, both f, and f’, are isomorphisms by proposition Thus then 7;(A) =
m;(P), i.e. wis (n — 1)-connected, as claimed (since m = 0)
— Case m,n > 2:

— Reduction step: Choose d € D, denote the constant map to d again by d and construct
a 2-commutative cube consisting of the black objects and morphisms in

such that all vertical faces are homotopy pullbacks. (Exercise.) By Mather’s second
cube theorem the top face of this (black) cube is a homotopy pushout.

Then, by their respective universal properties, we can fit in the homotopy pullbacks P of
BCD and P of BCx, indicated in red, such that the resulting diagram is 2-commutative.

Lk

Claim:

P

e

is a homotopy pullback.

57Note that only a surjection for ¢ = n — 1 would be required. However we cannot obtain a surjection for i = n,
thus this is the best possible result.



2.11 Proof of Blakers-Massey theorem 90

Proof of claim: Consider the top and right face of the “inner cube” (PBC x PBCD):

]

Both squares are 2-pullbacks by construction, hence the total rectangle is a 2-pullback
by proposition 2:3.6 It remains so if the two horizontal maps are replaced by the
homotopic maps coming from the left and bottom instead of the top and right face@
Thus we may replace the map P — B — B, coming from the rear face, with the map

— B ——

Qi=—-—"u
U<—b:1

HH

If Y, P — B. Analogously we may replace the map C — x 9 D with the map
C — C — D. Therefore, in

the total rectangle is a homotopy pullback. Since the right square is a homotopy pullback
by construction (this is the bottom face of the “inner cube”), so is the left, again by
—_—

proposition 2:3.6]
A p C.

Now consider
—_—
A——sP——C

The total rectangle ACAC is a homotopy pullback, since it is equivalent to the left face
of the black cube (the top and bottom maps are replaced with homotopic ones similar
to before lﬂ Furthermore, the right square is also a homotopy pullback (see above).
Thus by a final application of proposition 6, APAP is a homotopy pullback, proving
the claim.

By proposition m for all 2 € P, the homotopy fibers A, and Ay (z) are homotopy

equivalent. Thus, again by this proposition, it suffices to prove that the map A — P is
(n +m — 1)-connected, i.e. we prove the Blakers-Massey theorem for

m Conn
A——B

n—conn. \L ln conn.

—_— %
m—conn.

instead of a diagram with arbitrary D. We drop the tildes@

— Main step: The map B — * is a fibration "] Hence by theorem [2.3.9] the 1-pullback is
a 2-pullback here as well. However, the 1-pullback of BC'x is just B x C.

58Exercise. This amounts to constructing a suitable 2-commutative cube which yields an equivalence to the original
2-pullback square. The cube can be obtained from PBC * PBCD by inserting idp,idp,idgs, idp.

59Note that the homotopy in APAP comes from ° unlqueness” for P.

60We have seen the proof of the connectivities of the maps B — % and C' — # in the case m = 0.

61 Every homotopy may just be static.



2.12 Seifert-van Kampen theorem revisited 91

Construct three 1-pushouts in the diagram

xC CVYB

(It is straightforward to verify what must be the spaces occurring there.) Since ABC'
is a homotopy pushout as well (by assumption), we get by successive usage of the 3-
out-of-2-property (the dual of proposition that A x %(XC V ¥B) is a 2-pushout
diagram resp. YA ~ ¥BV 2C.

We are interested in the connectivity of the map A — B x C.

Ezercise: ©(B x C) ~ ¥BV XC V %(B A C)[] Furthermore, the map B V £C ~
YA YE(BxC)~EBVICVI(BAC) is just the inclusion.

Since B — *, C — % are n resp. m-connected, B resp. C are (n — 1) resp. (m — 1)-
connected (cf. proposition [1.5.2)).

Ezercise: Then BAC'is (n +m — 1)—connectedﬁ

It follows that 3(B A C) is (n + m)-connected. Thus by CW-approximation (resp.
corollary , we may assume that its (n 4+ m)-skeleton is a point. Because of cellular
homology, this means that the map ¥ A — 3(B x C) induces isomorphisms on (reduced)
homology up to degree n + m (since the map ¥XBV XC — XBV XC V X(B A C) then
clearly does).

Le. Hi1(S(B x C),SA) =0 for i + 1 < n+m. By the suspension isomorphism (see

Algebraic Topology 1), H;(B x C, A) = 0 for i« < n+m — 1. Using the relative Hurewicz
theorem we conclude that (B x C, A) is (n + m — 1)-connected. This proves the
Blakers-Massey theorem [

O

2.12 Seifert-van Kampen theorem revisited

Theorem 2.12.1 (Seifert-van Kampen). Let

A

|

C

62Hint: Prove at first /(B x C) ~ ©/BV X/ CVE/(BAC). Then use ©X ~ ¥/'X for all CW-complexes X, because
of the 1-pushout

Ak
O<—Ww

cofibration
—>X

and exercise

63Hint: E.g. look at cells, using CW-approximation.

64Gtrictly speaking, we would have to care somewhat about the choice of d in the reduction step. When taking the
homotopy fibers of A= P, they depend on the connected component of d. Thus we would need to repeat this
taking representatives for every element of 7o (D).
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be a homotopy pushout in Top. Then

Iy
mA-— B
s
\//
ch —— HlD
is a weak (= strict) 2-pushout in Gpd.
Remark 2.12.2. — In the exercises, we will show that the group version of the Seifert-van

Kampen theorem is a corollary of this statement. But, in fact, this is a more general result.
(Note that the intersection does not need to be connected.)

— Example:

SOH*
e
x — > 61

is a homotopy pushout in Top. One can verify by hand (checking the universal property)
that

is a 2-pushout in Gpd.

The reason for the Seifert-van Kampen theorem is that II; has a right adjoint 2-functor B :
Gpd — Top on the levels of 2-categories.

Definition 2.12.3 (informal). A 2-functor f :C — D between (2, 1)-categories C, D is a collection
of functors

(Fx,y : HOM¢(X,Y) - HOMp(F(X), F(Y)))X,YeObc
that respects the compositionE
Proposition 2.12.4. There exists a (strict) 2-functor B : Gpd — Top such that

1. If G is a group and e G denotes the groupoid with one object which has the automorphism
group G, then B (e G ) has the homotopy type of the Eilenberg-Mac Lane space K(G,1)
(i.e. its fundamental group is isomorphic to G, and all higher homotopy groups are zero).

2. If G; fori in some index set are groupoids, then B (| |, G;) = ||, B(Gi)-
3. (Adjointness): For X € ObTop, G € Ob Gpd,
II; : HOMtop (X, BG) = HOMgpa (111 X, 111 (BG)) is an equivalence of groupoids.
4

We will not prove properties 1. and 2., and the proof of property 3. is postponed.
Remark 2.12.5.

65There is a weak and a strict version: The corresponding diagrams may be required to commute up to natural
equivalence or actually commute.

66 A (1-)functor F : C — D is called an equivalence, if it is fully faithful and essentially surjective. Here fully faithful
means that for all X,Y € ObC, the map F : Hom¢(X,Y) — Homp (F(X), F(Y)) is a bijection, and essentially
surjective means that it is surjective on equivalence classes of objects (i.e. moF : mo C — mo D is surjective).
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The properties 1. and 2. of B as in proposition [2.12.4] imply that every G € Ob Gpd is (non-
canonically) equivalent to II; BG, and so HOMgpq(ILi X, II1 BG) =2 HOMcpa(IIi X, G) for all X €
Ob Top.

Sketch of proof of theorem [2.12.1. We need to consider the situation

mA-" 1, B

where T is a groupoid. Without loss of generality, we may assume that 7' = e G is a connected
groupoid with only one object. We denote such groupoids by BG. By property 1. from proposition
there exists an isomorphism of groupoids ¢ : BG = II; B(BG). We abbreviate BG :=
B(BG). Now consider

HOMr,, (C, BG) HOM(II,C, 11, BG) ,

\/

HOM 1, (11, C, BG)

where the unnamed arrow is defined as the composition. The top arrow is an equivalence because
of property 3. from proposition and the right one is an equivalence because of property
1. (see above for the construction of ¢), thus the unnamed one is one as well. In particular it is
essentially surjective. This means that we can “lift” v to ¢ : C — BG such that v 2 ¢ o I ¢ (are
isomorphic). Similarly, one can lift 8 to b: B — BG.

Using fullness of the equivalence above, one can “lift” furthermore 6 to ¢ : bo f = cog. We then
have

The map w : D — BG is obtained using the universal property of D. Then one obtains a

map I D Thw, I, BG 2, BG@G, together with the needed 2-morphisms. This shows “existence”

for the diagram in Gpd. For the “uniqueness” part, one should use that HOMr.,(C,BG) —
HOMgpa(II1 C, I1; BG) is faithful. O

Remark 2.12.6. “l-pushouts may always be reduced to construction with sets”: In a category
C, the diagram
A——=B

-

is a (1-)pushout if and only if for all " € Ob C, we have an isomorphism Home (D, T') = Home (C, T') X tome (A, 1)
Home (B, T), where the right-hand side is a pullback in Sets.
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FEzercise: In a (2, 1)-category C,

< |
O<~—W

is a strict 2-pushout, if and only if for all T € Ob_,

HOMc¢ (D, T) —= HOMc(B, T)

P

12
HOMC (C, T) _— HOMC (A, T)

is a (weak=strict) 2-pullback in Gpd.

Definition 2.12.7. Let
G

|-
Gi Tl> g3
be a diagram in Gpd. Denote Gy ng G- the categor with
— Objects: Triples (c1,co,n: Fo(co) = Fi(c1)) with ¢; € ObGy, c3 € ObGo.

— Morphisms: For (c1,¢2,7), (¢}, c5,1') € Ob(G1 x&, G2), morphisms between them are pairs
(a1 :¢1 = ¢, a9 1 cg — ) such that

Fy(cz) — Fi(c1)

comimutes.

Proposition 2.12.8. In the situation of the previous definition, the diagram

P2
G1 XEB G —= 0o

pli \//H le
G1 T>D

is a strict 2-pullback, where p;(c1,co,n) :=¢; fori=1,2 and H : F5 o ps = F} op; is given by
H, eomy =n: Faopa(er,e2,n) = Fa(ez) = Fi(er) = Fiopi(er,e2,n)

for (¢1,c2,m) € Ob(Gy ng Ga).
Remark 2.12.9. Similarly, one can describe all 2-limits in Gpd (and in Cat)ﬁ

67"Remember: Gpd is a subcategory of Cat, i.e. its l1-morphisms are functors and its 2-morphisms are natural
transformations.

68Remark: If one ever wants to consider some limit of categories, it should be a 2-limit, because categories almost
always arise only up to equivalence, not to isomorphism. Thus a 1-limit would depend on choices.
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Proof. Let T € Ob Gpd and let the black arrows in

T T,

P2
G xk Go s Gy

R
G1 C

1

form a diagram in Gpd. Then there exists ¢ : T'— G x}és Go defined by

() = (Y1 (t), Ta(t), Fa(T2(t) 2+ Fi(T1(1) )

for t € Ob T@ One verifies that the diagram, including the red arrows, is 2-commutative if the
two triangles have no homotopy at all. This shows “existence”.

“Uniqueness”: Given (¢,&1,&), & : piow = T; for i = 1,2, there should exist a unique
B : Y — ¢ making the diagram below 2-commutative:

lFQ

G ——Gs

Fort € ObT, denote ¢ (t) = (¢1(t), Ya(t), Fa(iha(t)) —= Fy(¢1(t)) ). The morphism S(¢) : (41 (£), P2 (t), m) —

(T1(t), To(t), ht) can then be defined by B(t) := ((&1): : ¥1(t) — YT1(t), (&2)r = ¥2(t) — Ta(t)).
This is a morphism between triples because of the 2-commutativity of the diagram for (¢, &1,£&2)
above. Unravelling all 2-commutativity conditions imposed yields also the uniqueness of 3. O

Example 2.12.10.

e o, ——>0o

Al

S

s
is a strict 2-pushout in Gpd. Here (0 ° :: ° 1) denotes the groupoid freely generated by 7
Mt
and 7; (i.e. there are no 2—m0rphisms)m

89For ¢,t/ € ObT, we define ¢ on morphisms f : t — ' by ¢(f) = (T1(f), Y2(f)) : (Y1(t), Ta2(t),ht) —
(Tl(t/)v T2(t/)7 ht’)'

70Note that ns,n: are isomorphisms since we are in Gpd, but we mean “generated as a groupoid by 7s,7:” and not
“a group generated by ns o n{l” (which would also be a groupoid, with one object only).
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Ns
Proof. Let T € Ob Gpd and define X := HOMgpa( o ® :__: e 1 ,T). Then consider
Nt
X HOMgpa(e,T) =T

| 3

T = HOMgpa(e, T) — > HOMgypa(e o,7) =T x T

Here A denotes the diagonal functorﬂ

ObjeCtS of X' are triples (t()vtlvns : tO l> tlant : tO l> tl)' For (t()vtlvnsvnt),(té)vtllvngvnzlf) €
Ob X, a morphism from (tg,t1,ns,m:) to (¢5,t7,nh,n;) is a pair (ag : to — th, a1 : t1 — t]) such
that the diagrams

@o @0

to —— 1t and to —— 1, (%)
”Isl \Ln; ml \Ln;

commute in 7.
On the other hand, we can construct the 2-pullback in the diagram of HOM-categories above
and obtain
Txh T ——sT

Lk

T4A>T><T

Note that for tg,t; € ObT, an isomorphism (tg,t0) = A(tg) — A(t1) = (t1,t1) consists just of a
pair of isomorphisms 7,7 : to — t1. Therefore, the objects of T x% . T as in definition
consist of triples (tg,t1, (s : to — t1,m; : to — t1)). Similarly, one verifies that the morphisms of
T xI . T are pairs (ag : tg — t), 1 : t1 — ;) that satisfy that the diagrams (x) commute in 7.
Therefore, we find an equivalence of categories ¢ : X — T'x% T = HOMgpa(e,T) X%OMGpd(- oT)
HOMgpa(e,T) defined on objects by ¢(to,t1,ns,m) = (to,t1, (0s, ne) : A(to) — A(tl))m O

Remark 2.12.11.
e

There is an equivalence of categories (resp. groupoids) (0 o : o 1) ~ ( o Q z ) (exercise).
Nt

Using the Seifert-van Kampen theorem and the previous example, one can use this to compute the
fundamental group of the circle.

Ns s
Geometric intuition for (0 . : ° 1) ~ (o QZ ): Find (0 o : ° 1) < II;(S1), then
nt nt

look at

s A
S

(8

"1.e. on objects A(t) = (t,t) and on morphisms A(f : t —t') = (f, f) : (t,t) — (', ).

Exercise: Write down the reason for the “clear” equalities and why the maps T" — T X T must be A. In
particular, HOMgpq(e ©,7) = T x T since there are no relations between the “points”. Here T' x T is the
explicitly constructed product category already considered earlier, whose objects are pairs of objects and whose
morphisms are pairs of morphisms.

720n morphisms, due to the notation used here, ¢((a1,a2)) := (a1, az).
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To conclude this section, we sketch a proof of the adjointness of B and II; in the proposition we
started out with.

Sketch of proof of proposition 8. We want to show: For X € ObTop, G € Ob Gpd,
II; : HOMrop (X, BG) = HOMgpa(II X, 111 (BG)) is an equivalence of groupoids.

We assume properties 1. and 2. as given.

It suffices to treat the case that X is connected (since II; maps the connected components of
X onto disjoint groupoids). Furthermore we may assume by CW-approximation, theorem
and corollary that X is a CW-complex with X(® = {x}. Also, because of property 2., we
may assume that G = BG for some group G, where BG := e Q G as defined earlier. We again
abbreviate B(BG) =: BG.

We need to show an equivalence of categories, i.e. we need to show that II; is a fully faithful
and essentially surjective functor.

— Essential surjectivity and fullness: Given Fiy,Fy : 1L X — I1BG, n : Fi = F5, ie. a

“two-cell”
Fy
. T
H1 X Uﬂ? H1 BG y
—

s

it suffices to find f1, fo : X — BG, h: f; = f3 such that for the O—cel]@x eX,

f1x
— =
B7T1(X7.%‘) \Uh* HlBG
\fZ* 1&7]
T 7
I X

2-commutes (where f;, := I (f;) for i = 1,2 and h, := Hl(h))m

— Faithfulness: Given f : X — BG, H : f = f in HOMr., (X, BG) such that IIyH = idy,,
we need to show that already H =id;. Le. if we look at a representative of H, there exists
F:X xIxI— BG, H~"idy.

The items f1, f2, h, F' thus required to prove essential surjectivity, fullness and faithfulness can all
be constructed using the skeletal filtration on X, using that BG is K(G, 1), i.e. mBG = G and
mBG =0, i > 1. We will show it for f; only (for the other ones it is similar).

— n =0. We have X(© = {2}. Fy(x), where 2 is understood as an element of ObII; X, is a
point in BG (since an element of ObII; BG). Let fl(o) : X - BG, fl(o) (x) := Fi(z).

~ n=1: We have X(1) = V., S*, where « is understood to index the 1-cells of X. Then the
corresponding characteristic maps ®,, can also be understood as automorphisms of x in IT; X
(i.e. elements of m (X, z)). Thus Fy(®,) is a loop in (BG, Fi(x)) up to homotopy (since an
automorphism of Fi(z) in IT; BG). We choose a representative v, of this loop and define
fl(l) : X' — BG such that for all o, fl(l) od, = 'ya

"T.e. a O-cell in the sense of CW-complexes, which has nothing straightforwardly to do with the 2-cells in the
diagrams.

74More explicitly: We need to find g1, g2 with gi1s = F1, g2« = Fs, and we need to show that for any k €
HomHOl\IGpd(HlX,HlBG)(l1*7 l2+), where 1,12 € HOMrop, (X, BG), there is k € HomHOMTDI,(X,BG)(lh l2) with
k = k.. This general case follows from the diagram above.

75Le. “we define fl(l) on the 1-cells to be these representatives”.
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— n = 2: Consider the pushout square (which is also a homotopy pushout due to theorem|2.3.9)

I_llB Sl |_|/3 ¢s X(l)

where ( indexes the 2-cells and * denotes the constant map (to Fy(x)). Since the relations
given by the 2-cells are “respected” by F; (by definition, since it is a map Iy X — II; BG),

1(1) o ¢g is homotopic to a constant map for all 8 and we find the indicated homotopy. Then
we can define f1(2) as the dashed pushout map.

— For n > 2, proceed by induction. Induction step n —1 +— n: Consider the (1- and 2-)pushout
square

(n—1)
U’Y Sn—k‘l'Y & X(n—l)

[

We have fl("_l) o ¢g"_1) ~ % for all 7, because m;(BG) = 0 for ¢ > 1. Thus there is the

homotopy H(™~1 as indicated and we construct fl(n) using again that attaching cells makes
a homotopy pushout square.

— Finally, use that X = colim,, X(™ to define the map f; : X — BG.
O

It remains to define B with the properties 1. and 2. from [2.12.4] and to show that it is a functor.
See the exercises.



3 Brown representability

Literature:

— A. Hatcher, Algebraic Topology

3.1 Brown representability

The goal of this part is to prove:

Theorem 3.1.1 (Brown). Denote h(CW3)°P be the homotopy category of the dual category of
pointed, connected CW-complexes. Let h : h(CW3)°P — Sets, be a functor that satisfies:

— Mayer-Vietoris property (MV) or excision property: If
C—— A

L

BC——= X

is a diagram of CW-subcomplezes (in particular X = AU B, C = AN B), then, considering
the diagram
h(X) — h(4),

h(B) —— h(C)
the canonical map h(X) — h(B) Xpc) h(A) is Surjectiveﬂ

— Additivity: For any family {X.}a of connected pointed CW-complexes (indexed by an arbi-
trary set), the inclusion maps Xor — \/, Xo (for all o ) induce an isomorphism h(\/, Xo) —

[1, h(Xa).
Then there exists K € Ob CWY, which is unique up to homotopy equivalence, and a natural equiv-
alence [, K]. = h(-).
Remark 3.1.2. — One can replace in the Mayer-Vietoris property the diagram with any ho-
motopy pushout square in CW:H

— The connectedness assumption in the theorem is essential, but one can prove a Brown rep-
resentability theorem for 2-functors h : CW° — Gpd. Recall that for any category C,
f: CW — C factors over hCW if and only if it sends homotopic maps to equal mapsﬂ

Lemma 3.1.3. For K € CW3, the functor |-, K. : (hCW3;)°P — Sets,. satisfies

— Additivity: If X, € ObCW, a in some index set, then the inclusions induce an isomorphism
[\/a XO“ K]* - HQ[XOHK]*'

L“p(X) is a weak 1-pullback.”
2This follows from CW-approximation (theorem [1.8.1), homotopy invariance of h and the strictification lemma

(a cellular version of it).

3S0 a statement about 2-categories is “stronger” than one about homotopy categories, but nevertheless we will
only prove the statement given here.

99
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-~ Mayer-Vietoris property: If

BN

A—1l.p
| el
C

is a homotopy pushout square in CW, then the canonical map (D, K], — [B, K]« X[a k],
[C, K], is surjective.

f/

Proof. — Additivity: Prove and use: \/ X, is the 1-coproduct in hCW? (exercise).

— Mayer-Vietoris property: Let u: B — K, v : C — K such that [uo f] = [vog] in [A, K]..
I.e. there is a homotopy h: v o g = wo f. Then, considering

A
|
c

we obtain the map ¢ : D — K by the homotopy pushout property such that [¢ o f'] = [v],
[¢0g'] = [u]. This is what we need: ([u],[v]) € [B, K]« x[4,k], [C, K]+ has the preimage
9] € [D, K]..

[

Remark 3.1.4. If we look at HOM(-, K), then we get a 2-commutative square in Gpd:

HOM(D, K) — HOM(B, K) :

|
HOM(C, K) — HOM(A, K)

thus in particular there is a map HOM(D, K) — HOM(C, K) xﬁOM(A x) HOM(B, K). One can
check that this is essentially surjective (similar to above) and full, but it is not an equivalence.

This would be a necessary (and sufficient) condition for the Brown representability for 2-functors
CW° — Gpd.

u),

Remark 3.1.5. Idea of the proof of Brown representability: Let us construct a pair (K, K e
= h(S™),

ObCW;, u € h(K), such that for all m € N, we have an isomorphism [S™, K],
f o () (=5 h()(w).

By the Yoneda lemma, u € h(K) yields a natural transformation 7 : [-, K], = h that is defined
by [X,K]. > f — f*(u) € h(X) (for X € CW}). Now if h = [-, K'], for K’ € Ob CW3, we obtain
in particular for S™ that n : [S™, K], = [S™, K'], is a bijection. Let @ be any representative of
u € h(K) = [K,K']«. Then n = (u0o); thus @ induces isomorphisms on all homotopy groups. By
Whitehead’s theorem @ is a homotopy equivalence. Therefore K is uniquely determined (up
to homotopy equivalence) by the requirements [S™, K], — h(S™) for m € N.

Furthermore, any X € Ob CW; is obtained from spheres {S™} by homotopy pushouts

\/S"HX(") ,

e

% — X (n+1)
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thus using the Mayer-Vietoris property (cf. also remark |3.1.2)) and additivity, one can then show
that if K, if it satisfies [S™, K]. = h(S™) for all m € N, it will also satisfy [X, K], = h(X) for all
X € CWy§.

Lemma 3.1.6. Let h be as in theorem|3.1.1; let Z € CW;, z € h(Z). Then there exists K € CWy,
u € h(K) and a map f: Z — K such that

1. f*(u) = z (where f*: h(K) — h(Z)).
2. U, : [S™, K]. = h(S™), f — f*(u) is an isomorphism for all m > 1.
Proof. We define K by induction.

— Base case: Let K1 :=2ZV Vaeh(sl) Séﬁ Define f; : Z — K; to be the canonical inclusion.
By additivity, h(K1) = h(Z) Xaen(z) h(SL). Define h(K1) 3 uy := (2, (a)s) (for every a, a
lies in h(SL) = h(S')). Then

— We have ff(u1) = 2.
— We have a surjection ¥, : [S1, Ki]. — h(SY), g — ¢*(u1). Similar to above, ¥,,, is
given by the Yoneda lemma; u; € h(K;) yields a natural transformation [-, Ki]. = h(:).

It is surjective by construction: For a € h(S'), the characteristic map ®, : S' — K
satisfies U, (®n) = @ (u1) = a.

— Induction step: Suppose we have constructed (K, un, fr : Z — K,,) satisfying that

0. The diagram
K, \~—K,

fnx A
7

1. The maps ¥, : [S™, K]. — h(S™), gm — g5 (uy) are isomorphisms for m < n and
surjective for m = n.

2. fX(up) = =
Let Uy := {gp : S" — K, } be a maximal set of maps such that for all 3, g5(u,) = * € h(S"),

and for 8 # B/, g = gp. E| Then the maps gg € U, generate the kernel of ¥, : [S™, K]« —
h(S™). Define a space C,, such that

commutes.

" \/5 U, 98
Ver, 8" ——> K, (+)

is a homotopy pushoutEI
The Mayer-Vietoris property for (x) yields a surjection h(Cy) — h(x) Xn(y, sn) M(Kn). By
additivity for an empty family, h(x) = *; thus this is equivalent to an exact sequence (in
Sets.)

h(Cyr) —— h(K,) — h(\/ﬁ S™Y .

Now the image of u,, in h(V 5 S™) = [[5 h(S") is trivial (i.e. x) by choice of the gg, thus by
exactness we find w,, € h(C),) such that @, — u, € h(K,).

4In words, K is obtained from Z by attaching 1-cells for each element of h(S1).
5I.e. choose representatives of the, generically uncountable, set {gg : S™ — Kj, lg5(un) = * € h(S™)}. With “x”,
we denote that two maps are not homotopic.
6Intuitively speaking, we “kill” the gp: We want no kernel.
The pushout above might be chosen as a 1-pushout, but does not need to.
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Now let Kyi1:= Cp V'V ep(sns) S+l such that h(K,+1) = h(C,,) X [ocnisn) h(S™Fh),
and then define u,41 := (U, (a)y). Furthermore, let f,,+1 be the composition

4 Knc Kn+1 )

Cn

(where the maps iy, j,, k., are the inclusions as indicated).

We verify that the conditions 0., 1., 2. are satisfied for (K41, Un+1, fnt1):

0. is satisfied by construction.

2. is also satisfied by construction and induction: k(uni1) = Un, ji(Un) = Un, fr(u,) = 2.
Proof that 1. is satisfied: j, : K,, — C,, is n-connected, and k,, : C,, = K, 41 is n-connected.

Thus i, = k,, o j,, is n-connected. Now consider the diagram

in O

[SmaKn]* [SmaKn-‘rl]* .
m Al
h(S™)

This commutes since for g € [S™, K, ]+, Yy, (9) = 9% (un) = 9%(i) (uns1)) = Yu, ., (in 0 9).
For m < n, i,0 is a bijection because of the n-connectedness of (K, 11, K,), and ¥, is a
bijection by induction assumption. Thus also ¥, ., is a bijection. For m = n, both i,0
and V¥, are surjections. In particular since ¥, is a surjection, also ¥, ., is surjective.
Furthermore it is injective since i,0 is surjective and by construction, ker(¥,, ) C ker(iyo).
It follows that U, ., : [S™, K,11] = h(S™) is an isomorphism in Sets,.

Finally, for m = n + 1, as in the base case we obtain a surjection [S"*1, K, 1], — h(S™t1);
the preimage of a € h(S™1) is given by the characteristic map ®,. This concludes the
induction step.

— Now we have a commutative diagram

in inf¥
L Knc—> Kn—i—l( Kn+2(

where all inclusions may be chosen as subcomplexes by using specific attaching pushouts. So
we can define K := colim,, K; and have a map f: Z — K. We need to define u € h(K).

Claim: The diagram
T
Vien Ki — Vien K2i

T

View Kot ———= K

is a homotopy pushout, where Ky := Z, T := idz V41 Vidg, Viz Vidg, V..., Ty =
f1Vidg, Vig Vidg, Vig V... and the other maps are given by the inclusion on each wedge
summand.

Assuming the claim to be true, we define u € h(K) by the Mayer-Vietoris property such that
ifl,, : K,, = K, n € N, are the inclusions, then I’ (u) = u,, foralln € N (withlp:=f: Z - K

and ug := z). This is possible since by additivity, h(\/,cy Ki) = [[;cn R(K;) and analogously
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for the other occurring wedge productsm

Proof of claim: Let @ be a homotopy pushout of (\/Z NKi) (\/Z-eN Kgi) (\/ieN K2i+1). We
choose the standard homotopy pushout as in theorem m (resp. the remarks on the pointed
case). Using that (V,cy Ki x I) /((%,8) ~ (x,t)) = V,en(Ki x I/((*,t) ~ (x,1'))) and
that T3, T» are surjective, () admits an explicit description as a “mapping telescope” (with
collapsed basepoint):

_ ) VjGN,$j€KjSKjXIS($j, ) (ZJ( )O)GKJ+1XI
Q_(IELK’XI)/(Vj,j’eN,t,t’eI:KjxIa(*,t) ~ (%, )eK,xI :

KT
K7_\4”- '——~> og. Q
KT
W 2
*

We get a canonical map (Q — K it suffices to check that it is a weak equivalence. Now for
m € N, mp, (K) = colim; m, (K;) = mpn, (K, ) for sufficiently large n (by cellular approximation,
theorem using that in the construction of K;4; from Kj, only cells of dimension j and
j + 1 are attached). Thus it suffices to consider the maps m,,(Q) — 7, (K,). Furthermore,
again by cellular approximation, it suffices to consider m,,(Q*+Y) — 7,,(K,) (every map
f:8™ — @ is homotopic to a map f : S™ — QU™ and if f, f' : S™ — Q"™ are homotopic
in Q, they are so in Q+1)). Now

QU+l — |_|K_(m)XI VjieNz; € K K\™ x I3 (2,1) ~ (ij(x;),0) € K1) x 1,
= Vg €N € 1K™ X 13 (5,0) ~ (s,¢) € KU X T

= (m) X [n, 00) |_| K /
i<n

VO <j<may € K K x I3 (2,1) ~ (i5(z;),0) € K\ % I,
VO <G <nt it €K™ x5 (x,8) ~ (x,t) € K(m)xI
VO<j<ntelt €lno0): Ki™ x I3 (xt)~ (*,t’) € K(m) % [n,00)

(where the same n may be chosen). This is homotopy equivalent to K,(Lm) (it retracts onto

K™ x {n}). Since K™ & K, is m-connected, one obtains the claim and therefore the
lemma.

O

Proof of Brown representability, theorem[3.1.1. We apply lemma for Z = %,z = x € h(x)
(recall h(x) = x by additivity for an empty set). This yields (K,u) and the map ¥, : [X, K], —
hX), f = f*(u) for all X € Ob CW3.

"One computes that ((uo,uz,u4,...), (u,us,us,...)) € ([T;en h(Ka2s)) X1, en h(K ) (IT;en P(K2i41)), because
T (uo,u2,u4,...) = (uo,} (u2),u2,i5(ua),us,...) = (i§(u1), w1, (us), us,i;(us),...) = Ty (u1,us,us,...).
Since the map h(K) = ([T;cn h(K2i)) XTyen h(K:) (IT;en M(K2iq1)) is given by ((1§, 15,05, ...), (5,105,105, ..)),
the preimage u € h(K) of ((uo,u2,u4,...), (u1,us,us,...)) obtained by the Mayer-Vietoris property will then
indeed have the desired properties.



3.1 Brown representability 104

— U, is surjective: Let o € h(X). Define a space Z' as the pushout

and let 2’ := (o, u) € h(Z') = h(X) x h(K) (the isomorphism by additivity). We apply again
lemma now for (Z',2'), and obtain (K’,u’), ¥,» and f’': Z' — K’ (everything defined
analogously as the unprimed variants). Thus we have the red arrows in

* — K

L )

XﬁZ/

(where x, 0 can be defined as the compositions; every map out of Z’ yields such yx,6). Then
by construction x*(u') = i*(f"*(uv')) = i*((a, u)) = .

Now for m € N, fo : [S™, K], — [S™, K']. is an isomorphism because

[S™, K], b

(5™, K.

N9 A\

h(S™) “

commutes (¥, (g) = g*(u) = g*(j*(a,u)) = g"(5*(f"(«))) = g"(0"(v')) = V(0 0 g) for
g € [S™, K].) and both ¥,,, ¥, are isomorphisms (for S™). Thus 6 is a weak equivalence
and by Whitehead’s theorem [T.7.4] 6 is a homotopy equivalence.

Then let ! be a homotopy inverse to # and consider 6~' oy : X — K. We compute
(0= ox)*(u) = x* (0~ (u)) = x*(v') = «a, because 0*(u') = u by construction and the
inverse to 6* is #~'". This proves surjectivity of U,,.

— W, is injective: Let fo, fi : X — K be pointed maps such that f5(u) = f{(u). Define a space
Z as the pushout of the black arrows in

Xvyx g
inclg\/incllj l j
Z

XXI/*XIH

We apply lemma to (Z,%), where % is a prelmage of (u, fg(u)) = (u, f{(u)) € h(X x
I/ % xI) Xpxvx) h(K) = W(X) Xpx)xh(x) R(K)P| This yields the space K and the maps
f,%,0. As in the proof of surjectivity, we find that 6 is a homotopy equivalence. Let ! be
a homotopy inverse to 6 and define G := (01 o ¥) : X x I/ % xI — K. Then G fits into a

8This exists by the Mayer-Vietoris property. We have (u, f5(u)) € h(X x I/ * xI) Xh(X)xh(X) h(K)={(v ’,u’)

R(X) x h(K) | (inclo, incl1)* (v) = (fo, f1)*(u)} = {(v',u’) € h(X) x h(K)| f5(u') = f7(v') = inclg(v")} (th
last equality by homotopy invariance of h).
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2-commutative triangle

XV fovhi K.
\\\
inclgVincly G
X xI/*xI

E|In the homotopy category hCWy, this means that (using also X x I/ % xI ~ X)

XV X [foVfi

! K.

X

commutes, and this means [fo] = [f1] = [G].

9The diagram above is 1-commutative, i.e. fo (foV f1) = xo(inclp Vincly). Then (5’1 ox)o(inclp Vincly) ~ foV fi.



4 Principal G-bundles and vector bundles

Literature:
— T. tom Dieck, Algebraic Topology

— J. Milnor, J. Stasheff, Lectures on Characteristic Classes

4.1 Principal G-bundles

Idea: We know vector bundles (tangent bundles over manifolds, etc.). Now consider the same
thing with groups as fibers instead of vector spaces.

Definition 4.1.1. Let G be a topological group. Assume furthermore G € CGHaus (i.e. compactly
generated, i.e. S C G is open if and only if SN K is open for all K C G compact, and Hausdorff),
and G has the homotopy type of a CW-complex.

A principal G-bundle over a topological space X is a topological space P (“total space”), together
with a map 7 : P — X and a continuous action a : G X P — P, such that:

1. G “acts in the fibers/acts fiberwise”:

GxP-2sPp
"Oprzl \Lﬂ
X——X

commutes. In words: If p € 771 ({x}) for € X, then for all g € G, also a(g,p) = g-p €

1 ({x}).

2. Local triviality: For all z € X, there exists an open neighbourhood U C X of z and a
homeomorphism py : G x U — 7~ 1(U) that is G-equivariant and the diagram

GXU%Wﬁ

- 4%
prx /
U

commutes. Here G-equivariance means that for all g € G, (h,u) € G x U, we have py(g -
(h,u)) = g- pu(h,u), where g acts on (h,w) by multiplication in the first factor: g- (h,u) :=
(gh,u).

[

Remark 4.1.2. The “torsor condition” (sometimes additionally in the literature) is satisfied: The
map Gx P — P xx P, (g,p) — (9-p,p) is a homeomorphismﬂ

Example 4.1.3 (Examples of groups with the properties as above). — Finitely generated groups
(with the discrete topology).

- Gl,(R),Gl,(C),... - all the Lie groups.

1To be precise, this is a left principal G-bundle, where G acts from the left. A right principal G-bundle is defined
analogously.
2Here P x x P is the usual pullback.

106
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Lemma 4.1.4. Let m: P — E be a principal G-bundle.
1. 7 is a fiber bundle with fiber G.

2. The diagram

P P
1
X<_—G\P

commutes and the lower map is a homeomorphism, where G\P is the quotient with respect
to the group action

Proof. 1. Clear by definition (this is condition 2.).

2. It suffices to check it locally. Consider U C X such that 7 is trivial over U; then use
G\(GxU)=U[
O

Example 4.1.5 (Examples of principal G-bundles). — The trivial (principal) G-bundle: pr, :
GxX—X.

— The double covering S — S*:

EEJ FLLLES@%
oI ¢’

This is a prinicipal Z/2-bundle.
— If G is discrete, we have a bijection

{principal G-bundles over X} = {Galois (i.e. regular) coverings of X with deck transformation group G}.

— C"™\{0} — CP",z + [z] is a principal C\{0} =: (C*—bundleﬂ [x] = [y] if there is A € C*
such that x = A\y.

— Similarly: C*\{0} = colim,, C*\{0} — colim,, CP™ = CP* is a principal C*-bundle.

Proof (for CP>°). The action G ~ C*>°\{0} is given by 7 - (20,21,...) = (720,721,...). This
defines a fiberwise action.

Claim: This action is free and transitive on the fibers. (Exercise.)

To check: Local triviality. Thus we have to find a “trivializing cover”. For i € N, let U; := {(2o :
z1:...) |z # 0}. The preimage by 7 is C*\{z; = 0}. We need a C*-equivariant homeomorphism
p such that

C* x Uy ———=—= C=\{2; = 0}
RN

commutes.

3The group action acts from the left, hence the symbol.
4Thus we have found a local homeomorphism, and bijectivity follows since G acts transitively on the fibers.
5C* is a multiplicative group.
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If it exists, p is uniquely determined by p[{1}xv,, because of G-equivariance. Looking at

{1} x Uy ————=C>\{z; = 0} ,
N A

it suffices to give a section of 7 over Uj.
Here, such a section is given by (20 : 21 :--- 250 ... ) = (2,2,..., %, ...). (Check: This is
well-defined and continuous.) Thus 7 is locally trivial. O

Remark 4.1.6. Fact: If H C G is a closed subgroups (not necessarily normal), where H, G are
Lie groupsﬂ then G — H\G is a principal H—bundlem

Lemma 4.1.7. Let m : P — X be a principal G-bundle and f :' Y — X be a continuous map.
Consider the pullback
f*P——P .

A

Then f*m: f*P —Y is a principal G-bundle, where explicitly
f'P={(y.p) €Y xP|f(y)=n(p)} CY xP

G f*Pbyg-(y,p) = (y,9 D)
Proof: Exercise (take the pullback of a trivializing Cover)ﬂ
Definition 4.1.8. Let m; : P, — X, my : P, — X be two principal G-bundles. A morphism

m — W is a map p : P| — P that is G-equivariant and such that

P *p>P2

X

commutes.
A section of w: P — X is a continuous map s : X — P such that 7 os =idy.

Lemma 4.1.9. Every morphism of principal G-bundles is an isomorphism.

Proof. Let p be a morphism from a principal G-bundle m; : P, — X to a principal G-bundle
mo: P — X. le.

p—L>p
ﬂ'li i’n’z
X —X

commutes. To prove that p is a homeomorphism, look locally at p. Assume that U is a trivializing
neighbourhood for both m; and my. We then have the following diagram, composing with the

6].e. they are smooth manifolds such that multiplication and taking inverses are smooth maps.

"Note that H\G is not necessarily a group.

8Strictly speaking, f* is the simple projection onto the first factor, but this is not a very useful description. We
will also use the symbol f* later for maps into pullbacks, not out of them; there should hopefully not arise
confusion.
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trivializing homeomorphisms:

where py is a G-equivariant map such the diagram commutes. Explicitly, then by G-equivariance
again we must have

pu(g,u) = (gp(u),u),  where p:=pry o pylpyxw : U = G.
Then, an inverse is given by (h,v) — (hp(v) ™%, v)[] O

Corollary 4.1.10. Suppose that we have a commutative square

P*f>P ,
Y —=X
f

where w,7 are principal G-bundles and f is G-equivariant. Then it is a pullback square; we have
a homeomorphism such that

p—= . fp

N

Proof. By the universal property of the pullback, we get a G-equivariant map P — f *P By the
previous lemma, this map is an isomorphism. O

commutes.

Corollary 4.1.11. A principal G-bundle is trivial if and only if it has a section.

Proof. Let m: P — X be a principal G-bundle that admits a section s : X — P. We construct a
G-equivariant map such that

GxX——=P
T
X—X

commutes: It suffices to construct a map X = {1} x X — P, then extend by G-equivariance. This
is given by SE By the previous lemma, such a map is already an isomorphism, thus P is trivial.
(The converse direction: If we have an isomorphism p : G x X = P such that

GxX-L sp

X=—=X

IR

commutes, then s : X — P, x — p(1,z) is a section.) O

Remark 4.1.12. A rank-1-vector bundle is trivial if and only if it admits a nowhere vanishing
section. This statement is analogous to the one from the previous corollary, but with an additional
condition.

9Thus p is a local homeomorphism, and since it is bijective, it is a homeomorphism.
101t is G-equivariant because f is.
M Explicitly, “extending s by G-equivariance” means: Let p: G x X — P, (g,z) + g - s(x).
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Our next goal will be to construct classifying spaces for principal G-bundles.

Definition 4.1.13. Let G be a topological group in CGHaus that has a CW-structure. Define
the functor

Bung : CW°P — Sets,
Ob CW 3> X +— {isomorphism classes of principal G-bundles 7w : P — X},
VX, Y € ObCW : Homew (X,Y) > (f: X = Y) — (Bung(Y) > [P] — [f*P] € Bung(X)).

Pointed version: Define

Bung, : CWP — Sets,,
ObCW, 3 (X, z) — {isomorphism classes of pointed principal G-bundles 7 : (P,p) — (X, )},
V(X,z),(Y,y) € ObCW, :

Homew-((X,2), (Y,y)) 3 (f : (X,2) = (Y,y)) = (Bung((Y,y)) 3 [P] — [f*P] € Bung((X, z))).

&

Remark 4.1.14. The natural map forgetting the basepoints Bung, (X, z) — Bung(X) is surjective,
but in general not injective.

The goal is to use Brown representability (theorem to get a space BG such that [ X, BG|, &
Bung(X) for all X € CWS[F] Then [X, BG] = Bung(X) as well (as we will see). BG will be
called a classifying space for G.

We need to check: Bung is homotopy invariant, it satisfies the Mayer-Vietoris property and the
additivity property.

4.2 Existence of classifying spaces
Lemma 4.2.1. For alln € N, Bung(I™) = {*} and Bung, (I") = {x}.

Proof. Let m : P — I™ be a principal G-bundle. We need to show: 7 is “the” trivial bundle, i.e.
(by corollary 4.1.11)), we have to find a section s : I — P. We do this by induction on n.

— Base case n = 0: trivial, any map I° — P is a section.

— Induction step n — 1 — n: We write P|in-1yqoy = i*P = 7 }(I"" x {0}), where i :
I"=1 x {0} = I"™ is the inclusion. By induction, this bundle (i.e. the map i*7) has a section
$n—1: 1"71 x {0} = P|yn-140}. Consider the pullback diagram

P‘I"’_lﬁ{0}$P .

In—l % {O}C—Z> VL

We need to find a section of m. Reordering the diagram, we obtain

pPOSn—1

mx {0y 2l p

/‘/
. Sn ’ e
1 - a0

The dashed map s,, exists, because 7 is a fiber bundle, in particular a Serre fibration. This
proves the induction step and hence the lemma.

12Note that the definition implies p € 7=1(z) for 7 € Ob Bun}, ((X,z)).
The distinguished point in Bung,((X,x)) is the trivial bundle.
13When writing X € CW?, it is understood with some basepoint, despite the notation.
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O
Lemma 4.2.2. Let
A—=B
N,
C ?X

be a pushout square in Top. Let w: P — X be a principal G-bundle over X. Then the canonical
map

P‘BUP\A P|C:—>P
is an isomorphism of G-bundles, where P|g :=j P, P|c :=1i P, P|s :=i*P|g = j*P|c.

Moreover, if Py, Py are principal G-bundles over X and there is an isomorphism P, = Py, then
the induced square

P1 = P2

NT TN

Pi|pUp, |, Pilc —= P2|B Up,|, P2|c

commutes.

Proof. Let P = P|p Up|, P|c. We need to show that this is a principal G-bundle and that the
(canonical) map P — P is G-equivariant. Then lemma yields that P =5 P is an isomorphism.
Remark: The map P — X is given as a pushout map:

Pl Plc

\ . )
P

I

i |

T ‘
A C !
- |

\ \ !

v \

B X

J

Since G € CGHaus, the product “Gx” commutes with pushouts and the action G ~ P (i.e.
the multiplication map G x P — 15) can be defined again as a pushout map. In particular it is
continuous [14]

We want to show: P is locally trivial. Let x € X. Because P is locally trivial, there exists a
trivializing neighbourhood U of « for P. Denote Py := P|y; consider then fN’\U = Py|BnuUpy | ane

14By definition it is fiberwise.

G X - commutes with pushouts since it has a right adjoint ()G (the space of maps from G into -, with the
compact-open topology).
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PU\CQU Since Py is trivial, it suffices to show ]5|U = Py. Consider

G x (ANT) ol G x (CNU)
idGXﬂU
idGXi‘U
Gx (BNU) - Py2GxU
idele
ANU cnU
BNnU \U

Again, since Gx commutes with pushouts, the pushout in the upper face is homeomorphic to
G x U 2 Py (since the pushout of (ANU)(BNU)(CNU) is U itself). On the other hand, by
definition of the pushout it is Py|pnv Upy|any Pulonu = P\U.

Thus P is locally trivial and hence a principal G-bundle. The map P — P is obtained from the
universal property of the pushout and it is verified that it is G-equivariant. As stated, lemma[£.1.9]
yields the first claim. The second one can directly be verified. O

Theorem 4.2.3 (Homotopy invariance, Part I). Let X € Ob CW or Ob CW,. Denote pr : X xI —

*
Bun

X the projection. Then Bung(pr) : Bung(X) — Bung(X x I) and Bung(pr) : Bung(X) —
(X x I) are bijections.

Proof. We only prove the unpointed case; the pointed one is similar. Let ig : X — X XTI,z +— (z,0)
be the inclusion. We show that Bung(ig) is inverse to Bung(pr).

We have pr o ig = idx, hence by functoriality Bung (i) o Bung(pr) = idpung(x)- It remains to
show: Bung (pr) o Bung(io) = idBung (x x1)-

Let m : P — X x I be a principal G-bundle. We need to show: P = pr*i(’;PE It suffices to
construct a G-equivariant map f : P — Py := i P such that

f

P— -p

XxI——=X

commutes, since then we get P = pr*ij P by corollary
We construct f by induction over the “half-skeletal filtration” of Y := X x I. Let Yy := X x {0}
and for n € N, let V;, := (X x {0}) U (XD xI). SoY,, CY and Y = colim,, Yy,.

— Base case n = 0: Over Yy = X x {0}, define f to be idp,.

— Induction step n — n + 1: By induction assumption, f is already constructed over Y,,. We

need to extend it to Ply, ;.

We need to understand how we attach cells to Y. Assume that we are given n-cells (®; :
Im — X(n))jej of X. This yields a pushout

Ujes (01" x TUI™ x {0}) Y,
Llje, (I < 1) Yo CY

15Equality holds by definition of P and some point-set topology. Alternatively it can actually be done using an
analogy of Mather’s second cube theorem for 1-pushouts and 1-pullbacks.
16Recall that Bung only considers isomorphism classes.
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In the following, we will view the cubes I"™ x I as subspaces of Y.
Sketch (n =1):

Define P, := Ply, and let P, 1 = P, U| a1~ x1urnx{o}) Pl jm x1) be a pushout. We have a
map f, : P, — Py and want to extend it to f,11 : Pyy1 — Py. This we can do on every of
the cubes individually: By lemma P|rnxr is trivial. Then also P|yrn x rur x{oy is trivial
(the restriction of a trivial bundle is trivial). So we need to find the dashed (G-equivariant)
map v in the diagram

Plormxrurmxfoy — P,

N

P['rLX177w77>PO

where the two bundles on the left are trivial ones and fn is defined as the composition. Using
that the bundles are trivial, we want to find the dashed (G-equivariant) map v in

G x (0I" x TUI™ x {0})

TR

G><(I”><I)77p777>P0
E Now, since 7 is a fiber bundle (thus a Serre fibration), we can find the dashed lift in

DI x TU I x {G]leermavr s i)
7

~ .
wl{c}xI"xI/ -
- o
—~
—

I x I X

prlrnyxr

(See lemma|1.2.8l) As indicated, the lift shall be 9| (e} xrnxr : {e} x I" x I — Py. We extend
it by G-equivariance to ¢ : I" x I — POE Doing this for all j € J (i.e. all attached cells),
we can construct fpy1.

— Finally, let f := colim,, f,, : P = colim,, P, — Py. This is G-equivariant, hence by corollary
4.1.10| we obtain P = pr*ijP.

Summarizing, we have shown that pr* : Bung(X) — Bung(X X I) is an isomorphism with inverse

i O

Corollary 4.2.4. Bung is a homotopy invariant functor, i.e. Bung factors through a functor
Bung : hCWP — Sets@ The same holds for the pointed version: We have a functor Bung, :
hCWP — Sets,.

17Strictly speaking, we have redefined fn by composing with the trivializing homeomorphism.
18There is only one possible G-equivariant choice.
19We use the same symbol; there should not arise confusion.
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Proof. Let X, Y € CW and f,g: X — Y be homotopic through a homotopy H,ie. H: XxI —-Y
is such that H oig = f, H o043 = g. We need to show: Bung(f) = Bung(g). Now Bung(ig) is
an inverse to Bung(pr) by the previous theorem, and analogously to shown there for i, Bung(iy)
is also a left inverse (this is a purely formal argument). Thus Bung(i1) = Bung(i1) o Bung(pr) o
Bung(ip) = Bung(ig). Therefore

Bung(f) = Bung(ig) o Bung(H) = Bung(iy) o Bung(H) = Bung(g).

We continue with the proof of additivity for Bung.

Proposition 4.2.5. Let i : A < X be a closed cofibration (e.g. a subcomplex of a CW-complez).
Let m: P — X be a principal G-bundle over X and assume that there exists s : A — P such that

P

commutes. Then there exists U C X open with A C U and sy : U — P, such that

/N

U—= X

commutes and syla = s.

Proof. i: A— X is a neighbourhood deformation retract (NDR), i.e. there exists h: X x I — X
such that

ho = idx,

Va € At €1: h(a,t) =a,

U C X open, A C U : h(U) = A.

(Such an h can be found using the retraction X x I — A x I U X x {0}; this exists by a converse
of corollary [[.4.7}) Denote r := hi|y : U — A. We have a homotopy hly : U x I — X. Let
in: A—>U,i: A= X, j:U < X be the inclusions (thus joiy = i). We have r oiy = id4,
holy = j, h1lu =i or (when viewed as a map U — X).

By homotopy invariance of Bung, Py := j*P = r*i*P =: r*P4. Equivalently (as follows from
the proof of theorem , there is a pullback diagram

PUL)PA
"]

U A

where ¢ is G-equivariant. Define sy := r*(s) using the universal property of pullbacks and the
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maps idy, s o r using the following diagram@

Verify that this extends s: Glueing another pullback diagram to the one above, we obtain the
diagram

A _suoia U

Since roig = ida, we have Py = id’y P4 = i*yr* P4 = 4% Py, thus the space in the left upper corner
of the composed pullbacks is indeed P4. Furthermore, ¢ o ¢ =idp, E Then

sula =5 (s0) = 4 (s) 2 (roia)(s) = idh(s) = s,

where the equality () follows from functoriality of the pullback maps@ This was to be shown. [

Corollary 4.2.6. For any family {(Xa,%a)}a, where X, € ObCW, for all «, the inclusions
induce a canonical isomorphism Bung(\ (X, za)) = [, Bung(Xa, za)-

Proof. To be precise, the map exists because Bung is a functor.

— Surjectivity: For all o, let 7y, @ (Pu, Pa) = (Xa, Zo) be principal G-bundles. We need to define
a principal G-bundle 7 : P = \/_(Xa, ). Let P := (||, Pa)/(Vo,, Y9 € G : g - pa ~ g - DB)
and 7 be defined as 7w, for each « in the disjoint union. Then G acts on P in fibers of 7
freely and transitively.

By the arguments as in corollary 4.1.11] or example to prove local triviality it suffices
to check that 7 locally on X has a section

If € Xo\{z} for some o, then X,\{z.} is an open neighbourhood of z in \/_, X,, over
which P equals Py|x,\{z,}- This admits a local section.

20Note that this is the definition of r*(s). Often in algebra r* is also used for simple precomposition, i.e. r*(s) = sor,
but not here. Both notions correspond to “pulling back”.

21This uses a 2-out-of-3-property for 1-pullback squares and uniqueness of pullbacks, which yield a functoriality
property.

22When writing sg7|4 := 1% (su), we view Py is a subspace of Py. This is indeed the case, via ¢. Similarly we did
already when writing s : A — Pjy.

2BIfr:Q — Y is amap and G ~ Q acts freely and transitively in fibers of ¢, then if s : Y — Q is a section of ¢ we
obtain a commutative diagram

Cv'><Y¢4>Q7
pr /
Y

where ¢(g,vy) := g - s(y) for (g,y) € G X Y. This is a bijection if G acts freely and transitively on the fibers.
Since G € CGHaus, it is a homeomorphism, thus @ is a (trivial, since we assumed the section globally) G-
bundle. (The proof that ¢ even is a homeomorphism is not really trivial, but omitted. The main idea is the
following: Also Q,Y € CGHaus, since they are CW-complexes. Then G x Y € CGHaus. By the “compact-
Hausdorff trick” from Algebraic Topology 1, for every compact subset K C G XY, ¢|g : K — ¢(K) is a
homeomorphism. Then one uses that G X Y is compactly generated to show that ¢ is a homeomorphism.)
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The main part is to check that m admits sections in a neighbourhood of * := [{z,}] € \/,, xa@
Because Bung(x) = {x}, we have the lift s, in

P, .
7
SO// .
s J/a

*QXQ

T

(Sa (%) = po by definition.) By the proposition before, for all « there exists U, C X, open,
sy, : Ua = P, with sy, (24) = pa. Then s :=\/_ sy, : \/,Us — P is a section of P in a
neighbourhood of .

— Injectivity: Assume that (P,p) — (\/, Xa,*) is such that for all o, the map (P,,p) —
(Xo,q) is trivial. By corollary there hence exists a section s, : X, — P, (with
50(ta) = p). Then \/_ sq =:5:\,Xo — P is a section of (P,p) = (\/, Xa,*). So again
by corollary P is trivial.

O

Corollary 4.2.7 (Mayer-Vietoris property for Bung,). Let
A - B

J r
C——=X

be a pushout square, where i,j are CW-subcomplezes. Let P, Pg, Pc be principal G-bundles over
A, B, C, respectively and assume that j*Po =2 Py = i*PB@ Then P := PcUp, Pp is a principal
G-bundle over X. In particular we have a surjection Bung (X) — Bung(C) Xpunz,(a) Bung(B).

Proof. As noted in the proof of lemma the product Gx commutes with pushouts. Thus we
get an action of G on P. Furthermore this action is then free and transitive on the fibers of the
(canonical) projection 7 : P — X. Thus it remains to verify local triviality. By the argumentation

from corollary [4.1.11| (resp. example [4.1.5)), it suffices to find local sections of 7.

~ Let # € C\A (or, analogously, € B\A). Use then P|c\a = Pclc\a (resp. Plpa =
Pp|p\4), which has local sections.

— Let € A. There is an open neighbourhood Ux C C of x trivializing Pc, which is equivalent
to the existence of a section s¢ : Ugc — Pg.

Fact: There exists W C B open such that WN A =UgsN A < W is a closed cofibration 9]

Then by proposition [4.2.5| we can extend j*s¢ to a section sg : Ug — Ppg for some Ug C W
open, where WNA C Ug and hence WNA=UgNA=UcnN AJZI Thus we have: A section
sc of Po over Ug, and a section sg of Pg over Ug, that agree on Us N A = Upg N A. These
we can glue together to get a section of P over Us U Upg, which is a neighbourhood of x.

O

Remark 4.2.8. The map in the previous corollary is not an isomorphism. For example, let G = Z,
then
% # Bung(51) — Bung () Xpuny, (s0) xBung(I) = *,

24All z, are contained in the same equivalence class, hence the notation.
25This is equivalent, by corollary to the existence of G-equivariant maps P4 — Pp, Pa — Pc.
26Note that we have relative closedness in W, not in B.
One can define W by induction on the cells of B, similarly to the construction of a neighbourhood of A
retracting onto A.
270n one hand, Ug C W, thus Ug N A C WN A, but on the other hand WNA C Ug and by definition WNA C W,
thus WNACUgnNA.
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where the pullback on the right side must be trivial because already Bung(I) = # (by lemma
4.2.1)).

Theorem 4.2.9. There exists a space BG € CW and a principal G-bundle 7 : EG — BG such
that for all X € CWy, the map

[X, BG], = Bung(X), f— ffEG

18 an isomorphism in Sets,.

Proof. We apply the Brown representability theorem (theorem 3.1.1) to Bung. The conditions are
satisfied because of corollary corollary and corollary O

Remark 4.2.10. Why do we care that Bung, or Bung are representable?
— We get examples of principal G-bundles by constructing maps X — BG.

— We can e.g. understand Bung(S™) as 7, (BG). We will find QBG ~ G as topological spaces,
so T, (BG) = m,—1(G) for n > 1. This gives a classification of (pointed) principal G-bundles
over S™ in terms of the homotopy groups of G.

— We can understand natural transformations Bung () — F(-) for any functor ' : (CW3)°P —
Sets. by the Yoneda lemma as F(BG).
Example: F' = H"(-, A) (cohomology with coefficients in A, e.g. H™(X,Q) := Homg(H, (X, Q), Q)
- see later).

Upshot: It would be nice to have a geometric construction of BG.

Remark 4.2.11. The diagram
G—— EG

|

* — BG

is a homotopy pullback (since EG — BG is a fiber bundle, hence a Serre fibration, and by corollary
2.4.10). We will see that EG =~ *, thus QBG ~ G (as stated before).

Assume that we have found a contractible CW-complex X with a free G-action, then X — G\ X
is the desired universal bundle: We have a pullback diagram

¥~ X —— FEG ~ %
S

G\X BG

(since BG is the classifying space; note that X — G\X is a principal G-bundle and G\ X is a
CW-complex). By the long exact sequences for Serre fibrations (corollary |1.2.7)) for

G—— X ~x% and G——FEG~+«

| L

we obtain that the map G\X — BG induces isomorphisms on all homotopy groups, hence by
Whitehead’s theorem [1.7.4} it is a homotopy equivalence.

For G = Glx(C) or G = Glg(R), there is a principal G-bundle V(k,n) — Gr(k,n), where
Gr(k,n) = {k-dimensional subspaces in n-dimensional space (over R or C} are Grassmannian man-
ifolds. (Example: Gr(1,n) = RP™ or CP™.)

There are inclusions Gr(k,n) C Gr(k,n + 1) C .... Letting Gr(k,o0) := colim,, Gr(k,n), we
obtain a bundle V(k,00) — Gr(k,00). We will find V(k,00) >~ %, thus Gr(k,00) = BGIl;(R) or
Gri,0o = BGl,(C).
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Example 4.2.12 (Principal Z-bundles over S'). We will see S' ~ BZ, andp : R — Z, p(x) = e2™*
is the universal principal Z-bundle. IL.e., by Brown representability (theorem , every pointed
principal Z-bundle is a pullback of p.

Therefore, Buny,(St) = [SY, BZ]. = [SY, S']. = Z. Explicitly: Let f, : St — Sl z — 2" be
a map of degree n (where S! is understood as a subset of C). The principal Z-bundle over S!
corresponding to f, is given by the pullback

X, ——>R .

g

St ——= St

n

The pullback of a covering of degree n is again a covering of degree n (exercise), thus X,, 2 RxZ/n,
where Z/n is the quotient group of Z with n elements (since R is contractible, all coverings are
trivial).

Then, one computes that the map ¢, is given by ¢, : R x Z/n — St q,(z,k) = eint(a=k),

this case, the diagram

In

RxZ/n2—=R

Jd )

Sl— =5t
f'n

commutes, since
(@, k) —————u

I I

27

P (x—k) 627ri(oc—k) = e2mix

The action of Z on R: For m € Z, it is given by x — = + m.

The action of Z on R x Z/n: For m € Z, (x, k) — (x +m, k +m). This is free and transitive on
fibers, thus R x Z/n is a principal Z-bundle over S!. Since the projection pr is Z-equivariant (this
follows directly from the definition), we obtain R x Z/n = f*(R) by corollary

Since [St, BZ]. = Z (see above), these are all pointed (or unpointed, see later) principal Z-
bundles over S up to isomorphism.

4.3 Properties and construction of classifying spaces

Proposition 4.3.1 (“Clutching construction”). Let X € ObCW,. Then there exists a natural
isomorphism of pointed sets Buny, (X' X) = [X, G)., where G is pointed by the unit element e.

Proof. We construct maps in both directions.

— “=”: Let P be a principal G-bundle on ¥'X. Denote C*X := X x I /(X x {1} U{z} x I),
C_X = X xI/(X x{0}U{z}x1I), where z is the basepoint of X@ Then we have a pushout

X——CTX.

3

C X ——=Y'X

Since C* X ~ * and Buny, is homotopy invariant (corollary 4.2.4)), P|c= x is trivial. Choose

28For CW-complexes, these are homotopy equivalent to the “usual” cones. The reason has been stated in the proof
of the Blakers-Massey theorem [2.7-1] in section IL.11; use I = *.
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trivializations G x C*X = P|c+y. Then consider the composition 1 defined by

—— (Plo-x)lx “2YG x 0 X)lx — G x X
\ ~ | P=(p1lexx) Tolp-)laxx
P|C+X)|X%(GX C+X)|X 7GX X

Then 1 is a G-equivariant homeomorphism over X; the diagram

G><X—>G><X

NS

commutes. Since 1 is fiberwise, we can write ¢(g, z) = (¢(g, x),z) for ¢ : G x X — G. Since
¥ is G-equivariant, we furthermore have ¥(g,z) = ¥ (g - (e,xz)) = g -¥(e,x) = g- (Y(e, x), x),
thus ¢ is uniquely determined by f: X — G, x — @/;(e, z). In other words, from ¢ we get a
map f: X — G.

The homotopy class of f does not depend on the choices of pL: These are defined up to a G-
equivariant fiberwise automorphism of G x C* X, i.e. (by the same reasoning as above for f)
up to a map k+ : C*X — G. Going through the construction, then f changes to h: X — G,
h(z) = k_(x) - f(z) - ky ()™, where the multiplication and inverse are group operations.
However, k., x_ are defined on the cones (and x (-)~! as well). Then x_|x, x4 ()"t x are
homotopic to the constant map to e, where the homotopy is given by x_ on C_X and k4 (-) 7!
on Cy(X). Hence [f] = [h] € [X, G]..

Therefore we obtain a well-defined map Bung (¥'X) — [X, Gl..

— “7: Let f: X — G; we need to find a principal G-bundle over ¥’ X. Consider the pushout

T 2)g,i% (z
Py i G x xR )g’x(8XC+X::P;§,

(g:2)—~(g,i% () - i

Py i=GxC_X P(f)

where i% : X — C*FX denotes the respective inclusions. Then P(f) is a principal G-bundle
over X' X (essentially by the arguments used in the proof of the Mayer-Vietoris property for

Bung;, corollary [4.2.7)).

We verify that this only depends on the homotopy type of f: Let fy, f1 : X — G be homotopic
maps via a homotopy h : X x I — G. This yields a bundle P(h) over ¥'(X x I), and one
verifies that with the inclusions jg, j; : ¥'X — /(X x I) (into “beginning” and “end” of the
interval), we have jg ; P(h) = P(fo,1). Since jo ~ ji, homotopy invariance of Bung (corollary

4.2.4) yields P(fo) = P(f1).
Therefore, we obtain a well-defined map [X, G]. — Bung (X'X).

— One verifies that the maps are inverse to each other.
O

Example 4.3.2. Let G :=Z, g, : {0,1} =: S° — Z, 0 — 0, 1 — n (where both S° and Z are
pointed with 0). We have C*(S°) = I = [0,1] (up to homeomorphism).

AN

o /
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Then we obtain the bundles P(g,) over /S0 = S1: example n = 3:

L/_. ﬂ%) gL ICg ) 5

41 comMes E—g',.n f;
Lmes mel PX—

v
<O ¢!
(Compare example [4.2.12])

The goal is now to understand classifying spaces concretely.

Remark 4.3.3. Let p : EG — BG be the universal bundle which exists by theorem We
now have a chain of isomorphisms of functors

[X,QBG], = [¥'X, BG], = Bunk(Y'X) = [X, G.,

where the first isomorphism is due to the ¥/'-Q-adjunction (proposition, the second since BG
is a classifying space (theorem , and the third due to the clutching construction just proved
(proposition . By the Yoneda lemma, we get a homotopy equivalence (i.e. isomorphism in
hCW3) ¢ : G — QBG. 1 corresponds to the map ¥'G — BG, which corresponds to the bundle
P(idg : G — G) on ¥'G.
For g € G, what is ¥(g)? Since 1 is a map to QBG, 1(g) corresponds to a map S* — BG. This
map corresponds to a principal G-bundle over S! that is obtained by clutching on S, i.e. the map

S0 — @G,
0—e,
1—g.

E

On the other hand, we get a map ¢ : QBG — G as follows: The diagram
G—— EG
_
b
* — G

is a homotopy pullback, because p is a Serre fibration (see corollary [2.4.10|). Therefore, we get a
canonical map ¢ : QBG — G from the diagram

QBG

>, )

G——EG

|

x* — BG

m What is ¢? By construction of QBG, the homotopy we used to obtain ¢ (i.e. the homotopy

29This follows since the isomorphisms above are all natural in the space X. We use S to find 1(g) for some specific
geaqG.

30Note that this diagram shows, by the 2-out-of-3-property for homotopy pullbacks, proposition [2.3.6 that (2BG) *
G(EQG) is also a homotopy pullback.
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OBG — x - EG — BG = QBG — * — BG) is given by h : QBG x I — BG, h(v,t) = fy(t)@
Thus we are in the situation that we have the solid arrows in the diagram (where * denotes the
map factoring through )

OBG ——> EG .
-7 lp

QBGXI?BG

Since p : EG — BG is a fibration, we find the lift H as indicated, such that Hy = *. Then
¢=H,:QBG — G :pfl(*)ﬂ
If we are interested in a point of QBG (i.e. a loop v : S* — BG), then we need to consider

* * EG
/7
LT
Iz ~ BG
Yy
|
1/{0,1} = St

(where 4 is defined as the Composition)ﬂ Constructing such a lift is the same as choosing a section
of ¥*EG over I@

Proposition 4.3.4. In the situation of the previous remark, ¢ o : G — G is homotopic to the
identity.

Proof. We will show that we can even achieve ¢ ot = idg (when using some specific choices). Let
g € G. Then, as seen in the preceding remark, 1)(g) corresponds to a principal G-bundle P, over
S1 that is obtained by clutching on S°,

S0~ @G,
0 e,
1—g.

To get ¢(¥(g)), we observed that we need a map I — EG such that

I—- - >=FEG

I

S ——~ BG
¥(9)

commutes; equivalently (since P is a pullback of E, by 1(g)) we need to choose a map §: I — P,
such that

1-%-p,—~EG
_
N lp
q

S — > BG
¥(9)

commutes. By construction of P, we can choose ¢ such that ¢(1) = g, and then, by the definition
of ¢, we have (¢ o ¢)(g) = q(1) = g. [

31Then hg = h1 = *.
32This is just an explicit instance of why a pullback of a fibration is a homotopy pullback; essentially it is the

strictification lemma
33Recall also h(y,t) = (D).

34Gee also the next proposition.



4.4 Associated fiber bundle 122

Corollary 4.3.5. ¢ : QBG = G is an homotopy equivalence, and EG is contractible.

Proof. From the Yoneda lemma we already know that v is a homotopy equivalence (isomorphism

in hCW3). We have shown that ¢ is a left inverse. Then, letting x be a right inverse to 1), we have

¢ =¢otpokr ==k (in hCW}), thus ¢ = k is a homotopy equivalence (with homotopy inverse ).
Then consider the homotopy pullback diagram

OBG *
q’i Ve l
G EG

(This is a homotopy pullback by the 2-out-of-3-property; one glues the diagram G(EG) * (BG)

to it. See remark [4.3.3]) The Puppe long exact sequence for homotopy groups (corollary [2.4.12))
reads

..— m;(QBG) = mi(G) — m(EG) —— m;_1(QBG) = mic1(G) — ...,

and since the maps m;(2BG) — m;(G) are all isomorphisms as ¢ is a homotopy equivalence,
m;(EG) = 0 for all i. Thus EG is contractible by Whitehead’s theorem (theorem [1.7.4]). O

Corollary 4.3.6. Let E be a contractible CW-complex with a left G-action such that E — G\E
is a principal G-bundle over a CW-complex G\E. Then, in the pullback diagram

E—=>FG,
]
G\E?BG

the horizontal maps are homotopy equivalences.

Proof. Write down two long exact sequences

mi(E) =0 ——m(G\E) —m;_1(G) ——=m_1(E) =0 —— . ...

mi(G)
| l |
m(G) T(EG) = 0 — 1(BG) —=m;_1(G) —mi_1(EG) = 0 — ...

By the five-lemma, 7;(G\E) — m;(BG) is an isomorphism for all i. Whitehead’s theorem yields
the claim. 0

Result: We can take E — G\E as EG — BG!

Example 4.3.7. Let G be a discrete group. Then the universal principal G-bundle EG — BG

is given by K(G,1) — K(G, 1), where K(G,1) is an Eilenberg-Mac Lane space and K (G, 1) is its
universal covering.

In particular, the notation is consistent with the functor B : Gpd — Top used in the proof of
the Seifert-van Kampen theorem [2.12.1

We obtain, for example, S! ~ K(Z,1) ~ BZ, and RP>* ~ K(Z/2,1) ~ B(Z/2).

4.4 Associated fiber bundle

Proposition 4.4.1. Let p : P — X be a (left) principal G-bundle and F be a topological space
with a continuous right action of G. Then F x P/((fg,p) ~ (f,gp)) =: F x& P — X s a fiber
bundle with fiber F' (called associated fiber bundle).
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Proof. Let U be a trivializing open set for P. Then Ply & G x U (G-equivariantly and over U),
and (F x% P)|y = F x% (P|ly) 2 F x% (G x U) 2 F x U, where the last homeomorphism is given
by (f,9,u) = (fg,u). -

Example 4.4.2. — Consider a morphism f : G; — G2 of topological groups. We obtain
Bung, (-) = Bung,(-): Pi — G x%t P, (where G acts on Gy via the given morphism, i.e.
(92,91) — g2f(g1)). This is a natural transformation of functorsﬂ

— Let 3, be the permutation group of n-elements. Then principal ¥,,-bundles are in bijection
with coverings of degree n via P+ {1,...,n} x*» P.

— Consider K =R or C and for K =R, G = O,, or G = Gl,(R), for K=C, G = U, or
G = Gl,,(C) (where O,,U, are the orthogonal and unitary groups). Then a principal G-
bundle P yields an associated fiber bundle K™ x“ P: a topological vector bundle@ (In case
G = O, resp. G = U,, it is a vector bundle with a scalar product.)

4.5 Pointed versus unpointed (part 2)

Lemma 4.5.1. Let (X,x0) € CW.. Then for any space Y where Map(X,Y) exists (e.q. CW-
complezxes), the evaluation ev,, : Map(X,Y) =Y, f— f(zg) is a fibration.

Proof. Suppose that we are given the solid arrows in the commutative diagram

T — L Map(X,Y) .

~ 7
i
(id,0) o levmU

e
7~

Tx1I Y

We need to find the indicated lift H :T xI— Map(X,Y), which is the same as a map (still called
H)H:TxXxI—Y. Now f corresponds (again abusing notation) to a map f: 7T x X — Y,
and the above diagram means that then

r SO o p

(id7z0) lH
TxX f*> Y

commutes. Thus actually, we want to find a homotopy extension for T X {xg} < T x X, where

we need to extend
f:TxXx{0}—>Y,
HZTX{(E()}XI%YY.

Thus the claim is true if T'x {g} < T x X is a cofibration. Since {z(} < X is a closed cofibration
(X is well-pointed as a CW-complex), this is the case since closed cofibrations are stable under
products (proposition [1.4.8]). O]

Proposition 4.5.2. Let (X, x),(Y,y0) € ObCW;. There exists a right action of m(Y,yo) on
[(X,Y]. and [X,Y]./m1(Y,y0) = [X,Y] is an isomorphism.

Proof. Existence of the action: Exercise.

35Gy xC1 Py admits a left Gg-action, because we multiply with f(g1) from the right.
36Later we will switch the roles of left and right actions such that G acts, as eventually expected, on K™ from the
left, but K™ also allows for a right action.
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Let Map,(X,Y) :={f: X = Y| f(z0) = yo}. The diagram

Map* X’ Y)C—> Ma'p(X7 Y)
J

(

I Ve
Yo

is a homotopy pullback, since ev,, is a fibration by the previous lemma, and by theorem [2.3.9] Let

f € Map(X,Y) such that f(zo) = yo; choose this as basepoint in the mapping spaces. Then the

long exact sequence of homotopy groups (resp. the Puppe sequence from corollary [2.4.12)) reads

forget

3]
o —— (Y, yo) —= moMap, (X, Y) = [X, Y], —> meMap(X,Y) = [X, Y] —= 1Y = *.

Y f-7=0¢(7)

(Here Of depends on the choice of f; one verifies Of(y) = f-~v. We have moMap(X,Y) =
[X,Y], since a map I — Map(X,Y) is the same as a homotopy X x I — Y analogously for
moMap, (X,Y) = [X,Y].. forget means “forget being a pointed map”.)

By exactness, the kernel of forget (i.e., by our choice of basepoint, all maps g with [g] = [f] in
[X,Y]) is the image of 9y, i.e. m(Y,y0) - [f]- In other formulas, forget ' ([f]) = [f] - m1 (Y, o).
Since analogous sequences exist for all f' € Map(X,Y) with f/(xq) = yo, we get forget™'([f']) =
[F']- 71 (Y, yo) for all such maps.

However, for any arbitrarily chosen basepoint f, the above sequence shows that forget is surjec-
tive, i.e. every homotopy class [h] € [X,Y] contains a representative which is a pointed map. This
yields the lemma: [X,Y], surjects onto [X,Y] with [X,Y]./m (Y, y) = [X,Y]. O

Corollary 4.5.3. IfY is a simply connected CW-complex, then for every CW-complex X we have
[X,Y]. 2 [X,)Y].

There is nothing left to prove.

Proposition 4.5.4. Let (X,x9) € ObCWj. Then

~

[X,BG./G [X, BG]
Bung(X)/G —— Bung(X)

is a commutative diagram of bijections, where G acts on Bung(X) by (P,p) — (P,g'p) (for g €
G), and on [ X, BG], via the action considered in the proposition before, using m (BG) = ﬂo(G)m

Proof (sketch). We need to consider

X, BG./G 2~ (X, Ba] .

(Di l(4)

Bung(X)/G @ Bung(X)

(3) is a bijection by the proposition before.

For (1), it suffices to check that the map [X, BG]. — Bung(X) is G-equivariant (then the
bijection induces a bijection between quotients). The isomorphism 71 (BG) 2 m(G) is obtained
from the “clutching construction” map ¥ : G — QBG from remark Le. it is given by

37Thus the action actually only depends on the connected components of G.
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fe f-(g). Let f: X — BG with f(zg) = * (the basepoint of BG). Recalling the definition of
1 from remark over g, the action of ¥(g) just means multiplying by g*IE

For (2), surjectivity is clear (every bundle is a pointed one for some basepoint; the map is induced
from the surjection Bung(X) — Bung(X)). It also is injective: Let (Py,p1), (Ps,p2) be pointed
principal G-bundles such that Py, P; are (unpointedly) isomorphic, i.e. there exists an isomorphism
¢: PL — P5. Then ¢(p1) = g~ 'ps for some g € G, since ¢(p;) lies in the same fiber as py (the one
over zg). One concludes that (Pp,p;) & (P, g~ 'p2) and (Py, p2) lie in the same orbit of the action
of G, i.e. they are the same in Bung(X)/G.

Then (4) (i.e. [X, BG] — Bung(X), f — f*EG) must be a bijection as well, since the diagram

is observed to commute. O

Corollary 4.5.5. For all X € ObCW, the map [X, BG] — Bung(X), f — f*EG is an isomor-
phism, where EG — BG is the universal bundle.

Proof. We decompose X = | | X, into its connected components. Since the disjoint union is the
coproduct in hCW, we have [X, BG] = [],[X4, BG]. On the other hand, also Bung(| |, Xo) =
[I,Bung(X,) (this can directly be verified). Now for every X,, we can choose a basepoint
o € Xg; then by the previous proposition [X,, BG] — Bung(X,) is an isomorphism. One
obtains the claim: [X, BG] =[] [Xa, BG] = [[, Bung(X,) = Bung(X). O

Thus BG does not only classify pointed bundles, but also unpointed ones.

4.6 Grassmann and Stiefel manifolds
In the following, let K =R or C (it would even work with H).
Definition 4.6.1. The space
Cr¥(k,n) :== {V C K|V is a vector subspace of dimension k}

is called the (real or complex) Grassmannian manifold of k-subspaces of n-dimensional space. The
standard inner product of K™ shall be denoted (-, -); then

VE(k,n) == {(v1,...,08) |Vi:v; € K", Vi, j : (vi,05) = 045}

is called the Stiefel manifold of orthonormal k-frames in n-dimensional space@ Then VE(k,n) C
(K*™)*k which shall define the topology on V¥(k,n). Furthermore, we have a surjective map of
sets 7 : VE(k,n) — Gr(k,n), (V1,...,0K) — SpanK(Ul, ..., v). This shall define the topology on
Gri(k, n).

Lemma 4.6.2. We have commutative diagrams, where the horizontal maps are homeomorphisms:

On/Op—t —2 = VB(k,n)  and Un/Un— —2 = VC(k,n) .
On/(Ok x Ont) — = Gr*(k, n) Un/(Uk % Up—y) — = Ga(k, )

Proof. We only prove the real case; furthermore the proof that § is a homeomorphism is left to
the reader.

O,, acts on VR transitively by A-(vy,...,v) = (wq,...,ws), where A-(vy,...,vi) = (Wi,..., Wg).
(We denote column vectors with boldface and row vectors without boldface. The action of A on

38Note f*EG = (f - (g))*EG as unpointed bundles, because f - (g) is freely (i.e. non-basepoint preserving)
homotopic to f, and Bung is homotopy invariant. Thus indeed only the basepoint changes when multiplying
with ¥(g).
One gets multiplication of the basepoint by g~ * instead of multiplication by g due to the “pulling back”-
construction. Otherwise it would also not be a right action as required.
39The tuple (v1,...,vy) is called a k-frame.

1
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a tuple of column vectors is given componentwise or equivalently may be seen as matrix multipli-

cation.) This is indeed a well-defined action, since for an orthogonal matrix A, A - (v1,...,vg) is
still an orthonormal frame if (vy,...,vy) is one.

We define for A € O,,: a(A) := A- (e1,...,ex). Then @ is surjective: Given (vy,...,v;) €
VR(k,n), we can extend it to an orthonormal basis (v1, ..., Vg, Wri1,...,w,) of R®. Then A :=
(Vi,-e s Vi, Wga1,. .., Wy,) satisfies @(4) = (v1,...,0x).

Then @ descends to an isomorphism « from O,, modulo the stabilizer St(ey, ..., ex) to VE(k,n).

But this stabilizer is given by matrices A of the form

_ (lgxx O
a= (" ).

where A’ € O,,_j: The first k columns must have this particular shape because A stabilizes

(é1,...,ex), and the right upper corner must contain the zero matrix due to (Ae;, e;) = (Ae;, Ae;) =
(ej,e;) =0 for j >k, i < k. The right lower corner may contain any O,_j-matrix (but it must be
orthogonal in order that A is orthogonal). O

Lemma 4.6.3. 7 : VR(k,n) — Gr®(k,n) as defined before is a right principal Oy-bundle and
Cr®(k,n) is locally homeomorphic to RF(—F),

Proof. A matrix A € Oy, acts on k-frames as follows: (vi,...,vg) — (w1,...,wk), where (v1,...,vg)-
A= (wy,...,wg). Let W C R" be a point in GrR(n, k). Choose V' C R™ such that W &V = R"
and consider

U:={WeGPkn)|WaoV=R"}={WeG En)|WnV={0}}>W
Then, denoting p : R™ — R™/V the canonical projection, we have
U={s:R"/V — R" linear map |p o s = idgn,y }

(since W € Gr®(k,n) lies in U if and only if Pl - W — R™/V is an isomorphism; the bijection is
given by W+ (ply3,)~%, im(s) <= s). This is a vector space isomorphic to R¥("~*). The resulting
bijection U — R¥™=F) ghall be called pyr.
— Claim 1: U is open in Gr®(k, n) and py is a homeomorphism.
Proof of claim 1: U is open if and only if 7~ (U) is open in VE(k,n) (since Gr™(k,n) carries
the quotient topology). Now
7Y U) = {(v1,...,v) | (v1,...,vx) orthonormal family such that Span® (vy,...,v,)NV = {0}} =

= VE(k,n) N {(v1,..., )| Span®(vy,...,0x) NV = {0}}.

Thus it suffices to show that {(vy,...,vs) | Span®(vy,...,vx) NV = {0}} is open in (R™)* (as
VR(k,n) carries the subspace topology). Choose w1, . ..,w, such that V = Span® (wg41, ..., wy);
then

{(v1,...,v%) | Span®(v1, ..., )NV = {0V} = {(v1, ..., v%) | det(v1, ..., Vi, Writ, ..., Wp) # 0},

which is indeed open as det is continuous. Furthermore prs, p,}l are continuous (they are
linear maps between vector spaces of finite dimension), proving claim 1.

Claim 1 already shows that GrR(k, n) is locally homeomorphic to RF(—F),

— Claim 2: 7 has a section over U.

Proof of claim 2: Choosing a basis wy,...,wy of R"/V, we define 0 : U — VE(k,n) using
the homeomorphism from before as an identification and mapping

{s : R"/V — R" linear map | pos = idgn v} > s = Gram-Schmidt procedure for (s(w),...,s(ws)).

The Gram-Schmidt procedure is continuous, and 7o ¢ = idy. Thus o is the desired section.
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By claim 2 and the reasoning from corollary [4.1.11] resp. example m is trivial over U.
The fiberwise action can be shown directly.

O
(An analogous lemma can be proven for the complex case.)

Theorem 4.6.4. Let Gr'(k, 0o) := colim,, Gr'(k,n), and let V¥(k, c0) := colim,, V¥ (k,n), where

the inclusions Gr™(k,n) < Gr'*(k,n+1) and VE(k,n) < VE(k,n+1) are induced by K™ — K*+1,
Then VE(k,00) — Gr(k,00) is a universal principal Oy-bundle for K = R, and a universal

principal Ug-bundle for K = C. Le. the classifying spaces BOy, = GrR(k, o0), BU;, = Gr(c(k, 00).

Example 4.6.5. For k = 1, we have BO; = Gr®(k,c0) = RP> and BU; = Gr®(k, 00) = CP>.
For the proof, we need:

Proposition 4.6.6. Let n < m. Then the inclusion O, — O,,, A — <61 1 0 ) is (n —1)-
A

connected, and the inclusion U, < U,,, A — (O 1 0

> s 2n-connected.
Proof. By induction, it suffices to prove it for m = n + 1, since we have a chain of inclusions
O, = Opt1 = -+ = Oy, (similarly for the unitary groups).

On 41 acts transitively on S® C R™*L. Consider vy := (0,...,0,1) € S® and 7, : Ony1 — S™,
A— A V0.

Claim*: m, is a principal St(vg)-bundle, where St(vg) is the stabilizer of vy.

(Without proof here.)

0

We have St(vg) = B ; | B € O, ¢ = O,. Since a fiber bundle is a Serre fibration,
0

0 ... 01
7y, is a Serre fibration with fiber O,; we have the pullback diagram

OnC—>On+1 .
|
* —> S"

The long exact sequence of a Serre fibration (corollary [1.2.7)) reads

1 (") —— 1 (O0y) — L 1 (Opy1) — m(S™) —— ...

Ifl<n—1,my1(S™) =0, and if | < n, m;(S™) = 0. By exactness, j, is an isomorphism if [ < n—1
and surjective if [ = n — 1. By proposition m j is (n — 1)-connected.
Similarly, U, 41 acts transitively on S?"+! ¢ C"*! with the stabilizer U,,. O

Corollary 4.6.7. We have 7;(V®(k,n)) =0 fori < n—k—1 and m;(VC(k,n)) = 0 fori < 2n—2k.

Proof. The construction of the homeomorphism « from lemmal4.6.2]yields a principal O,,_x-bundle
over VE(k, n):

(n—k—1)—conn.

Onfk

n

|

* > VR(kv n) = On/Onfk
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The connectivity of the map O,_r — O, was shown in the previous lemma. The long exact
sequence of homotopy groups for this Serre fibration yields

coe ——> 7 (Op—g) —= m;(O,) —— m(VR(k,n)) ——i—1(On—tk) = mi—1(Of) —— ...
=0

for i <n—k— 1/
Analogously one concludes for U,,, using the principal U,,_j-bundle

2(n—k)—conn.

Unfk n

l l

* ——VC(k,n) 2 U, /U,

O

Proof of theorem[J.6.4. 1. The map V¥(k,00) — Gr'(k,00) is a principal G-bundle, where
G=0,ifK=Rand G=U, if K=C: Let W € Gr’(k, c0), then W € Gr*(k,n) for some
n € N. As in the proof of lemma [4.6.3] one chooses V' such that K” = W & V. Then for all
m > n, one defines an open neighbourhood U,, € Gr™(k,m) of W in Gr™(k,m), over which
the map over which the map V¥ (k,m) — GrK(k, m) is a trivial fiber bundle. Using the same
V for the definition of all U,,, one has U,, N GrK(k‘, m') = Upy for m >m' > n.

By definition of the colimit topology and since the inclusions Gr'(k,m) < Gr'(k,n) are
continuous for m < n, U := |J,-_, Uy, is an open neighbourhood of W in Gri(k, 00).

One verifies that over U, the map V¥(k,00) — GrK(k,oo) is a trivial fiber bundle. Thus
VE(k, 00) — Gr(k, o0) is a principal G-bundle.

2. By corollary (resp. a variant with a right G-action), it remains to show that V¥(k, 0o0)
is contractible. This follows by Whitehead’s theorem |1.7.4] since by the corollary before,
i (VE(k, 00)) = colim,, m;(V¥(k,00)) = 0 for all i € NJ*]|

O

Remark 4.6.8. Fact: The inclusions O,, — Gl,(R) and U,, — Gl,,(C) are homotopy equivalences.

Therefore also BO,, = BGl,(R), BU,, = BGl,(C) (exercise).

Alternatively, one can consider the non-compact Stiefel manifolds V¥(k,n) := {(v1,...,v,)| Vi :
v; € K" (vi,...,v,) are linearly independent}. Then V¥(k,n) — Gr(k,n) is the universal
Gli (K)-bundle.

The advantage of working with V¥(k,n) is that these spaces are compact@

4.7 Vector bundles: definition and properties
Definition 4.7.1. A real vector bundle of rank n over a topological space B is a space F, a map

p: E — B and a vector space structure on p~1(b) for all b € B, such that:
For all b € B there exists an open neighbourhood U of b in B and a homeomorphism ¢y :

40To be precise, we know the isomorphism and the surjection and conclude the “= 0” from exactness.

41The behaviour of 7; with respect to ascending unions is known from Algebraic topology 1.

42This can be proven using the compactness of O, resp. U, and lemma The compactness of O, resp.
Up in turn can be proven using the Heine-Borel theorem. In fact, the relations AT A = 1} define a closed
subset of R¥X*  Furthermore O, is also bounded, since for ¢ = 1,...,k and A = (aij)ij € On one has
a?l 4+ 4 afk = (AT A);; = 1, thus laij] <1 for all 1 <4,j < n. For U, the proof is analogous.
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p~ Y (U) — U x R™ that is fiberwise R-linear and such that the diagram

—>R”><U

commutes.

A complex vector bundle of rank n shall be defined analogously.

Remark 4.7.2. If B is not connected, one can also consider vector bundles (v.b.) whose rank is
different over each connected component of B.

Example 4.7.3. — If V is a vector space, there is the trivial vector bundle pry : V. x B — B.

— For any manifold M, we have the tangent bundle TM — M. For example, for S™, the
tangent bundle has rank n: TS™ = {(z,\) |z € S", A € R**! (\,z) = 0}, 7 : TS™ — S™,
(z,\) — z. Picture (with abuse of notation):

< Txs"= X by ()

(N mheall e}
— On the Grassmannians, there is the tautological vector bundle: For K =R or C, let EK(k n) =

{(z,v) |z € Gr¥(k,n),v € K" such that v € a:}. Then let 7 : E¥(k,n) — Grf(k,n),
m(x,v) = .

Then “7~!(z) = 2”7, hence the name.

Definition 4.7.4. Let py : V — B,pw : W — B be vector bundles over a space B. A morphism
from V to W is a continuous map ¢ such that:

vvw

— ¢ is fiberwise linear, i.e. for all b € B, the map ¢|y, : Vi — W is a linear map of vector
spaces, where we denote V;, := p(/l(b), Wy = p‘jvl(b) the fibers of V' resp. W over b.

— pw © ¢ = py, i.e. the diagram

commutes.

Lemma 4.7.5. Let m : V — B be a vector bundle and ¢ : B’ — B be a continuous map. Define
the pullback ¢*V by the diagram

GV =V =V xpB -2V .

i )

B’ B

43Recall that = € Gr(k,n) is a subspace of K.
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Then there exists a unique structure of a vector bundle on V' such that c;NS is linear on the fibers,
i.e. for allb' € B', in the commutative diagram

the map é|Vb// is linear.

Proof. — By definition of the pullback, we have Vj, = Vi) for all b’ € B’. So we can define
the vector space structure on V;, by inducing one from V.

— To verify local triviality, let b’ € B’. Then there exists an open neighbourhood U of ¢(b') in
B such that V — B is trivial over U. Then ¢~(U) is a trivializing neighbourhood of ": We
can construct a cube

K" x ¢_1( ) (linear),(1) K" x U

\ (hnear ,(2)
/

(hnear) (3) ‘/
B’ B

(U, u

Here the front face is the pullback we started out with. The right face is a pullback since
V is trivial over U. The rear face can directly be verified to be a pullback. The map
p: K" x ¢71(U) — V' exists since V' is a pullback; it makes the diagram commute.

By repeated usage of the 2-out-of-3 property for 1-pullbacks and using commutativity of the
diagram, the right face also is a pullback. Furthermore, as indicated, (1) is (fiberwise) linear
(by definition of a pullback), (2) is linear because V is a vector bundle and (3) is linear by
definition of the vector bundle structure on V' (using the pullback). Then also p is linear,
since its composition with the linear map V' — V is again a linear map@

O

Definition 4.7.6. ¢*V := V' as in the lemma before is called the pullback of V along ¢.
Remark 4.7.7. — This does not define a 1-functor

Top — Sets,
Ob Top > X +— {vector bundles on X} € Sets
Homrop(X,Y) 3 f = (V= f*V) € Homgets({v.b. onX}, {v.b. on Y})

since for f : X =Y, g:Y — Z, f*(¢*V) is not equal to (g o f)*V, but only canonically
isomorphic.

— If B is a topological space, the category of vector bundles over B is additive (R-linear), but
not Abelian [P

44Use that the map Vb’, — V() between the fibers is an isomorphism for all b’ € B’. The composition of a map
with a vector space isomorphism is linear if and only if the original map was linear as well.

45Example: The bundle pry : R x R — R has an endomorphism given by (¢,2) + (tz, ). This has no well-defined
kernel (the fiberwise kernel is not a vector bundle).
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Definition 4.7.8. Let w : E — B be a vector bundle of rank n over B. A subspace E' C E is
called a subbundle of rank k (of E) if there exist a trivializing open cover {U,}, for E such that
for all a, the left homeomorphism in the diagram

B Nr U)o 7L (U,) .

: |

KFxUC—— K" x U

(incl. of vector spaces)xidy

IR

exists and the diagram commutes. In this case, 7’ := 7|g : E/ — B is a vector bundle of rank k
over B.

Proposition 4.7.9% Let
v—2 oW
B
be a morphism of vector bundles V. — B, W — B over a topological space B with ranks rk(V'),

rk(W)@ Assume that there exists m € N such that for all b € B, the map between the fibers
op 2 Viy — Wy has rank m. (Le. ¢ is a morphism of constant rank.) Then

1. ker(¢) :={v e V]¢(v) =0} is a subbundle of V with rank tk(V) — m.
2. im(¢) :={weW|Iv eV :¢(v)=w} is a subbundle of W with rank m.

3. coker(¢) := | Jycp Wp/im(¢s) is a vector bundle with rank rk(W) — m, where the disjoint
union is meant as a set and coker(¢) is equipped with the quotient topology of W.

(No proof here.)

4.8 Linear algebra of vector bundles

Proposition 4.8.1. Let F be a functor from (eventually a product of) the category of vector
spaces to the category of vector spaces, e.g. F = @,Hom(-,-),®,A*,Sym”,.... Let B be a
topological space. Then F defines a functorial construction on vector bundles over B (still called
F) such that the fibers over each b € B are isomorphic to F applied to the fibers of the input
vector bundles. (E.g. if F = Hom(-,:) and V. — B, W — B are vector bundles over B, then
(Hom(V, W)), =2 Hom(V, Wy,) for allb € B.)

Proof (sketch). We prove the statement in the real case and for Hom(,-). Let pw : V — B, pw :
W — B be vector bundles over B with ranks n, m, respectively. As a set, we define Hom(V, W) :=
|lpe p Hom(Vy, Wy) (where Hom(V;, Wy,) are linear homomorphisms between real vector spaces).
The projection is the obvious one; we also write Hom(V, W)|y for U C B for the preimage of U
under this projection (analogously for V, W). It remains to define the topology on Hom(V, W).
There exists an open cover {Uy}, of B that trivializes both V' and W. Over U,, we have
commutative diagrams, where p,, 7, are homeomorphisms:
Pa

V|UQ = R™ x U, and Wan

px pry p& pry

Ua Ua

467 e. the above diagram commutes.
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In particular, for all b € U, we get isomorphisms pj : Vi, — R™, n;, : W;, = R™. We define

Yo : Hom(V, W)y, = |yey, Hom(Vy, W)  — U, x Hom(R™, R™)
Hom(WN Wb) EX) = (bv My © Pp © P;1>

The topology on Hom(V, W) shall be defined such that 1, is a homeomorphism and Hom(V, W)|y,
is openﬂ We need to check that for Uyp := Uy N Up (v, § some indices), the resulting topology
on Hom(V, W)y, , does not depend on the choice of a or f3.

“Over Uyp” (i.e. with appropriate restrictions), the composition 1, o 1/)6_1 has the following
description: Let Xap := pg 0 pg', Oap = ns on, . Note that these are isomorphisms “over Uys”,
ie. e.g.

Xap

R™ % Uag

R™ x Uag

1R

pry Pry

Uap

commutes. Over b € B, this means the application of an endomorphism xags € Gl,(R) which
depend continuously on b (this can be seen by expressing everything in terms of bases)@ Similar

observations are made for W|y, .. Then

Yooty : Hom(R™,R™) x Uss — Hom(R™,R™) X Uyp,
(b, k) = (b, (Gapb 0 K 0 Xg5,)

is a homeomorphism. Thus ¢4 |v,, is a homeomorphism if and only if ¥s|y, , is @ homeomorphism,
i.e. the topology on Hom(V, W)y, , is independent of the choice of o or 3. This shows that the
construction of Hom(V, W) is well-defined and therefore proves the proposition. O

Example 4.8.2. — The tautological complex line bundle on CP™ is usually denoted O(—1).
Let then O(1) := Hom(O(—1), C), where C := C x CP™ is the trivial line bundle. For k € Z,

we then define
O(1)®k, k>0,
O(k) = C, k=0,

O(-1)®2=k k<.
In fact, these are all complex line bundles on CP" (see later).

— Over S™, we have an isomorphism ¢ : TS™ @ R — R™™!: Recall from example that
TS™ = {(x,\) |z € S, A € R""L (X, z) = 0}. Then let ¥((\, z), (t,z)) := (A +t-z,2). PYisa
morphism of vector bundles that is fiberwise an isomorphism. Thus %) is an isomorphism@

Exercise 4.8.3. We have an isomorphism ¢ : CP™ = Gr®(1,n+1) = Gr%(n,n+1) (sending each
line to its orthogonal complement). Over CP™, by the previous example we have the tautological
line bundle O(—1). On the other hand, denoting 7, — Gr®(n,n + 1) the tautological bundle on
Gr%(n,n +1), we obtain a rank n vector bundle ¢*7,, on CP". Then O(—1) & 7, = C" ",

4.9 Classifying spaces of vector bundles

Theorem 4.9.1. Let B € ObCW. There exists natural isomorphisms of sets

Bung,,, &) (B) = {real vector bundles or rank m over B}/isomorphism,
Bung, ) (B) = {complex vector bundles or rank m over B} /isomorphism,

where Bung, gy resp. Bungi,c) denote here the sets of right principal Gl,(R) resp. Gl,(C)-
bundles.

4THom(R™, R™) = R™™ here carries the standard topology.

48Compare e.g. the definition of p in the proof of lemma [4.1.9} but here notational clutter is added since we have
vector bundles and not only groups.

490ne glues local homeomorphisms to obtain a homeomorphism.
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Proof. Let K=R or C.

— Given a principal G, (K)-bundle P — B, the associated fiber bundle P x Gln(K) K™ is a vector
bundle of rank n over B. (Cf. example resp. a variant switching the roles of left and
right actions. The structure of vector spaces on the fibers is induced from K".)

— On the other hand, given a vector bundle V' — B of rank n over B, we define a set F :=
|lpe g Iso(K™, V4), where Iso(K™, V;) denotes the set of linear isomorphisms from K" to V4.
This has a right action of Gl,(K) given by precomposition, i.e. by acting on K. We define
a topology on E similar to the one in proposition [I.8:1} If U C B is trivializing V, i.e. there
is a homeomorphism pyr : V| = K" x U, then define the topology on E by requiring that
E|y is open and

Yu: Ely = |pey Iso(K™, V4) — U x Gl,(K)
Iso(K", V) 2 ¢p = (b, pu © )

is a homeomorphism. Again this topology is independent of the choice of U.

— These constructions are inverse to each other: Given a principal G-bundle P, we obtain
P xGn(®) K" and then a principal G-bundle E with E, = Iso(K", P, x (&) K") for b € B.
There is a Gl, (K)-equivariant map P — E that looks on fibers as follows:

P, — Iso(K", P, x Gl (&) k),
p = (0~ (p0)) '

By lemma it is an isomorphism, i.e. [P] = [E] in Bung, k) (B)-

— If we start out with a vector bundle F, we obtain a principal G-bundle E as defined above and
then the vector bundle E x (&) K" There is a morphism of vector bundles E x &K K» —
V that looks on fibers as

Iso(K", V3) xCn® K 13,
(,0) = ¢(0)

One verifies that this is a fiberwise isomorphism, hence an isomorphism of vector bundles.
Thus this composition yields, up to isomorphism, the same vector bundle again.

O

Corollary 4.9.2. Let B € ObCW and K = R or C. Then the sets [B, Gr®(n, o)), Bungy,, k) and
{K-vector bundles of rank n over B}/isomorphism and Bungs(B) are naturally isomorphic, where
G:=0, ifK=R and G:=U, ifK=C.

Furthermore, the isomorphism [B, Gr'™(n, 0c0)] = {K-vector bundles of rank n over B} /isomorphism
s given by f — f*7,, where f*7, is the pullback of the tautological bundle T, on GI“K(TL, 00).

The proof consists of assembling together the information from corollary theorem
remark [£.6.8 and theorem [£.9.1]

In the following chapters, we assume familarity with the material from part 5.

4.10 Characteristic classes of vector bundles

Recall from corollary that BOy ~ BZ/2 ~ RP>* ~ K(Z/2,1) classifies real line bundles, and
BU; ~ CP* ~ K(Z,2) classifies complex line bundles.

If we want to construct natural transformations Bung, (-) = H™(-,Z/2), Buny, () — H™ (-, Z),
we need to compute the cohomology of Grassmannians.

Theorem 4.10.1* We have

H*(Gr®(k,00): Z/2) = (Z)2) w1, . .. ,wy], where deg(w;) =i fori=1,... k,
H*(Grb(k,00): Z) 2 Zcy, . .., ci], where deg(c;) =2ifori=1,... k.
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(No proof here.)

Definition 4.10.2. If X is a topological space, abusing notation we denote the natural transfor-
mations corresponding to the cohomology classes from the previous theorem

w; : {real vector bundles on X }/(isomorphism) = H*(X;Z/2),
¢; » {complex vector bundles on X }/(isomorphism) = H?!(X;Z).

w; is called the i-th Stiefel-Whitney class, and ¢; is called the i-th Chern class.

]

Theorem 4.10.3* Characteristic classes satisfy the Whitney sum formula: If

0 Vv w U 0

1s an exact sequence of vector bundles on X, then:

- If V,W,U are real vector bundles, then wi(W) = ZLO w;(V)wg—; (W), where wg := 1 (and
the product is the cup-product).

- If V,W,U are complex vector bundles, then c(W) = Zf:o c¢i(V)ep—i(W), where ¢ := 1.

(No proof here.)

4.11 Characteristic classes of line bundles

Let M be a smooth oriented connected closed manifold. Denote [M] € Hgimar)(M;Q) = Z-[M] the
fundamental class of M. Let N C M be an oriented submanifold; denote ¢ : N < M the inclusion
and let [M] € Hgim(n)(IV; Q) be its fundamental class. By the universal coefficient theorem
there exists an element corresponding to i, ([N]) in H9™ ) (A1; Q) (by abuse of notation still called
i+ ([IN])), and by Poincaré duality (theorem ﬁb, there exists [N]* € Hdm(M)=dim(N)(Af. Q) that
is dual to i.([N]).

Theorem 4.11.1*% In the situation described above, let Ny, No C M be submanifolds that “inter-
sect transversally”, i.e. for all x € Ny N Ny, the map T, N1 ® T, No — T, M is surjective. Then
[Nl]* U [NQ]* — g [Nl N N2]*E

(No proof here.)
Example 4.11.2% — Consider T := S' x S1.

£

We have [S! x pt]* U [pt x S']* = [pt x pt]*, which is the generator of H?(T;Q)[?] On the
other hand, if pt, pt’ are different points in S*, then [pt x S*]* U [pt’ x S!]* = [0]* = 0.

We know that H*(T; Q) = Q[a, b]/(a?,b?) (recall example|5.3.11]). By the above observation,
we can take a = [S* x pt]*, b = [pt x S1]*.

50To be precise, the natural transformations are given by the Yoneda lemma, f — f*(w;) (resp. f — f*(c;), where
f € [X,BOg] resp. f € [X, BUg]| is the map corresponding to some given vector bundle via corollary

51Note that N1 N N> is a smooth manifold in its own right, and it carries an induced orientation. We use “+”
because we do not want to keep track of the signs.

52We omit the .
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— Consider CP™: Recall that the inclusion CP"~! < CP™ is induced by the diagram (which
commutes by definition)

(Cn( (Cn-f—l

C"\{0}——Cm\{0}

i i

CPrlC—CP"

This yields an element [CP""1]* € H?(CP";Q). One can show that this does not depend
on the choice of the embedding C"™ < C"*! (by homotopy invariance; different embeddings
yield homotopic inclusion maps CP"~1 < CP"). Consider a different diagram

((Cn)/( (Cn+1

(C")"\{0}—— "\ {0}

| i

((CP"*l)’C—> Ccpr

where (C")’ = C", (CP"~1)’ = CP"~ 1, but the inclusion maps are understood to be different
ones. Then by the previous theorem we have [CP"~!]* U [(CP"~1)']* = [CP"2]*, because
C"N(C") =2 C" ! (the intersection of two complex hyperplanes, if we specify for simplicity
to linear maps) and thus CP"~1 N (CP"~1)’ =2 CP" 2. On the other hand, we observed
above [(CP"~1)']* = [CP"~1]*. Thus [CP" 1|* U [CP" 1]* = [CP"?]".

Inductively, we obtain ([CP"~!]*)Y% = [CP"~*] for k < n, and (CP""1]*)“" = [pt]*. This
is the generator of H?"(CP";Q). By example [5.3.11] we already know H*(CP";Z) =
Z[h]/(h"t1), where deg(h) = 2, and the above observations show that we can take h =
[(CP"_l]*E

The inclusion j : CP™ — CP"~! yields a map

g*: Z[h)/(hP) = H(CP™YZ)  — H*(CP™Z) = Z[h]/(h"F),
h — h.

Thus

H*( CP> ;Z) = H*(colim, CP";Z) = lim, H*(CP"; Z) = lim, Z[h]/ (k") = Z[h],

GrC(1,00)
where deg(h) = 2. (Note that this means that we can take ¢; = h, the first Chern class.)@

— Similarly, H*(RP*;Z/2) = (Z/2)[a], where deg(a) = 1 and we may choose a such that
a|an = [RPn_l]*

Definition 4.11.3. For a topological space X, we define the Picard group of X:
Pic®(X) := {complex line bundles on X},

where the group multiplication is given by ®, the unit is the trivial line bundle and the inverse of

531 “hyperplane”.

54There are subtle difficulties with Z[[h]] and Z[h] in this case. The definition of a graded ring could also be made
using the direct product instead of the direct sum, and the two options yield different results (i.e. the limits
in “the category of graded rings defined with the product” and “the category of graded rings defined with the
direct sum” do not coincide). We do not go into detail here.
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a bundle is its dual bundle[?]

This is a functor Top®® — Grp: A map f : X — Y yields a group homomorphism f* : Pic(Y) —
Pic(X) (defined using Pic®(X) 2 [X,CP>] as a set by corollary then f*(g) := go f for
g € [X,CP>]).

Remark 4.11.4. Fact: Pic®(CP™) is a free abelian group generated by O(—1), the tautological
line bundle on CP*°.

Lemma 4.11.5. Forn,m € N, let

Snm: CP" x CP™ — CPM+D(mt+1)-1
(Z, CcCY Zy, cC™HY) s (21 @ Z cCMP @ C™ 1Y)
%/_/

~C(n+1)(m+1)

be the Segre map. Then the induced map s : CP>*° xCP>® — CP> (still called Segre map) classifies
tensor products of complex line bundles.

Proof (sketch). Let Zy,Zs be complex line bundles on X. Since CP> classifies complex line
bundles by corollary [£.9.2] for i = 1,2 there exist maps f; : X — CP* such that Z; = f;(O(-1)).
We need to show that for the composition so (f1 x fz) : X — CP>® x CP* — CP®, we have
(f1 x f2)"s"(O(=1)) = Z1 ® Z>.

It suffices to show that s*(O(—1)) = prj(O(—1)) ® pr5(O(—1)), because

(f1 x f2)"(pri(O(=1)) @ pry(O(-1))) = (f1 x f2)" (pri(O(=1))) ® (f1 x f2)"(pr3(O(-1)))
= [1(0(=1)) @ f5(0(=1)) = Z1 @ Z.

Furthermore, it suffices to prove this for the maps s, ie. s ,,(0(-1)) = pri(O(-1)) ®
pry(O(—1)). Over a point (I1,1l2) € CP>*xCP*>, we have (pr}(O(— ))®pr2((9( D))ty 10) = 1@,
because O(—1) is the tautological bundle. On the other hand, we also have (s}, ,,,(O(=1)))q, 1) =
(O(=1))s (i1 12) = (O(=1)),01, =l @ L.

One can find a map s}, ,,,(O(—1)) — pri(O(—1)) @ pr5(O(—1)) that induces the identity on
l1 ® I3 on the fibers. O

Proposition 4.11.6. For all topological spaces X, the map c; : PiCC(X) = H?*(X;Z) induced by
the first Chern class h = c; € H?(CP>;Z) is a homomorphism of abelian groups (i.e. ¢1(Z1®2Z3) =
c1(Z1) + c1(Zz) for all complex line bundles Zy, Zy over X ).

Proof (sketch). It suffices to show that (where s is the Segre map from the previous lemma)

s*: H?(CP>*;Z) — H%*(CP> x CP>;2) maps
h = pri(h) + prs(h),

since then

c1(Z1® Zy) = (fr x f2)"s™(h) = (f1 x f2)" (pr3(h) + pri(h))
= Ji(h) + f2(h) = c1(Z1) + 2 (22)

for all complex line bundles Z; = f/(O(—1)) on X. Furthermore, it suffices to show that s7; :
H?(CP3;Z) — H?*(CP! x CP';Z) satisfies the formula above (since s* is defined as a map into a
limit). By the Kiinneth formula and CP* = S?, we have

H*(CP' x CP4Z) = H*(CPY;2) ® H(CPY; Z) = Zlh]/(h) © Zlha]/(h3) = Zlhy, ha)/ (W2, 3),

where h; = prj(h) for i = 1,2; deg(h;) = 2. Thus we have s ;(h) = ahy + bhy for a,b € Z (since
s7 1 preserves degrees). We need to show that a = b = 1.

Since hf = h3 = 0, we have s} ;(h)hy = bhihy = b[pt]*, s ,(h)he = ahihy = a[pt]* (where the
multiplication is the cup-product).

551f V — X is a vector bundle, the isomorphism V* ® V — C is given by (¢ ® v)z +— (¢(v))s for all z € X. This is
injective, hence an isomorphism for dimension reasons.
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Fact: If f : M — N is a continuous map of smooth manifolds and N; C N is a submanifold of
codimension k such that f~!(N;) C M is again a submanifold of codimension k, then f*([N;]*) =
[f (VDT

Thus we have s7 ; ( h )= [sl_}((CPQ)]* and then by theorem |4.11.1

—~ G

[CPECCPA™ ccprxcp
st 1 (h)hy = [s71(CP?)]* U [pt x CP')* = [s7.1(CP?) N (pt x CPY)]* = [pt]*.

=[pr *(pt)]*=pr ([pt]*)=pr} (h)=h:

(s7.1(CP*)N(ptxCP') = pt can be verified geometrically, choosing explicit isomorphisms C2@C? =
C*. In the end, by homotopy invariance the resulting cohomology class will be independent of such
choices.) This yields b = 1 by comparision. Similarly one obtains a = 1, yielding s1 1(h) = hq + ha
as required. O]

Analogously, the first Stiefel-Whitney class w; : Pic®(X) = H'(X;Z/2) is an isomorphism of
abelian groups (where Pic®(X) is defined analogously to Pic®(X)).
4.12 Properties of characteristic classes

Lemma 4.12.1. For k <n € N and K = R or C, there exist injective maps iy, : GrK(kz,n) —
CGr®(k +1,n +1) that fit into a commutative diagram

e e G () G (k4 1)
ik,n ik,nt1

LGk 1,4+ 1) Gk + 1,n + 2)—— ...

where the horizontal inclusions are induced by K* — K**1,
Thus there is an induced map of colimits Gr™(k, c0) 2 Gr'(k 4 1, 00) for all k € N.

Proof. We define iy, ,, : Gr(k,n) — Gtk +1,n+1), K* C V = (V@ K) € K* @ K. Then the
diagram above commutes, because we get squares like

VCcKY)— > (VcK" oK)

lik,n Iik,wrl

VeKcKreK)—- (VaKcK'eKak)

O
Remark 4.12.2. — Fact: With i as in the lemma before, the map
it Zler, ..y cpen) =2 H(Gro(k +1,00)) — H*(Gr%(k, 00)) = Zley, ... ., ci] maps
i ¢, ifi<k+1,
Ck41 — 0.

Furthermore, denoting the tautological vector bundle over Gr(k + 1,00) by 7p11, we have
T =1 @ C

Analogous statements hold in the real case.

— Thus an abuse of notation is justified: Cohomology classes named ¢ occur in H *(Grc(k‘ +
i,00)) for all 4 > 0. But these yield the same characteristic classes: Let V' be a complex
vector bundle of rank m over a topological space X. Then, since GI‘C(m, o0) classifies such
vector bundles (cf. corollary , there exists f: X — Grc(m, o0) such that f*r, 2 V.
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The #’th Chern class of V' is defined to be ¢;(V) := f*( ¢ ). To justify our
€H? (X 7Z) €H?2i(Gr%(m,0);Z)

abuse of notation, we want to show ¢;(V @ C) = ¢;(V'). This follows by the Whitney sum
formula, theorem |4.10.3} We compute (using f*C = C and naturality of the Chern classes)

(VO C) =ci((imo f) Tms1) = ci(fir,Tmy1) = frci(tm @ C)

= f*(ci(tm)1 4+ cim1(Tm) i (C) + ... ) = f*(ci(tm)) = i (V).

E| Here we have used ¢o(C) = 1 (because the induced maps on cohomology are ring homo-
morphisms, and ¢y = 1), and furthermore over any space Y, we have ¢;(C) = 0 for i > 0:
We have C = pr*C,, where pr : Y — x is the constant map to the one-point space and C,
denotes the trivial bundle over % (with a subscript to distinguish it from C over Y'). Then,
using that the Chern classes are natural transformations,

¢i(C) = ci(prC,) = prici(C,)pr*(0) = 0,
because ¢;(C,) € H? (x,Z) = 0. This justifies our abuse of notation.

— The inclusions above allow for the definition of ¢;(V') for ¢ > rk(V); it follows in this case

Proposition 4.12.3* Let V be a vector bundle on a topological space X of rank r. Assume that
there exists a nowhere vanishing section s : X — V of V. Then ¢,.(V) =0 if V is a complex vector
bundle and w, (V) =0 if V is a real vector bundle.

Proof (sketch). The proof of the complex case is sketched. The section s induces an exact sequence
of vector bundles

0 C—=V coker(§) ——0,

where §(A;) := A - s(x) for A\, € C,, z € X. We have rk(coker(5)) = r — 1. By the Whitney sum
formula 4.10.3] the computation from the previous remark (¢;(C) = 0 for ¢ > 0) and ¢,.(W) =0
for r > rk(WW) (see also the previous remark)

T

(V) = Z ¢i(C)cg—i(coker(8)) = ¢o(C) ¢ (coker(s)) = 0.
=0 — =0

O

Corollary 4.12.4* Let V be a vector bundle of rank r. If V is a complex vector bundle and
¢ £ 0, or V is a real vector bundle and w, # 0, then V does not admit a nowhere vanishing
section.

The statement is equivalent to the one from the proposition before.

Example 4.12.5% Let V be a complex vector space of dimension n+1 and let its projective space

be P(V)[7]

Fact: The following sequence of vector bundles is exact (Euler exact sequence):

0—=0-—T-01)oV —=TPV)—>0.

Here O = C is the trivial line bundle, O(1) = O(—1)* is the dual of the tautological line bundle
defined earlier, V is regarded here as a trivial vector bundle (one takes the tensor product with V
on each fiber) and TP(V) is the tangent bundle of P(V)ﬁ

56¢;(Tm) = id*(c;) = ¢; by definition.

57This is homeomorphic to CP™.

58The maps f,e are defined as follows: Let x € P(V), corresponding to a one-dimensional subspace of V. Let
v € V\{0} such that z = [v]. Over z, the map f is defined by fz : O = O(1)®V, a — av* ® v, where v* is the
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We define the total Chern class of a complex vector bundle W — X (for a topological space X):

Ctot(W) = Co(W) + CQ(W) +-+ Crk(W)(W) .
N~—— —— —_———
=1€H%(X) €H?(X) €H2rk(W) (X)

Then the Whitney sum formula may be reformulated as follows: If

0 A B c 0

is an exact sequence of complex vector bundles, then ciot(B) = ot (A)ctot (C) (where the multi-
plication is the cup-product).

Since from the computation in remark it follows that ¢t (O) = 1, it follows from the Euler
exact sequence that cior(TP(V)) = ¢t (O(1) @ V). Now since V =2 C*"1| we have O(1) @ V
O(1)®(+1) " Furthermore, again from the Whitney sum formula it follows that if B =~ A @& B
for vector bundles A, B,C, then ciot(B) = ctot(A)ctor(C). Thus cior(O(1)P") = cior(O(1))" =
(14 h)"*1, where h := ¢1(O(1)) € H*(P(V); Z)["] We conclude cor(TCP™) = (1 + h)"*! with
h:=c(0O(1)) € H*(CP™, Z).

Similarly in the real case we have for the total Stiefel-Whitney class wyo (defined analogously
to the total Chern class): wiot(TRP™) = (1 + a)"*!, where a := ¢;(O(1)) € HY(RP";Z/2).

In particular, for n = 1 we have cyot(TCP) = (1 + h)? = 1 + 2h + h?, where h? = 0 in
H*(CPY;Z) (recall CP! 22 §? as real manifolds). Thus the complex line bundle TCP*! over CP!
satisfies ¢ (TCP') = 2h # 0. By corollary TCP! has no nowhere vanishing section. Since
CP! = %2 TCP! = TS? (as real manifolds resp. real vector bundles), we conclude that T'S? has
no nowhere vanishing section. This is the “hedgehog theorem”.

Another conclusion we can draw from the above observations: Unless n + 1 = 2% for k € N,
Wiot (TRP™) #£ 1, and so TRP™ is not a trivial vector bundlem

Proposition 4.12.6* For k € N, RP?" can not be immersed in R™ unless m > 21 — 1.

Proof. Let m € N and f : RP2" — R™ be an immersion. Then
0 ——=TRP* — f*TR™ —> Ny — 0

is exact. Here Ny denotes the normal bundle for f (with rank m— 2F). The map TRP? — fXTR™
is injective because f is an immersion.

Now TR™ = R™ is a trivial vector bundle, and f*R™ = R™. Thus by the Whitney sum formula
[4:10.3 and observations from the previous example, we have

k k
wtot(Rm) =1= U)tot(TRP2 )wtot(Nf) = (]. + (1)2 +1U)t0t(Nf).
Since (14a)2 ! = (14+a2")(14a) = 1+a+a? (since H21(CP2";Z/2) 3 a® 1 = 0), it follows

that weet(Ny) = (1+a+ azk)*1 =1+a+a*+--+a2 1 In particular war_1 (Ny) # 0.
Now by remark [4.12.2] this requires m — 28 = rk(N;) > 2% — 1 resp. m > 2k+1 — 1. O

dual of v. (This lies in (O(1)), = z*. Note that since z is one-dimensional, there is a canonical way to define a
dual vector, and furthermore one verifies that av* ® v is independent of the choice of v.)
The map e is defined as follows: Over z, let e : ZX QV — V/Zy, v* @ w — dr|v(w). (Here v* is as before,

w € V is arbitrary, = : V\{0} — P(V) is the canonical projection and dr its differential. Note that vectors of
this form are a basis of Z} ® V and again the result is independent of the choice of v.)

59This equals h from example up to the isomorphism P(V) & CP™ and a sign: With h as in example
we have ctot (O(1)) = co(O(1))+c1(O(1)) = 14+ (—c10(1)) = 1—h by proposition[d.11.6|and c1 (O(1)®O(—1)) =
¢1(C) = 0 by a computation from remark The sign is not very relevant.

60Since we are dealing with Z/2-coefficients, inductively one proves (1+ a)Qk =1+ a2" . However if n+1=2% then
a?" € H"Y(RP™;7/2) = 0, thus in this case wiot (TRP™) = 1. On the other hand, if n + 1 = 2¥m with m > 1

odd, then (1+a)"+! = (1—i-zz2k)m =1+a®" +... #£1 (calculating mod 2 and using H2k(RP";Z/2) >a2 £ 0).
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4.13 Orientability

Definition 4.13.1. Let B be a topological space and V' — B be a real vector bundle of rank n
over B. We call V oriented, if for all b € B, V}, is given an orientation such that for all b € B,
there exists an open neighbourhood U C B of b trivializing V' by a fiberwise orientation-preserving
homeomorphism. I.e. there is a commutative diagram

PU

Vg —2 >R x U,
U
where py is fiberwise linear and a homeomorphism and the map between the fibers (pp)p : Vi, — R

preserves orientation for all b € U. (Here R™ shall be oriented with its standard orientation; i.e.
(e1,...,en) is positively oriented.)

Lemma 4.13.2* Let W be a complex vector space. Then the underlying real vector space W has a
canonical orientation, i.e. if W' is another complex vector space with underlying real vector space
W' and W — W' is a map, then the corresponding map W — W' preserves orientation.

Proof (sketch). Let ey, ..., e, be a C-basis of W. The orientation on W is defined by declaring
(e1,1€1,...,en,ie,) to be positively oriented. We need to check: This orientation is independent of
the choice of ey, ..., e,. To this end, we verify that this orientation is preserved by transformations
e;rr e+ Xeg,epr—rep (fori ke {l,....n}, \€C)ore; — e;, (fori € {1,...,n}, A € C)E O

Corollary 4.13.3* Let B be a topological space and V' — B be a complex vector bundle over B.
Then the underlying real vector bundle V- — B is canonically oriented.

This follows directly from the previous lemma.

Proposition 4.13.4* Let SO,, := ker(det : O,, = O1 = Z/2) be the special orthogonal group (in
dimension n). Then

1. The diagram
BSO,, — BO,,

l |

* BOl

is a homotopy pullback@

2. For X a topological space, we have a commutative diagram

[X,BSO,]. T {oriented real v.b. of rank n}/isomorphism of oriented real v.b. ,

incl™® l lforget orientation

[X, BO,).« {real v.b. of rank n}/isomorphism of real v.b.

where the lower bijection is the one from corollary[{.9.4 and also the upper map is a bijection.
Thus BSO,, classifies oriented real vector bundles.

61Every change of basis vectors in C is a composition of transformations of this form; cf. Linear Algebra 1.

62Given a group homomorphism f : G; — G2, one obtains a map Bf : BG1 — BG> from the Yoneda lemma and the
natural transformation [-, BG1] = Bung, () = Bung,(-) 2 [-, BG2], where the middle natural transformation
is induced by f as in example m One verifies that this construction turns B : Grp — hCW into a functor.
Applying this to det yields the map Bdet : BO,, — BO; and applying it to the inclusion SO, — O, yields the
map BSO,, - BO,,.
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Proof (Sketch). 1. It suffices to show that BSO,, is a weak homotopy pullback in the diagram

2.

in 1. Since det : O,, — O is a fiber bundle (hence a Serre fibration), by corollary [2.4.10} the
diagram
S0, —= 0,

l ldet
* — 01

is a homotopy pullback. We thus have a Puppe exact sequence 2.4.12] forming the lower row
in

L 7Ti+1(BOn) —— 7Ti+1(B01) e Fz(BSOn) 4>7Ti(BOn) E—— Wi(BOl) —_— > ....

IR

1y

7i(On) 7i(O1)

o

The vertical maps are isomorphisms due to corollary (and the ¥’ —Q-adjunction [2.4.11)).
The diagram is commutative by naturality of the constructions. Thus also the top row is
exact.

Then let Y be the homotopy pullback of (BO,,) * (BO1); there is a map BSO, — Y. We
obtain a commutative diagram of exact sequences (where the bottom row is again the Puppe
long exact sequence, now for the homotopy pullback Y)

. —— m11(BO,) —— mi+1(BO;) —— 7m;(BSO,,) —— 7m;(BO,)) —— 7;(BO;) ——

|

-Hﬂ'z—‘rl BO 4>7TH_1 BOl 7T1(Y) 7T'l BO 4>7T1 BOl

The five-lemma yields that the middle map is an isomorphism, hence 1. follows.

The proof is similar to the steps leading to corollary (in particular the proof of theorem
. Since BSO,, classifies principal SO,-bundles, we need to find a bijection between
principal SO,-bundles on X (modulo isomorphism) and oriented real vector bundles with
rank n on X (modulo isomorphism).

— Given a principal SO,,-bundle P — X, the associated vector bundle P x°9» R™ is an
oriented real vector bundle of rank n on X. 7]

— On the other hand, given an oriented real vector bundle V' — X, one can show that
Llpc 5 Iso4 (R™, V4), equipped with a suitable topology, is a principal GI (R)-bundle
on X. Here Iso;(R",V;,) denotes the group of orientation-preserving isomorphisms
R™ — Vj, and GI(R) is the group of orientation-preserving isomorphisms R" — R™.
This is “the same” as a principal SO,,-bundle, because the inclusion SO,, — Gli (R) is
a homotopy equivalence (compare remark .

O

63The orientation is defined as follows: For all 2 € X, let U C X be a trivializing neighbourhood for P of x; i.e.
there exists a SOp-equivariant homeomorphism py : Ply — U x SOy,. Then (P x5O0n ]R")|U = P\U xSOn R™ 2
(U x SOy, ) x59n R™; let the homeomorphism be denoted pr. We declare (pg—!([b,id, e1]), - L([b,id, en]))
to be positively oriented.

The resulting orientation does not depend on the choice of pr, since any different homeomorphism

py : Plu = U x SO, differs (by SOp-equivariance) from py only by multiplication with an element

A € SO,. Defining E analogously to py before, one computes (gil([b, id, e1]), ... 7@71([1)’ id,en])) =
@T U, AL el), ool (b AL en])) = (BT (b, id, A= ter]), . ..iTU‘ll([b,id,Aflen])). Declaring this
to be positively oriented is equivalent to declaring (pg —*([b,id, e1]), . - -, pfj_ ([b,id, ex])), since A~1 € SO,,.

Thus these locally defined orientations “glue together” to an orientation of P xS9n R™.

7Ti_1(SOn) —_— 71'1’—1(071) I 7T-i—l(Ol) — .
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Corollary 4.13.5* We have an exact sequence in Sets,:

X, BSO,] —— [X, BO,] 22 (x BOy] |

S |

HY(X;Z/2)

where the triangle commutes. (The vertical isomorphism is, abusing notation, again wl.ﬂ
Le. wyoBdet =w; € HY(BO,;Z/2). Thus a vector bundle V — X is orientable if and only if
wl(V) =0.

Proof. The sequence is exact by corollary and the previous proposition. We need to show
(Bdetof)*(wy) = f*((Bdet)*(wy)) = f*(wy) for all f € [X, BO,], i.e. (Bdet)*(w;) = w1, where
(Bdet)* : H*(BO4;Z/2) — H*(BOy;Z/2) (abusing notation; these two w; are actually different).

By lemma (applied inductively), there is an injection Bi : Gr*(1,00) = BO;, — BO,, =
GI‘R(n7 00). One verifies that this map can also be regarded as induced by the inclusion ¢ : O1 < O,,,
a— (a 0 ) Note that 4 is a section of det; det oi = idp, .

0 Tn—1)x(n-1)
The map (Bi)* : H*(Gr®(n,00);Z/2) — H*(Gr*(1,00);Z/2) satisfies w; +— wy, w; + 0 for
2(Z/2)[w1,...,wn] ~(Z/2)[w1]

i > 1 (by lemma . Due to functoriality, detoi = idp, implies BdetoBi = idgp,. Then
(Bi)*((Bdet)*(wy)) = w; and one concludes that one must already have had (Bdet)*(w;) =
wi. O

Remark 4.13.6. A smooth manifold M is called orientable, if its tangent bundle T'M is orientable.
Thus by the previous corollary and example RP" is orientable if and only if n is odd. (We
have computed wiot (TRP™?) = (1 +a)"* =1+ (n+1)a+..., where (n+ 1)a = w;(TRP™). This
is zero in H*(RP";Z/2) if and only if n is odd.)

4.14 Characteristic numbers and bordism

Definition 4.14.1. Let M be a closed smooth manifold of dimension n, [M] € H,(M;Z/2) its
fundamental class and TM its tangent bundle (a real vector bundle of rank n). The Stiefel-
Whitney numbers of M are wi* ... wir [M] := (w1 (TM)™ ... w,(TM)™)N[M] € Z/2, indexed by

n
(r1,...,7,) such that .7, ir; = n and where N is the cap-product.

Theorem 4.14.2* (Pontryagin) If B is a compact smooth manifold of dimension n + 1 with
boundary 0B = M for a closed smooth manifold M of dimension n, then the Stiefel-Whitney
numbers of M are all zero.

Definition 4.14.3. Two closed smooth manifolds M;, My are unorientedly bordant, if My LU My =
0B for B a smooth compact manifold of dimension n + 1.

. )
M,zs )

M, 261 ug”

Theorem 4.14.4* (Thom) Let My, My be two closed smooth manifolds. Then they are unorient-
edly bordant if and only if their corresponding Stiefel-Whitney numbers are the same.

64Viewing w; as a cohomology class wi € H'(BO1;7Z/2), it is given by f + f*(w1), analogously the diagonal map
denoted wi. The vertical map is an isomorphism because BO1 = RP> = K(Z/2,1) is also the classifying space
for H, cf. example

65Hence the abuse of notation is consistent, calling it Bi.
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In particular, a smooth manifold M is the boundary of a closed smooth manifold B if and only
if all Stiefel-Whitney numbers of M are zero (taking My = M, My = () above).



5 Cohomology of topological spaces

Literature:
— T. tom Dieck, Algebraic Topology
— A. Hatcher, Algebraic Topology

5.1 Singular and cellular cohomology

Recall the construction of singular homology: Let X be a topological space and define the singular
chain complex C;"™#(X) as in Algebraic Topology 1. By tensoring with a coefficient Z-module (i.e.
Abelian group) A, we get C*"8(X) ® A and then the singular homology groups in degree i € 7Z is
defined as HY™8(X; A) := H;(C3"#(X)® A) (where H; on the right-hand side denotes the algebraic
homology of a chain complex, and the singular chain complex is by definition zero in degrees lower
than zero).

Similarly, if X is a CW-complex, one can construct cellular homology: Define the cellular chain
complex C¢!(X), tensor with A and then let Hf(X; A) := H;(CN(X) @ A).

We found that H{™& : CW — Ab and H!' : CW — Ab are isomorphic functors for all i € Z.

Definition 5.1.1. Let X be a topological space. The chain complex C3; . (X) := Hom(C5"8(X), Z),
ie.

.. —— 0 —> Homay,(C5™,Z) —ods Homay, (C5"¢, Z) —ods Homy, (C5"¢, Z) —ods

is called the singular cochain complex of X.
If X is a CW-complex, we define the cellular cochain complex of X by C*

cell

(X) := Hom(C(X), Z).
For A € Ob Ab an Abelian group and i € N, define the singular cohomology group Hsiirlg (X;4) =
Hi(C

ng(X) @ A) and, if X is a CW-complex, the cellular cohomology group Hl(X;A) =
Hi(C*(X) @ A). Here H' on the respective right-hand sides denotes the algebraic homology

cell
of a chain complex.

Remark 5.1.2. Fact: If X € ObCW, then for all A € ObAb, for all i € N, Héing(X;A) =~
chell (X7 A)E
Example 5.1.3. — Consider S™ with its CW-structure {€°,e"}. The cellular chain complex
reads
celsmy=|...—= 7z 9.0 .02 Z
~ ~—
(degree n) (degree 0)
P| Thus the cellular cochain complex is
(8™ = | Hom(z,2) =27 —">0 .0 —2>Hom(Z,Z) 27 — ...
— —
(degree 0) (degree n)
We obtain

7 n. ~ A7 1= 07 n,
cell(S 7A) - { O7 else.

1This is the same statement for cohomology as the one made for homology above.
2We omit the degrees lower than zero.

144
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— Consider RP*°, which has a CW-structure with one cell in each dimension: The cellular
chain complex is given by

CeNRP>) = | ... 7 Z Z Z Z
~—~ ~— ~— ~— ~—
4 3 2 1 0

(The numbers over the arrows mean that the respective homomorphism is given by multipli-
cation with 2 resp. 0. The numbers below the entries of the chain complex again denote the
degree.) Then, using again Hom(Z,Z) = Z,

Ca®P®)=| 2 —> 7 —> 7 Z z
~— ~~ ~
0 1 2 3 4
Thus
Z, 1=0,
Hzcell(RPOO,Z)g Z/27 Z:2k+17k€N7
0, 1=2k+2,keN
and

. Z7 ZZO,
ct(RPZ) =S L2, i=2k+2,keN,
0, i=2k+1keN.

Remark 5.1.4. — In general, we have H°(X;A) = Hom(Hy(X),A) = A™X): By CW-
approximation (resp. corollary , we can assume that each connected component of
X contains only one O-cell. Then C§"(X) = Z™(X) | the differential dy must necessarily be
zero and the last part of the cellular chain complex thus reads

oo — C5e(X) SLLEN/ZL10.9 Jum—)

Going over to the cochain complex, tensoring with A and taking the homology, we obtain
the claim.

— We have H'(X; A) = Homay,(H;(X), A): By the same reasoning as above, we can assume
that do : C{(X) — C§e(X) = 0. Then we have H(X) =2 Cf*'(X)/dy (C5" (X)) resp.

Ol (X) —2s Cgell (X) —> Hy (X) — 0

is exact. Since the Hom-functor is left exact, then

0 — = Hom(H; (X), A) —"> Hom(CU(X), A) —°"~ Hom(C(X), A)

~Hom(C{*!(X),Z)®A ~Hom(C$*(X),Z)®A

is exact. Le. H*(X; A) ker(od;)/im(ody) = ker(ody)/{0} = ker(od;) = (or)(Hom(H;(X), A))
Hom(H;(X), A) since or is injective.

— If X is connected, we can also rewrite this as H'(X; A) = Homayp (H1(X), A) = Homg,p(m1(X), 4)

by Hurewicz’ theorem (the variant for non-simply connected spaces).
In general, we have:

Theorem 5.1.5 (Universal coefficient theorem). Let X be a topological space, R be a principal
ideal domain and A be an R-module. Then there exists a natural exact sequence

0 — Ext'(H;_1(X;R),A) — H'(X; A) — Homp(H;(X; R), A) —=0

that splits non-canonically.
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(No proof here.)
Remark 5.1.6. Why is cohomology often more interesting?
1. We will see that cohomology is representable by Eilenberg-Mac Lane spaces K(A,n).

2. H*(X;Z) has a natural graded ring structure.

5.2 Generalized cohomology theories
Definition 5.2.1. A generalized reduced cohomology theory consists of:

— A family of functors {E™ : CW — Ab},.cz.

— Natural suspension isomorphisms o : E"t1(£X) & E™(X) (for X € CW,)
These are required to satisfy:

1. Homotopy invariance: E™ factor through hCW®P for all n € Z.

2. Exactness/Mayer-Vietoris property/Excision: If

J

A——B
C——X

is a homotopy pushout, then the sequence

e—(v*(e),u*(e)) ~ ~ (b,e)—i*b—j"c ~

En(X) " En(B) @ En(C)
is exact for all n € Z.

3. Additivity: If { X4}, is a family in CW,, then the inclusions induce an isomorphism E‘”(\/a Xo) &
[I, E"(Xa) for all a € Z.

{E", o} is called ordinary if it satisfies additionally
4. E"(S%) =0 for n # 0.

Theorem 5.2.2. Reduced cellular cohomology {fIg’eH,a} is an ordinary generalized cohomology
theory[’|

The theorem follows from the properties of H{®!!, but we omit the details.

Proposition 5.2.3. Let {E”,a} be a generalized reduced cohomology theory. Then for alln € Z,
there exist pointed CW-complexes K, elements a, € E”(Kn) and homotopy equivalences T :
K, = QK,.1 such that for all X € CW,, the map (X, K]« — E"(X), = f*(ayp) is an
isomorphism. Furthermore, the diagram

[)(7 QKn-{-l]* = [2X7 Kn+1]* —_— En+1(EX)

commutesE

30 has been defined on homology in Algebraic Topology 1.
4Recall X ~ ¥/X, as was argued for somewhere in the proof of the Blakers-Massey theorem [2.7.1] in chapter
I1.11. We have [X,QKp11]« &2 [2'X, Ky 41]+ by the ¥’ — Q-adjunction, proposition [2.4.11]
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Proof. We get K,, and a,, from the Brown representability theorem [3.1.1] and 7 from the Yoneda
lemma. O

The data {K,,a,, 7} are said to represent the generalized reduced cohomology theory {E”, o}.

Remark 5.2.4. If (E”, o) is a generalized reduced cohomology theory, then we can define E™(X,Y) :=
E"((X/Y)4) for a CW-subcomplex Y < X, where the subscript “+” denotes the “adding
basepoints”-functor already considered earlier. Then E"™(-,-) satisfies the axioms of a general-
ized cohomology theory (which we do not state all here). In particular, there is a long exact
sequence of a pair:

.. —= E"(X,Y) —> E"(X) —= E"(Y) —= E""{(X|Y) — ...

Remark 5.2.5. We can compute generalized cohomology theories of CW-complexes via “cellular
cohomology”. This follows from the representability, via Puppe sequences.

Example 5.2.6. — The generalized cohomology theory {H"(-, A), 0} for A € ObAb (ic. a
Z-module) is represented by {K (A, n),a,,0 : K(A,n) = QK(A,n+ 1)}, where K (A, n) are
Eilenberg-Mac Lane spaces. We obtain these by the previous proposition, noting that the
representing spaces K, for {H" (-, A), o} must satisfy

A, m=n,

T (K) = [S™, K] = H"(S™, A) = { 0 else

for all n € NE| This implies K,, = K(A,n).

Furthermore, the Ext-term in the universal coefficient theorem vanishes (since H;_1 (K (A, n); Z)
vanishes because of the Hurewicz theorem|1.9.8). Thus we have H™ (K (A, n); A) = Homay (H, (K (A, n); Z), A)
Hompp (A, A) (where in the last step again the Hurewicz theorem was used). The ele-

ment a, € H "(K(A,n); A) representing H" corresponds under this isomorphism to id4 €
HomAb (A, A)

— Complex K-theory KU*, which satisfies KU*(x) = Z[3, 371] with deg8 = —1, where * is
the one-point Spaceﬁ This generalized cohomology theory is represented by

Il

BU xZ, n=0 mod 4,
K, =< BU, n=2 mod 4,
U, n is odd.

Here U := colim,, U,, and BU := colim,, BU,, = “Gr(c(oo7 00)”. The Bott periodicity theorem
states QU ~ U.

For example, we have KUY(X) = Z:[{complex vector bundles on X}]/(if V 2 U & W, then [V] = [U] & [W]).
— Real K-theory KO*.
— Real/complex cobordism MO*/MU*.

5.3 Ring structure in singular cohomology

Definition 5.3.1. A graded-commutative ring R is an associative graded ring that decomposes into
Abelian subgroups R = @p,,., R", such that for € R", y € R™, we have z -y = (=1)"*"y -z €
R™™ If z € R™, we write also deg(z) = n and call deg(z) the degree of z.

(Sometimes, one could also write R* instead of R.)
Let A be a commutative ring (e.g. Z), X € Ob Top. We define C¥

i Sing(X; A) = HomAb(CZing ()()7 A) =
Homap (C}"8(X),Z) @ A for k € Z.

5Here [S™, K]+« = H™(S™, A) follows from representability.
SHere we already use notation from the next section: E*(X) := €D,z E™(X) admits a graded ring structure for

a generalized cohomology theory {E”, o} and a topological space X.
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Definition 5.3.2. The cup-product U is defined by

U: ChL (X A) @ CL (X5 A) — CEHI(X; A),

sing sin sing

(pU W) (o) := (_1)kl¢(0‘[el,m,ek])¢(U|[ek+1,u.,ek+z]) for all singular (k + [)-simplices o : AF — X,

Here [e1, . . ., €;] denotes the convex hull of the vertices e1, . . ., ex of A**! analogously [ex 1, - ., exii].

Theorem 5.3.3* The cup-product on singular cochains defines a graded-commutative ring struc-
ture on H,\ (X; A), such that if f : X — Y is a map of topological spaces, then f*: Hy,,(Y; A) —
HE, (X5 A) is a homomorphism of graded rz’ngsm

(No proof here.)

Remark 5.3.4. With this definition, it is hard to compute the ring structure. Alternative de-
scriptions:

— We can use the representability of singular cohomology from example [5.2.6] and the defini-
tion of singular cohomology via its reduced variant from remark We can construct a
natural transformation of functors [-, K(A,n)]« X [, K(4,m)]« = [, K(A,n) x K(A,m)], =
[, K(A,m + n)]. in terms of the map

K(A,n)x K(A,m) K(A,m+n),

7
—~
—~
-
- «
—

K(A,n)NK(A,m)

where “A” denotes the smash product and ¢ is defined such that the diagram commutesﬂ
The map @ is obtained as follows: K(A,n) A K(A,m) is (n +m — 1)-connected. (Exer-
cise; e.g. look at cells.) Thus by the Hurewicz theorem the Ext-term in the uni-
versal coefficient theorem vanishes, such that we get H"T™(K(A,n) A K(A,m); A) =
Homg,(H+m (K (A,n) AK (A, m); Z), A)P| By the Kiinneth formula (not proven here) one has
Hyim (K(A,n)ANK(A,m); Z) = A®gz A, such that Homg (Hyp4m (K (A, n)AK (A, m); A), A) =
Homy (A ®z A, A). The map @ is then the map corresponding under these isomorphisms to
a:A®RzA— A a®b— (—1)"mabm

— If X is a smooth (i.e. C°°) manifold, then one can define the de Rham cohomology
H}p(X) := H* ( QO(X) —4= LX) L= 02(X) —— ... > ,

where QF(X) denotes differential (k-)forms on X. This has a graded commutative ring
structure induced from QY (X)®@ Q7 (X) — Q7 (X), w®@n — wAn (where “A” is the exterior
product of differential forms). Moreover, by de Rham’s theorem, integration over singular
cycles gives an isomorphism HY, ,(X) = H}g(X) of graded rings.

sing

Example 5.3.5. — We have H*(S™) = Z[a]/(a?), where deg(a) = n. This means that H°(S") =
Z-1and H*(S") =Z-a, and a* := aUa = 0, since it lies in H2"(S™)[1]

— We have H*(S! x S) = Z[a]/(a?,b?), where deg(a) = deg(b) = 1. Le. H(S' x S1) =Z-1,
HY(S'xSY)=Z-a®Z-band H*(S* x S') = Z- ab (where ab := aUb). This is due to the
Kiinneth isomorphism H*(S') ® H*(S') = H*(S! x S1), a ® B+ pr}(a) Uprs(B).

"For clarity: HE o (X5 A) = B, cz Hipp (X5 4).

8The desired natural transformation is then given by ¢o.

9A is a Z-module.

10Recall that elements of H*T™(K(A,n) A K(A,m)) are in bijection with homotopy classes of maps K(A,n) A
K(A,m) = K(A,n+m).

H'With “Z - a”, we mean that as Abelian group, H™(S™) is isomorphic to Z with some generator a. With Z[a] we
mean the polynomial ring with the variable a. However sometimes also objects of the form Z - [a] will occur,
which means a group isomorphic to Z generated by the equivalence class [a].
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There is also a different type of product:

Definition 5.3.6. Let X € ObTop, A be a ring and M, N be A-modules. Then the cap product
is defined on singular chains and cochains by

n: Ck (X;M) @CI™8(X;N) — C™(X;M @4 N),

sing

(¢ @m) N(o®@n) = (=DM (60 ller,..en) Olerssse] © (m@n)

(Here m € M, n € N; note that o is a map AF+U=FK) _ X The cap-product is not defined for
k>1.)

Theorem 5.3.7* The cap-product on singular cochains defines a map
N:HE (X M) ® H™™(X;N) — H™5(X; M ®4 N).
(If M = N = A, then M ®4 N = A.) Moreover, this cap-product satisfies
(rUy)Na=zN(yNa)
(for cohomology classes x,y and a homology class a).
(No proof here.)

Remark 5.3.8. Recall that if M is an oriented smooth connected closed manifold of dimension n,
then there exists [M] € H,(M;Z) such that H,,(M;Z) = Z-[M]. [M] is also called the fundamental
class of M.

If M is not oriented, there exists at least [M] € H,,(M;Z/2) such that H,,(M;Z/2) = (Z/2)-[M].

Theorem 5.3.9* (Poincaré duality) Let M be an oriented smooth connected closed manifold of
dimension n. Then the cap-product induces isomorphisms (for all k where this is well-defined)

If M is not oriented, the cap-product still induces an isomorphism (- N [M]) : HE¥(M;7Z/2) =
Ho (M Z)2).

(No proof here.)

Corollary 5.3.10* In the situation of the previous theorem the bilinear form

HY(M; Q) x H'*(M; Q) —2> H"(M; Q) o2 Ho(M; Q) = Q

s mon-degenerate.

Proof. Consider the diagram
HY(M; Q) x H™*(M; Q) —— H"(M; Q) ,
id><(~n[M])\L: :ln[M]
H*(M;Q) x Hy(M;Q) Ho(M;Q)

El lg

HomZ(Hk(M,Z),Q) XHk(M) Q

N

eval

where eval(¢,a) := ¢(a). The upper square commutes by theorem [5.3.7} The lower left isomor-
phism comes from the universal coefficient theorem the Ext-term in this theorem vanishes
since Q is a field. The lower square commutes since the lower left isomorphism is natural.

Since the vertical maps are all isomorphisms and eval is always non-degenerate, also U is non-
degenerate. O
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Example 5.3.11% — H*(S' x S';Z) satisfies the conclusion of the corollary as well, even with
Z-coefficients (by example [5.3.5]).

— We have H*(CP",Z) = Z[z]/(z""1), where deg(z) = 2.
— Similarly, H*(RP",Z/2) = (Z/2)[a]/(a™!) with deg(a) = 1.

Proof (for CP™). By induction on n. For n = 1, we have CP! = S2; the statement follows.
Induction step n + n + 1: Let i : CP™ < CP"*! be the inclusion (induced by C"*1 — C"+2).
The map i* : H¥(CP"*!) = HF(CP") is an isomorphism for k < n Thus by induction
assumption H?*(CP"*1) = Z - z* for k < n.
Finally, consider x Ux™ € H?"t2(CP"*!;Z) = Z, where the last isomorphism is due to Poincaré

duality, theorem [5.3.9] Due to non-degeneracy of the bilinear form from the previous corollary,
o U™ must generate H2"+2(CP"+1;Z)[[] O

12This follows from considering cellular cohomology; recall that CP™ has one cell in each even dimension, and
CP™*1 is obtained from CP™ by attaching a 2n-cell.

13Strictly speaking, one has to re-prove the previous corollary, now with Z-coefficients. But this can be done (in
this particular case), since the Ext-terms in the universal coefficient theorem still all vanish with Z-coefficients.
Afterwards, one needs to examine the proof and note that U indeed maps xz and z™ onto a generator of
H2n+t2(CP"*1;Z) and not just onto a nonzero element. Note here that 2™ N [CP™T1] is a generator of
H2(CP™*1;7Z) since the Poincaré duality map is an isomorphism.
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What was not in this course but could have been?

— Group cohomology: Given a group G, Z[G] its group ring over Z and A a Z[G]-module,
consider H*(K (G, 1); A) = Exty(Z, A). (Literature: K. Brown, Cohomology of Groups)

— Cohomology with coefficients in local systems.
— Serre spectral sequence. (Literature: A. Hatcher, Algebraic Topology, chapter 5)

— Obstruction theory: Given the diagram

obstructions for the existence of the dashed map lie in H" (W, A;7,(X)). (Literature:
A. Hatcher, Algebraic Topology)

— Steenrod operations: H*(-,Z/p) — H*(-,Z/p), for p a prime.
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