Worksheet 1

Problem 1.1

Symmetry implies that

1 + 27
Z r, = 0 =0,
n=1 321 +/{
resulting in z; = —%E and z9 = —%xl,
T —%Il
r, = 0 y To3 = =)
_1y 1y

To find z; and ys, notice that

e, =0 (n=1,2,3,4).

Consequently,
1 2v/2 \/ 1 1 \F
=/0?—=0? = ——(=0.9428¢ =4 [02— 22 — (2 = /=0 =0.8165/.
1 9 3 0 8¢, Yo 41:1 9 3 0 5}
For the side length, we get
4 N2 2
k=|ry—ri| = /a2 + (56) = gz — 1.633 L.

The bond angle 6 is obtained by

. 1
cosf= 2T g 109.471°
vy |11 ] 3
Problem 1.2
axb = (aju; + ayuy + azug) x (byuy + bous + bguy)

= aib; (g X uy) + arby (ug X up) + arbz (U x uz) +
T —_—— —_——
us —u2
+ a261 (112 X 111) + ngg (LIQ X Ll2> + agbg (112 X ll3) +
—_—— T —_——
—us ui
+ agbl (113 X Lll) + a3b2 (U3 X 112) + agbg (113 X 113)
—_—— —_—— W_/
uz —ux

= (agb3 — agbg)ul + (Cbgbl — albg)UQ + (Cllbg — agbl)U3.



Worksheet 2

Problem 2.1
(b)
— sin(1at?) — cos(1at?)
T(t) = | +cos(at?) |,  N(@) = | —sin(3at?)
0 0
()
q —Rat sin(3at?)
v(t) = d—r(t) = | +Ratcos(3at?) | = RatT(t).
t 0
(d)
a(t) = %v(t) — RaT(l) + Rlat?N(1)
= (Ra)T(t) + %N(t).

This is the vector sum of linear and centripetal accelerations.

Problem 2.2

(a) In the case a =b=/{¢=1m, Ty =50° C, we at (z|y) = (—0.3m|0.7m) find
0.7

T(x,y) = (50°C)- 0.7 + (1—(-0.3)?)(1—0.7)

= (50°C)-0.7194 = 35.97°C.

(b) It is easy to see that
T(x,0) = 0, T(a,y) = T(z,b) = T(—a,y) = Tp.

(¢) The condition T'(x,y) = Ty (with T} = const.) yields a linear equation for y,
T

1
y =g vt gl —2)b-y)|  (O0<T<Ty).

Writing % = 6, resolving for y yields the contours y = yp(x) in the xy-plane,

1
1+ 550

(d) The required partial derivatives are (with ¢ = )

T (z,y) 2cay(b —y)
Tx 3 = ———— = T )
(z,y) O 0 [y + c(a® — 22)(b — )2
T (x,y) be (a? — 2?)
T, = ——— = T :
e = " — )6 P
With a,b,¢ = 1 m, we find for the gradient Gr(z,y) = (%Ei;’;) (in units of 1 m)
Gr(0.2,0.5)  (0.1041 Gr(0.5,0.5)  (0.3265 G7(0.8,0.5)  (0.8651
T, \0.9996 ) o \0.9796 ) Ty \0.7785
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Figure 1: The contour plot for problem 2.2c.
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Figure 2: The 3D plot for problem 2.2c.



Problem 2.3

(b)
/QdQTf(r) = /_l d:z:/wr2 dy(c—az® —by*) = ... = —g(a+36—20).

2 —(z+2)

Problem 2.4

(a)

1 -z 1 by2 y=1l—zx
/d2rf(x,y) = / dx/ dy (ax — by) = / dz [axy——}
b 0 0 0 2 1y
1 1— 2 _
= / dx{aw(l—x) _ba—a) } = .. =1 b.
0 2 6
(b) The result must be the same as in part (a)! Formally, we find
1 l—z f(zyy)
/d3r1 = /dx/ dy/ dz1
Q 0 0 0
! - z=f(zy)
= / dx/ dy [z}
0 0 z=0
1 1-z
= /dx/ dy f(z,y) = /dzrf(x,y)-
0 0 by

Problem 2.5

(a)

4 142
/ d:}:/ dy (ax +by) =
0 1-

w8

(b) Since the points Py, P, and Pj are distributed within the triangle {2 rather uniformly,
we have %Z?:l f(zi,y:) = (f(r))ren, and thus

3
| Erien = Aa- (f0)eq ~ An-3 > fanm)

1
= 6 5(T5a+3.50) = 15a+7b.



(c) Since f is linear, we have exactly (f(r))rco = f(@nr, yar). Therefore,
/d27"f($>y) = Ag- flem,ym) = 6-f(3,3) = 6-(5a+3b) = 16a + 8b.
Q

(d) Part (a):

4 1+3 4 b c y=
/ daz/ dy (ax? + by + cy®) = / dx {amgy + 53:3;2 + gyﬂ
0 1-z 0

Y
4
3a 4 b T2 T2 c x\3 x
o R FR R (O B (0 RN (T
/od:[{‘lm —|—2x{<+2 1 }+3{ +2 1
Using the binomic formulae, we obtain
4 2
3a b x r
- [ufes b5 5)
/0 x{4x+2x{ ety 2" 16
3
4

3

c 3 3 x
{1+ = Zp2 _)_1_
+3{<+2x+4x+8

= /4d96{(3—a+3—b+%>x3+(3—b+ﬁ>x2+§x}
0 4 32 64 416 4

= (48a+6b+ 3c) + (16b+ 4c) + 6¢

= 48a + 22b+ 13c.

Part (b) and (c), respectively:

1
6-§Zf(a:i,yi) = 44.5a + 17.5b + 10.5¢,

128 64 32
6f(xMayM) = Ta+§b+gc

Problem 2.6

(a) The area of {2 is

9 3 3
(b)
2 ? = 2., 2 ? o Y
/drf(r) = / dx/ dy (2 +vy°) = / dx[xy—i——]
0 -2 0 _92 3 y=0
2 2 :4712
- LoD,
_9 3 y=0
2 2\2
_ N A (4 —2%)
= /2dx(4 x)(m +—3 )
1 2
— 5/ dz (4 — 2%)(z* — 52 + 16)
-2
1 [? 1664 19
= - [ do(—2°+92" - 362" +64) = —— = 4T+ —.
3/_2:17(af+33 x° + 64) 3% +35



(c) The wanted average value is

1 3 1664 156
_ 1 (e _oo 0 O 5T
<f(r)>reg A, ), 8w = 555 35 o7

Estimate:

1

= 2[f(0.5|0.5) + £(0.5]1.5) + £(0.5]2.5) + £(0.5[3.5) + f(1.50.5) + f(1.5|1.5)} -
1 2
6[0.5+2.5+6.5+12.5+2.5+4.5] _ Eg ~ 4.833.

(d) Bonus: Since the value f(r) = 2%+ y?* is a monotonical function of |r| = /22 + y2,
the maximum of f(z,y) on 2 is f(0,4) = 16 and the minimum is f(0,0) = 0.

Problem 2.7

(a)

/ Braz =
Q

Il
c\g c\
o,
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Rl\)
<,

1 a Va?—x2
= —/ d:c:c/ dy (a® — 2% — %)
2 Jo 0
1 [@ 31y=vaZ—z2
= —/ dmﬁ[(aQ—f)y—y—}y
a 2\3/2
B T e
2/, 3
1 [ 1r 2 r=a b
= —/ dz 2z (a® — 2%)3/? —[——(a2 x2)5/2} —
A 6 e—0 15

2

a Va2—z2 a?—x2—y
/ Brayz = / da:w/ dyy/ dz z
0 0 0 0

1 [@ Va2—z2

= 5/ dxz/ dyy(a® — 2* — 3?) [as in part (a)]
0 0

1 [ 2 4qy=va®—a?
= —/ dx:v[(aZ—ﬁ)y——y—}y

2 0 2 4 yZO

1 e (@® — 222  (a® — 22)?
[

2/0 S 4

1 a 1 (a2 _ (L‘2)3 r=a a6
_ Ao 22 (a2 — 22)2 — _[_ ] _

16/0 v2r(a” =) = 15 3 leo 48



