HIOB: Gromov-Hausdorft convergence and metric
geometry

Summer semester 2024

The main subject of this seminar is the notion of Gromov-Hausdorff conver-
gence. This method, first defined by Edwards (compare [Edw75] and [Tuz16])
and popularised by Gromov in the French version of the book [Gro07], is an ex-
tremely versatile method in metric geometry, Riemannian geometry as well as
in geometric group theory. This seminar is divided into three parts, the second
and third being (almost) independent. In the first part, we deal with the basic
notions of metric geometry, as well as the method of Gromov-Hausdorff conver-
gence. In the second part, we turn to applications in Riemannian geometry and
study to which extent curvature is preserved under Gromov-Hausdorff limits. A
main result here is the Cheeger finiteness theorem [Che70]. In the third part, we
turn to geometric group theory. After an introduction to this area, we will focus
on applications of Gromov-Hausdorff convergence in that field. One example
is a recently proved result about asymptotic growth rates in hyperbolic groups
[FS23]|.

Introduction

Talk 1 (Hausdorff and Gromov-Hausdorff distance).

Date: 15 April

Speaker: Andrea Panontin

Main reference: |[Pet20, Ch. I.4 and 1.5.A-C], [BBIO1, Ch. 7.0-7.3]

e Introduce the Hausdorff distance and present some easy examples of your
OWTL.

e Provide a complete proof of Blaschke’s selection theorem.

e Define the Gromov-Hausdorff distance and show that it satisfies the ax-
ioms of a metric [Pet20, Thm. 5.2]. You may or may not discuss the
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set-theoretic issues associated with forming a space of isometry classes of

compact spaces [BBIO1, Rem. 7.2.5].
e Discuss some examples, e. g. [Pet20, Excs. 5.3, 5.5, 5.13].

e It is left up to you whether and to what extent you present the introduc-
tory examples for convergence in [BBIO1, Ch. 7.1] and the proof of the

isoperimetric inequality [Pet20, Ch. 1.4.C].

Talk 2 (Gromov-Hausdorff convergence).
Date: 22 April
Speaker: Lukas Krinner

Main reference: [Pet20, Ch. 1.5.D-F], [BBIO1, Ch. 7.4-7.5]

e Discuss, how Gromov-Hausdorff convergence can be understood in terms
of e-isometries Cor. 7.3.28], resp. [Pet20, Ch. 1.5.D]. Compare it
to at least one stronger form of convergence as [BBIO1, Ch. 7.4.1]. (Such
stronger notions will play a role in talk[7])

e Prove Gromov’s compactness theorem [Pet20, Thm. 5.22].

e Introduce geodesics and length spaces [Pet20, Ch 1.1.1-K], cf. also [Gro07]
Ch. 1], and prove Menger’s lemma [Pet20, Thm. 1.27].

e Show that the property of being a length space is preserved by Gromov-

Hausdorff limits [BBIO1, Thm. 7.5.1].

e Discuss more examples of limits of your choice as in Ch. 7.5]. It
would be desirable to see what can happen topologically, cf. also
Figs. 7.4-7.5] — noting also that the stronger notions of convergence dis-
cussed there fix the underlying topology.

Talk 3 (Universal spaces).
Date: 29 April
Speaker: Debam Biswas

Main reference: \ Ch. I.2 and 1.5.G], alternative reference: | Sec. 3.11%+}

e Explain how the Gromov-Hausdorff distance can be understood using uni-

versal spaces |[Pet20, Prop. 5.27].
e Discuss the example of £>°, also in the version of [Pet20, Exc. 2.3].

e Construct the Urysohn space Uy, |[Pet20, Thm. 2.10], discuss its univer-
sality [Pet20, Prop. 2.12] and uniqueness [Pet20, Thms. 2.17, 2.20].

e Conclude Exc. 5.28], i.e. the equality of Gromov-Hausdorff dis-
tance and Hausdorff distance up to isometry within the Urysohn space.
It might be interesting to compare this with Exc. 5.4] (note that
there is a typo concerning the direction of the strict inequality).



e If there is time remaining, you may think of presenting some of the prop-
erties of U, discussed in the exercises, e. g. [Pet20, Excs. 2.13, 2.16, 2.19,
2.21], and answering Gromov’s question to the reader |Gro07, p. 82]. Tt
probably leads to far to discuss that the Urysohn space is the generic
separable complete space in a certain sense [Ver04].

Gromov-Hausdorff convergence and curvature

Talk 4 (Alexandrov geometry I).

Date: 6 May

Speaker: Niklas Kipp

Main reference: [Pet20, Ch. I1.7],[BBIO1} Ch. 4, Ch. 10]

e Introduce notions like triangles, model triangles, hinges and angles [Pet20),
Ch. I1.7], which are needed for the rest of the seminar. If necessary, repeat
notions from the first talks.

e Define the notions CAT and CBB [Pet20, Ch. I1.7] and indicate the fun-
damental difference between upper and lower curvature bounds.

e Give many examples and non-examples. Give an example of a two-dimen-
sional locally-finite polyhedron that is not an Alexandrov space [BBIO1]
Example 4.1.3, Example 4.2.3].

e Show that the conditions CAT/CBB are closed under Gromov-Hausdorff
limits [Pet20, Ch. I1.7.C, 7.8 Proposition].

e Show Alexandrov’s Lemma and conclude that angles are well-defined in
CAT/CBB spaces [BBIO1}, Proposition 4.3.2].

Talk 5 (Alexandrov geometry II).

Date: 27 May

Speaker: Johannes Glofiner

Main reference: [Pet20, Ch. I1.9],|AKP19, Sections 3.1-3.3]

e Introduce the notions of locally CAT and prove a characterization of being
locally CAT for a proper length space.

e [llustrate the concept of patchworks along geodesics and give a sketch of
a proof. Conclude necessary corollaries for CAT(0) and CAT(1) spaces.

e Use the previous statements to show Exercise 9.5 in [Pet20] and point out
why the length 27 is critical.

e Sketch a proof of the globalization theorem [Pet20, 9.6 Globalization The-
orem] and illustrate the necessity of the assumptions by presenting coun-
terexamples.



e If time permits: Present the analogous globalization theorem for CBB
spaces.

Talk 6 (Pointed Gromov-Hausdorff convergence and C*-convergence).
Date: 3 June

Speaker: Benjamin Diinzinger

Main reference: |[Petl6, Ch. 11.1-11.3.4],[Jan17],[Pet20, Ch. I.5H]

e Define pointed Gromov-Hausdorff distance and give an example why this
concept is necessary if we want to speak about non-compact metric spaces.
One could motivate as in [Pet20, Ch. I.5H].

e Indicate that the pointed notion in the compact setting coincides with the
notion of talk [I{in the compact case |[Janl7), Corollary 2.5].

¢ Introduce the C"™*-norms for pointed Riemannian manifolds [Pet16, Ch. 11.3.1]
and state/prove various properties of these norms. Indicate how these
norms relate to Gromov-Hausdorff convergence.

o State the fundamental theorem of convergence theory [Pet16, Theorem 11.3.6].

Talk 7 (Cheeger finiteness theorem).

Date: 10 June

Speaker:

Main reference: |[Pet16, Ch. 11.3.5-11.5],[Che70]

e Introduce and explain the various Riemannian notions, which are used in
the Cheeger finiteness theorem and the fundamental theorem of conver-
gence theory [Pet16, Corollary 11.4.10, Theorem 11.3.6]

e Give a proof sketch of the fundamental theorem. Focus on the Gromov-
Hausdorff aspects.

e State and prove Cheeger’s lemma [Pet16, Lemma 11.4.9]. One should give
the necessary properties of injectivity radius and Klingenberg’s estimate.

e Conclude from the previous statement Cheeger’s theorem.

Gromov-Hausdorff convergence in geometric group
theory

Talk 8 (Introduction to geometric group theory).
Date: 17 June

Speaker: Chiara Sabadin

Main reference: |[Loh17, Chapters 3.2, 5, 7]



Define Cayley graphs and quasi-isometries.

Define geometric properties and give examples. [Loh17, Example 5.2.11,
Theorem 4.2.14, Example 5.6.7, Proposition 5.2.5, Definition 5.6.6]

State that finite index subgroups have the same quasi-isometry type as
the ambient group [Loh17, Corollary 5.4.5].

Introduce growth of groups and give examples. [Loh17, Chapter 6.1, 6.2]
Growth is a geometric property [Loh17, Corollary 6.2.6]

Talk 9 (Gromov’s theorem on polynomial growth).
Date: 1 July

Speaker:

Main reference: [DW84], [Gro81|

State Gromov’s theorem: Finitely generated groups have polynomial growth
if and only if they contain a nilpotent subgroup of finite index |[Loh17,
Theorem 6.3.1].

State Milnor-Wolf’s theorem. [L6h17, Theorem 6.3.8].

In this talk, we focus on the ‘hard’ implication (polynomial growth implies
virtual nilpotence).

Sketch how to reduce to reduce the statement to the theorem that there
exists a finite-index subgroup admitting an epimorphism to Z [DW84]
Lemma 2.1, Theorem 2.5].

Let G be a finitely generated group of polynomial growth, S C G be a finite
generating set. Use the compactness theorem to show that a subsequence
of (G, % - dg) converges in the Gromov-Hausdorff metric.

Time permitting: Explain which properties can be proved about the
Gromov-Hausdorff limit.

Talk 10 (The Bestvina-Paulin method).
Date: 8 July

Speaker:

Main reference: |BS94)

Introduce hyperbolic groups and give examples [Loh17, Chapter 7.3]. Stress
differences with the definition of the CAT-conditions.

Prove Paulin’s theorem [BS94].

Survey some consequences and results of your choice that can be proved
using similar methods. Explain the occuring terms that might be un-
known to the audience [BS94, Theorem 4.2] [Bes02, Section 7.2] [FS23,
Theorem 2.2, Corollary 2.9] (see also [Loh23]).




Bonus material

Talk B (Applied topology in viral evolution).
Date: 13 May or 24 Juneﬂ

Speaker:

Main reference: |[CCR13|, [RB20, Chapter 5]

This talk is meant to be more expository, highlighting applications of Gromov-
Hausdorff distance and persistent homology in applied topology.

e Introduce persistent homology of finite metric spaces. [GhrO§]

e Introduce the bottleneck distance, state the stability theorem [RB20), The-
orem 2.4.10] |[CCR13, Appendix, Theorem 2.2] and explain the practical
relevance.

e Explain the connection with evolutionary relationships between organisms
and state some of the biological results [CCR13|, [RB20, Chapter 5].

e Time permitting: Sketch another application of persistent homology of
your choice |[RB20, Chapters 6-9] [TPJ23| [Vit+23].

Talk D (Discussion for the next HIOB).
Date: 15 July

Speaker: everyone

Main reference:
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