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Vector calculus and numerical mathematics

Worksheet 1

Problem 1: Vectors

The position vectors of the four corners of a regular tetrahedron (e.g., a methane molecule
CH,) are given as

I i) 0
ri=|( 0|, ros=| £ |, ra=1{0 (0 =1.087A, z;>0).
21 21 14

(a) Given that ¢,x; > 0, what are the signs of the constants z5 and z; 7
(b) Utilizing the tetrahedral symmetry, find the values of z1, x5, yo, and z;.

(¢) Find side length a and bond angle 6 of a CH, molecule.

Problem 2: Vector product

Writing a = aju; + asuy + aguz and b = byuy + bouy + bsus, show that

a1 by asbs — azby
axb= as X b2 = a3b1 — &1[)3
a3 b3 a1by — azby



Fakultat Mikrosystemtechnik Sommersemester 2019
PD Dr. Michael Seidl 25 March 2019

Vector calculus and numerical mathematics

Worksheet 2

Problem 1: Vectors of velocity and acceleration

The motion of a particle is described by the vector function

z(t) Rcos(301?)
r(t) = y(t) = Rsin(%atQ) ,
z(t) 0

representing the position vector r of the particle as a function of time t.

(a) What are the physical dimensions (m, s, kg, etc.) of the two constant parameters
R and o 7

(b) What is the geometrical shape of this particle’s orbit 7
By geometrical intuition, find the cartesian coordinates of unit vectors 7 (¢) tangen-
tial and M (¢) normal to the orbit at the time ¢. Are these vectors defined uniquely ?

(c¢) Find the velocity vector v(t) of the particle at the time t.

(d) Find the accelration vector a(t) of the particle at the time ¢.
What are the tangential and the normal components of a(t) ?
Discuss the force F(t) acting on the particle, according to Newton’s law F = ma.

Problem 2: Scalar field

A rectangular metal plate covers the region {|z| < a, 0 <y < b} on the zy-plane, with
two given lengths a and b. As a model for the temperature distribution on the plate,
consider the function

Y
T(l’,y) = TO

y + cla® —a?)(b—y)

(To,c > 0). (1)

(a) What are the physical units of Ty and ¢ = 2 ?
(b
(c

(d) Evaluating partial derivatives, find the gradient of the 2D scalar field T'(x,y),

Galeg) = VTG = (7).

Evaluate the vector Gp(x,y) for (z,y) = (0.3a,0.5b), (0.5a,0.5b), and (0.8a, 0.5b).
Enter these vectors as arrows at the corresponding positions in the contour plot.

oY

Show that T'(z,y) is constant on each one of the four edges of the plate.

Draw a contour plot of T'(z,y).

)
)
)
)
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Problem 3: Surface integral

Consider the 2D scalar field (with constants a, b, ¢),

flz,y) = c—az® = by*.

(a) Sketch the triangle {2 with the corners A(—2|0), B(1|3) and C(1]|—3) in the zy-plane.

/Q d?r f(r).

(b) Evaluate the surface integral

Problem 4
(a) Evaluate the 2D surface integral [, d®r f(r) of the scalar field

f(x,y) = ax—by

(with constants a,b > 0) over the domain

Y = {(x,y) € R?

0<xz<1, Ogygl—x}.
(b) Find the volume V = [, d*r1 of the 3D region

N = {(:c,y,z)eR?"(x,y)EE, O§Z§f($,y)}.

Problem 5
Let £2 C R? be the triangle with corners A(4]0), B(4|3), and C(0|1) in the xy-plane.

(a) Evaluate the surface integral

/Q d*r f(z,y)

for the (linear!) function f(z,y) = ax + by, where a,b € R are constant numbers.
To find the proper integration limits, first sketch the triangle (2 in the xy-plane.

(b) To check your result, mark in your sketch the points P;(x;|y;) with the coordinates

(@1lyr) = (1]1), (22]y2) = (%|%), (w3lys) = (3]2),
and evaluate the function values f(z;,y;) for i € {1,2,3}. Why can we expect that

3

/derf(a:,y) ~ AQ'%ZJC(%,%),

i=1

where Ag is the area of the triangle (27

3



(c) In terms of the position vectors ry4, rg, and r¢ of its corners, the position vector ry,

of the triangle’s center of mass M is given by the vector sum ry; = %(rA +rp+re),

with coordinates x); and yy,. Compare the value of the integral [, d*r f(z,y) with
Ag - [, ym).
(d) Repeat parts (a), (b), and (c) for the quadratic function f(z,y) = ax® + bry + cy*.

Hint: You might need the binomic formula (a + b)? = a3 + 3a*b + 3ab® + b>.

Problem 6

In the xy-plane, we consider the region

N = {(az‘,y) € R?

0<y<4-a® o <2}
(a) Draw a sketch of 2. By elementary integration, find the area Ay, of (2.

/9 d?r f(r)

for the function f(z,y) = z* + y>.

(b) Evaluate the surface integral

(c) What is the average value (f(r))rcq of this function in 27

(d) Bonus: Find the minimum and maximum values of f(r) for r € 2 without per-
forming any calculation. Hint: Make a rough sketch of the 3D-plot of f!

Problem 7

In 3D zyz-space, we consider the volume region (% of a sphere with radius a!)

2 = {@y.2)

r,y,2>0 and 2?4 y* + 2 §a2}.

Evaluate the volume integrals || 0 d3r f(r) for the following scalar fields.

(a) f(x,y,2)=xz.
(b) f(z,y,2) = zyz.



