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Vector calculus and numerical mathematics

Worksheet 5

Problem 1

Cylindrical polar coordinates (s, φ, z) are given by

r(α) ≡ r(s, φ, z) =

 s cosφ
s sinφ
z

 .

(a) Find the tangential vectors hs(α), hφ(α), hz(α) to the coordinate lines.

(b) Draw the intersection curve of the surface

Σ =
{
r(s0, φ, z)

∣∣∣ π
4
≤ φ ≤ π

2
, −a ≤ z ≤ a

}
(s0, a > 0)

with the xy-plane. (Choose the value s0 = 3.)

(c) Evaluate the flux integral
∫
Σ

dA · F(r) of the vector field F(r) through Σ ,

F(r) =

 5x− 7z
3x+ 5y
6y + 2z

 .

Problem 2

(a) Show that the following vectors are mutually orthogonal.

a =

 2
1
−2

 , b =

 1
2
2

 , c =

 2
−2
1


Find the magnitudes |a|, |b|, and |c|.

(b) A special set of “curvilinear” coordinates (u, v, w) is defined by

r(α) ≡ r(u, v, w) ≡

 x(u, v, w)
y(u, v, w)
z(u, v, w)

 = u a + v b + w c.

Find the tangential vectors hu(α), hv(α), hw(α) to the coordinate lines.

(c) What is the geometrical shape of the following piece of surface Σ?

Σ =
{
r(u, v, w)

∣∣∣ 0 ≤ u ≤ 1, 0 ≤ v ≤ 1, w = 0
}
.

(d) For the vector field F(r) of problem 1, evaluate the flux integral

I =

∫
Σ

dA · F(r).
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Problem 3: Divergence

(a) Evaluate the divergence ∇ · J(r) of the 2D vector field (with constants a, c > 0)

J(r) =

(
J1(x, y)

0

)
, J1(x, y) =

cx

a2 + x2 + y2
.

(b) Choose a = c = 1 and sketch the vectors J(r) ≡ J(x, y) for x ∈ {−3,−2,−1, 0, 1, 2, 3}
and y ∈ {0, 1, 2} in the xy-plane (unit: 2 cm).

(c) What are the physical dimensions of the constants a > 0 and c > 0, when J(r) is
the 2D (mass) current density of CO2-gas?

(d) Where in the xy-plane are CO2 sources, where are sinks?

Problem 4: Gauss’ theorem

(a) Evaluate the flux integral
∫
Σ

dA · F(r) of the vector field

F(r) =

 2x+ 3y
5x− 4y

7z


out of the following piece Σ of a spherical surface,

Σ =
{
r(r, θ, φ)

∣∣∣ r = R, 0 ≤ φ ≤ φ0, 0 ≤ θ ≤ π
}

(R, φ0 > 0).

What do you find in the special case φ0 = 2π ?

(b) Evaluate the volume integral ∫
Ω

d3r
[
∇ · F(r)

]
of the divergence ∇ · F(r) over the full sphere Ω with center r = 0 and radius R.

Problem 5: Gauss’ theorem (II)

Consider a vector field F(r) and, in spherical coordinates (r, θ, φ), a volume region Ω
(”upper“ half of a ball with radius R),

F(r) =

 5x− 3y
2x+ 8y

4
L
x2

 , Ω =
{
r(r, θ, φ)

∣∣∣ 0 ≤ r ≤ R, 0 ≤ θ ≤ π

2
, 0 ≤ φ ≤ 2π

}
.

(a) Evaluate the flux integral of F(r) out of the surface ∂Ω of Ω :
∮
∂Ω

dA · F(r).

(b) Verify Gauss’ theorem by evaluating the volume integral:
∫
Ω

d3r
[
∇ · F(r)

]
.

∗
Problem 6

For a differentiable vector field F(r), show that

lim
a→0

1

(2a)3

∮
∂Ωa

dA · F(r) = ∇ · F(r)
∣∣∣
r=r0

,

where Ωa is a cube with center at r0 and edges of length 2a in x-, y-, and z-directions.
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