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1 CANONICAL QUANTIZATION 1

1 Canonical Quantization

Aim of this section is to make a connection of QFT to Quantum Mechanics and explain QFT
methods on a simple example:

1.1 Anharmonic Oscillator as a 0 + 1-dimensional quantum field theory
Consider the following system:
e Lagrangian

L=-mi*—V(z)=-mi*— -—wz*— —z (1.1)
In the following m +— 1; Here 4! =4-3-2-1=24

e Euler-Lagrange Eq. (= Newton’s II Law)

d oL 0L L A5
%95 & E=-wa- 42 (1.2)

e (Canonically conjugated momentum

= =3 1.3
p=oo =0 (1.3)
e Hamiltonian
. L, w? oy Ay
Change of notation
x>0, po I 7£3.14. .. (1.5)
so that
1. 1 A 1 1 A
L= =62 — 20282 — 2t H = a2 20202 & 2ph 1
A e T g™ Wt ¢ (1.6)

— Lagrangian (Hamiltonian) of a 0+1 dimensional scalar quantum field theory
e 5o far everything classical. . .

Canonical Quantization
The standard procedure, usually called “Canonical Quantization”:

e Promote ¢ and 7 to operators in Hilbert space of quantum states
p—d, weT (1.7)

e Postulate canonical commutation relations
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e The state, say |1), is described by the wave function (WF), in Dirac notation ¥y (¢) = (¢|1).
In this representation
(@lol1) = ¢¥1(0)
(6l11) = —i- w1 (4) (19)
= 8(;5 1 .

Time evolution of the quantum system can be described in two different ways:

Schrodinger picture

The operators are time-independent, the state vector depends on time so that the wave function
satisfies the (Schrodinger) Eq.:

z'gt\p(¢,t) = HU(¢p,t) (1.10)

with formal solution, schematically
(g, t) = e (g, t = 0) (1.11)
(One needs of course to define more accurately what is e*“qt)

Heisenberg picture

The states are time-independent, the operators depend on time:
() = U(o,t = 0) = MW(6,1)
o(t) = eiﬁtqge—iﬁt
#(t) = etz ift (1.12)
Heisenberg Egs.:
4 d(t) = ilH, (1) L w(t) = ilH, 7 (1) (1.13)

Perturbation theory

In serious applications of QM one usually cannot find exact WF (analytically) and makes use of
perturbation theory to find some approximation. In our toy model — expansion in powers of the
anharmonicity parameter \.

A typical problem: Find average value of ¢? in the ground state |(2)

Q7)) = 7 §

In the QFT jargon, the ground state of the Hamiltonian is called “vacuum state”, and the corre-
sponding energy is called “vacuum energy”:

HIQ) = Fyac|Q) (1.14)
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The standard QM-solution of this problem is well known. We split the Hamiltonian in the “unper-
turbed” part (harmonic oscillator) and “perturbation” (unharmonicity)

o 1 1 5, A
H=H,+H H0:§fr2+§w2¢2, H1:I¢4 (1.15)

The energy levels and wave functions of the harmonic oscillator are known exactly:
. 1
Holn) = Enln),  E, = (n + §>w, U, () = (¢|n) = known (1.16)

The ground state of the unperturbed Hamiltonian is called “perturbative vacuum” in the QFT
jargon:

Hol0) = Bolo),  Eo==,  Wy(¢)=(¢]0) = Ne 7% (1.17)

| &

where N is the proper normalization factor.
To the first order in A one finds (see any QM textbook)

Evac = Ey + <O’ﬁ1’0> + O(/\z) ’

1 2
Q) = n%%m R ———(n|H,|0) + O(\?), (1.18)
and then obviously
(Q16%192) = (0]6%(0) =2 ¢ 0!</>2ln ! <H\H1!0>+0(>\2) (1.19)
n#0

Using the known expressions for F,, and ¥,, one can calculate the remaining matrix elements easily
and get the answer. This will gradually become more difficult if we want to calculate higher-order
corrections in \, terms O(A\?) and beyond.

Note:

The QM expressions involve matrix elements between different energy states (n|...|0).
Why does this happen since naively one might think that the energy is conserved? The
answer is of course in the Heisenberg’s uncertainty principle: Since d Fdt > A the energy
is not conserved locally in time: a particle can “jump” to a higher energy level and then
“fall” back, as soon as the whole process takes a short time of the order of /(E,,— Ep). In
QFT we will develop a different mathematical formalism to incorporate the uncertainty
principle, stay tuned!

Our aim in this chapter is to illustrate how the same problem can be solved using QFT methods.
So, let us take a deep breath and start. ..

1.1.1 Interaction representation

e Definition 1: Operators in the interaction representation
b1(t) = Mol ge i,

#r(t) = eiflotje—ifiot (1.20)
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e Def. 2: Time-ordered product of operators

T{O1(t1)Oa(ta)} = O(t1 — t2)O1(t1)Oa(t2) + O(t2 — t1)Oa(t2)O16(t1) (1.21)
e Def. 3: Evolution operator
U(t 0) d_ef ’LHot 77,Ht = fj"i‘(t70) — e’iﬁtef’iﬁot
U(t1, ts) T (11,0007 (22, 0) = eiflot =it (t1—ta) g—iflotz (1.22)
“Transitivity” property: (easy to check from definition)
Ulty, t2) Ulta, t3) = Ulty, t3) (1.23)
e Important result (Dyson series):
t
~ ~ ~ A~
U(t,0) = Texp [—z/ dt’HI(t’)] , Hi(t) = I(zﬁ(t) (1.24)
0 .

where the time-ordered exponential is defined as

t t’
Texp [—i/dt’HI(t’)] dffl—z/dt Hi(#) + (=) /dt / at” Hy (¢ H (") +...  (1.25)
0 0

This result should be known to you but let us prove it once again to illustrate a general method
how such results can be obtained.
Note: here and in the following I will use the symbols » ... < to indicate begin/end of a proof.

I will show that the both sides of (1.24) satisfy the same first-order differential equation in time,
and the same boundary condition at ¢ = 0. Since the solution is unique, we will obtain the desired
statement: Lh.s. = r.h.s. (left-hand-side = right-hand-side).

The boundary condition is trivial:

U(t,0)|,_, =1 = Texpl...]|,_, (1.26)
Differential equation, L.h.s.:
d ~ PP PN s
$U(t 0) _ ezHot,LH e —iHt + ezHot( ,L-H)eszt — _Z»ezHot (H . Ho)eszt
_ 'LHOt( ¢4> —iHt _ 1H0t< ¢4> —iHot eiﬁotefiflt
N~—
= —iH(t) - U(t0) (1.27)

Differential equation, r.h.s.:
In each term, time only appears as the upper limit of the first integral so a derivative removes it:

%Texp [ /Otdt’flf(t')} —Z{l—z/dt Hi(t) + (—i) /dt /t/dt”H ) Hy(t") + }
= —iH(t) + (—i)H(t)(—i) /0 dt" Hy(t") +

— —iH;(t)Texp [z /0 gt f[l(t’)] (1.28)



1 CANONICAL QUANTIZATION )

which is the same equation. This completes the proof.

e A similar representation can be proven for the general case

Ul(ty,t2) = Texp {—z/ dt’H;(t’)] : (1.29)
t1

1.1.2 Master equation

Intuitive idea: if we take the unharmonic oscillator in the ground state of the harmonic oscillator
|0), (which has higher energy than the true ground state 2) and allow some energy loss (dissipa-
tion), then the system will gradually loose energy and eventually come to the true ground state!

Let us put this idea in formulas. In general, the time dependence of the WF is given by

V(g t) = e (9,1 =0) (1.30)
We want to consider the limit
lim e~*HT(1=i9)|0) =7 (1.31)
T—o0

where € is an infinitesimal number which we will put to zero at the end of the calculation, e.g.
€ — 0 limit is taken after T'— oo. The role of the ie addition will be clear soon.

Let |N) be the complete set of eigenstates of the complete Hamiltonian

H|N) = Ex|N), H|Q) = Byl STINYN| =1 (1.32)

The last Eq. is the completeness condition, 1 is the unity operator. The sum includes [2) and all
excited states.

Then
: —iHT(1—i€) |y — T; —iHT(1—ie)
Jim e 0) = lim e > IN)(N(0)

N

— lim {e BT |0) (]0) 4 Y e HNT (e ]N><N]0)]

T—o00
N#Q
- 1 —iEvacT (1—i€) Q Q —i(ENn—Evac)T(1—ie 1.
Jim e 12)([0) + Z e 0)| (1.33)

The contribution of excited states can be neglected because each term is exponentially suppressed
as exp[—(EN — Eyac)Te] with Exy — Eyae > 0 and T'e — oo with the assumed order of limits: first
T — oo, then € — 0.

Note that (€2]0) is the overlap integral between the WFs of the ground states of the unharmonic
and harmonic oscillators, which we tacitly assume to be non-zero.
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Thus we get, in a simplified notation

e~ HT|0) TR Q) (Q0)e FracT (10 (1.34)
or
7 1
_ —tHT . .
Q) =e 0) - [WE’“W] if T — oo(l —ie) (1.35)

This is what we expected: The state |0) evolves to |2) with time, up to a numerical factor (the
expression in brackets).

NB: Instead of writing T'(1 — i€) with real time T, here and below I write simply 7" assuming that
it has a small imaginary part, it is a convenient shorthand notation.

Let us rewrite this expression slightly using
efiITIT‘O> _ efifIT(lfie)eiﬁOT:efiﬁoT’[))
——
U@,-7) e T)0) (1.36)

and add the corresponding result for the relation of the ket-vectors, (2| and (0]. Obtain

~ . —1
Q) = U(0,—T)|0) - [e—ﬂva—Eo)T(moﬁ it T - oo(1—ie),

. . -1
Q| = (0| U(T,0) - [e’l(EvaC’EO)T<O|Q>} if T - oco(l —ie). (1.37)
Note that the second equation is not a hermitian conjugate of the first one because under hermitian
conjugation (HC) T'(1 — ie) — T'(1 + ie) and this is not what we want.

Now remember that we actually want to calculate the average value of ¢? in the ground state. Thus
we use the above expressions to write

(01U (T, 0)$2U (0, —T)|0)
(0]2) e~ 2i(Evac—E0)T(0]0)

Q%) =

(1.38)

T—o0(1—1€)

Note that here qA52 is an operator in Schrodinger picture (time independent) which is the same as
an operator in Heisenberg picture at time zero.

The last step is to go over to the interaction representation. In the numerator we can rewrite

0(T,00820(0,~T) = U(T,0)64(0)0(0,~T) = T{}0)T(T,~1)}

T
-T
whereas the denominator can be written (for T'— o0) as the ground state average of ﬁ(T, -T):
(0|(7(T, ~T)|0) = <0|eiﬁoT€—2iﬁT6iﬁoT|0> _ €2iEOT<0’e—2ifIT‘O>

T:>>OO 622E0T<0‘Q>6_27/Ev4CT<Q’0> (140)
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In this way we get
o {OIT{97(0) exp [~ i [Cpdt’ Hi(#)] }[0)
T—oo(l-ie)  (O|T{ exp [~ [T dt' Hy(t')] }]0)

(OIT{$3(0) exp [ — i [ dt' H; ()] }]0)
(O Texp [~ [ _dt' Hi(t')]]0)

(Q1¢7%(€) =

!

(1.41)

e A similar representation can be proven for the general case of a product of arbitrary number of
Heisenberg operators (derivation — exercises):

(O T{P(t1) ... dltn) exp [ — i [ dt’ H(t')]}|0)

Qo(t1) ... d(tn)|Q) = i
(Qo(tr) - o(tn) ) (O[Texp [ —i [*_dt' H(#)]|0)

(1.42)

— the master equation for calculations in the interaction representation.

At this point you certainly may ask — what is the point to rewrite the short expression on the Lh.s.
in such a cumbersome and contrive way? Well, this is the next part of our program — develop
effective tools to evaluate the expression on the r.h.s. in perturbation theory. This will take some
time and effort, however, after the tools are at hand, you will see that the actual calculation
becomes simple, in fact simpler than a calculation using conventional QM methods, especially if
one progresses to higher orders in A.

1.1.3 Creation and annihilation operators; the propagator

e To the first order in A we can use

exp [—i/mdtﬁ,(t)} 1o [T adte + 00 (1.43)

so that from (1.41)

(@U3?10) = 0160) ~ i [ e OITGHOFOI0 - OFOOFI0] + 003 (a1

where the first term in [...Jcomes from the expansion of the numerator and the second term from
the denominator.

Note that ¢*> = ¢2(0) and T will later use that (0|¢%(£)|0) = (0|¢%(0)|0) thanks to the time-
translation invariance.

It is clear that if I continue the perturbative expansion to higher-order in A, I will generally get
multiple time-ordered integrals of the matrix elements of the type

Gltr . .ta) = (OIT{d1(t1)B1(t2) ... b (ta)}]0) (1.45)

(The times t;, may coincide; e.g., in the leading order (above) we encounter a matriz element with
four fields at time t and two fields at time zero)

In the QFT jargon, such objects are called Green functions: they are matrix elements of the
time-ordered products of field operators in the interaction representation over the ground state of
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the unperturbed Hamiltonian (perturbative vacuum state). The simplest nontrivial Green function
is called the propagator

G(t —t') = (0IT{1(t)or(¢')}]0) (1.46)

We need to develop a general technique how to calculate such objects.

e We are going to profit from the standard formalism of creation and annihilation operators that
you should know from QM lectures. Our unperturbed Hamiltonian is

Hy = 57"+ §w2¢>2. (1.47)
Define
. 1 2L a o
a= T[wgb + i7] annihilation operator
w
al = L[wd; — 7] creation operator (1.48)
V2w
Then (easy to derive using def.)
o [p 7] =i = [6,a'] =1

. (@aNHN]0) = const - |N)
o [Hyd]=—wi, [Ho, al] = +wal (1.49)
Using these elementary properties one can show that

=a e—zwt ’

elHotde—’LHot
ezHgt&Tef'LHot — &T ezwt (150)

(e.g., using Heisenberg eq. (d/dt)a(t) = i[ﬁo, a(t)])
and therefore

eiﬁot(d + &T)e—iﬁot

V2w
1

= (aemit 4 af eiwt) (1.51)
vV 2w<

This representation plays the central role; let us use it to calculate the propagator:

¢[(t) _ eiﬁotqge—iﬁot —

(O|T{d1(t) b1 (t)}0) = %e(t —¢)(0] (a e~iwt 4 gt eiwt) (& et 4 gt ei“’t/) 0)+ (t > t)  (1.52)
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Here use that a|0) = 0 and (0|a" = 0. Thus a nonzero contribution can only come from the term
o aa' and we can replace aa’ = [a,a] + @4 = 1. Thus

L o(t — ¢)(0][@, a0 + (¢ > ¢
w

1 . , 1 . ’ 1 ; ’
— (-t iw(t' —t) 0 —¢t iw(t—t") _ = —iw[t—t| 1.53
5,0t —t)e + 50 —te 55 ¢ (1.53)
so that
Gt —t) = L p-iwlt— (1.54)
2w '

1.1.4 Feynman diagrams

e Consider now the more complicated matrix element that we encountered in Eq. (1.44):
R 1 . 4
OIT{3H6F )10 = 500 (ae™™ +a' ') (a+a")*|0)

+ 8?9 £)(0](a + a1)> (ae iwt 4 gt %wt) 10) (1.55)
This produces a sum of terms containing products of creation and annihilation operators, and we
can evaluate each term moving all @ to the right and/or all at to the left, where they annihilate
the ground state. In order to get a nonzero contribution, all @, a" must end up in the commutators.
Thus we only need terms with three @ and three af (in this example) and we need to transform
their product to the product of three commutators [a, a'][a, af][a, a'] decorated by the proper e™*
factors that remember from which fields these pairs originated from. This procedure of indicating
the pair of @ and a' that originate from particular fields and end up in a commutator is called a
Wick contraction. One can show that summing up the terms with different time ordering (6(¢) and
6(—t)) will quite generally produce the expression for the propagator (see any textbook on QFT).
We define a contraction as

br(er(t) = Gt — ) (1.56)

and a nonzero contribution is obtained when all fields are contracted, e.g.

61(0)1(0)61 (£)61(£) s (D)1 (2) (1.57)

The answer is obtained by summing up contributions of all possible contractions. E.g. another one
is

61(0)01(0)61 (b1 (t)br (£)1 (1) (1.58)

Since some fields are taken at the same time position, interchanging them does not make a difference.
E.g. a Wick contraction

—
¢1(0)¢1(0)9r(t)pr(t)P1(t)¢r(t) (1.59)
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gives the same contribution as above. Thus we can choose one and take in account other equivalent
contractions by the appropriate combinatorial factor.

e Following Feynman, it has become standard to denote different contributions by pictures where
different time positions are shown as points (called vertices) and each contraction (propagator) is
depicted as a line — the Feynman diagrams.

O[T(2(0)}0) = Q ) (1.60)

What we need for Eq. (1.44), apart from time integration:

The simplest one:

A “A . .
iy [T 0300 - OGO 00D (1.61)
o The first term comes from the numerator of the master-equation:
=iA —iA
v 4! / 41

<_1!><0|T{¢3‘}(t)d3§(0)}|0> = 12@ i 3@ <><>

_ 12 ({3) G2(H)G(0) + 3 <—M> G(0)G2(0) (1.62)

Here “12” and “3” are the combinatorial factors. Note that it is customary and convenient to
associate the factor —% with the interaction vertex (here at time t).

e The second term comes from the denominator of the master-equation:

A

0 t
orgom (<5) oreionm - (3 (¥ ) am

We see that this contribution is exactly the same as the second term in (1.62) and it enters in (1.61)
with a minus sign so that they cancel each other!

This is an example of the general statement: all contributions that can be separated in parts
without cutting any propagator lines (called disconnected diagrams) cancel exactly (to all orders)
between the contributions of the numerator and the denominator of the master-equation: The role
of the denominator is to cancel contributions of all disconnected Feynman diagrams. This is a
general result:

Green functions are given by a sum of connected Feynman diagrams
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Disconnected diagrams can simply be ignored (always).

e Returning to our original problem (1.44) we get

Q1) = G(0) + 12 (—ij) /_Zdt G2(H)G(0) + O(2)
_ i [1 - 8—23 n O(V)} (1.64)

which is the desired result ©

Note that, after the machinery is there, the calculation becomes simple and can be extended to
higher orders in A in a straightforward manner. ..

1.2 Klein-Gordon Field

e The formalism developed above may seem to be too heavy for such a simple QM problem, but
the main point is that it can be generalized from one quantum particle to a field, which can be
viewed as a collection of oscillators sitting at different positions in space. The only thing we need
to do is to add an additional argument

particle : o(t) = field : o(Z,t) = p(x), ¥ ={ct,z} (1.65)

If we require relativistic invariance of the action, time derivatives and space derivatives have to
enter the Lagrangian (density) in a symmetric way so that a suitable generalization is

L= [ & L(6@.0@).1),

A A

1 1 1, 1,2 1
_ 2t pyp  ro2,2 0 Ag4 _ Lao L 2 Lt 92,9 Ay 1.66
L= 50,000 — Sm?? — T = S8 = (Vo) - Jmis — Lo (1.66)
If we throw away the unharmonicity — the ¢* term — this becomes the standard Klein-Gordon

Lagrangian.

The simplest physical realization — a one-dimensional chain of oscillators separated by the distance
a, that can swing in transverse direction and are connected by strings of appropriate strength:

Lit)=ay [;qsi(t) - %ﬂ(qbnﬂ(t) (1)) — %mqui(t) + anharmonicity (1.67)

n
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In the limit a — 0 identifying ¢, (t) = ¢(xn), zn = na, ay_, — [ dx, we obtain the Klein-Gordon
Lagrangian (for one space dimension).
The corresponding Euler-Lagrange Eq. is the Klein-Gordon (KG) equation
(O+m?)e =0 (1.68)

which has a general solution

d3 —ipx * pT
o) = | g AP () (1.69)

where pr = p,a* with pg = Ep = +/p? +m?. We can view this general solution as a superposition
of waves with given momentum.

e So far we have classical oscillators, but we can quantize this system in the same way as above.
The canonical momenta of course also acquire a coordinate dependence

(Z,t) = §(F,1) (1.70)
so that the KG Hamiltonian reads
1 1 - 1
HEG = / dx [27r2(f, t)+5(Vo(, )%+ 5rn?qs?(f, t) (1.71)

Using the representation in Eq. (1.69) it is easy to show that the Hamiltonian can be written as

3
1§ = [ ks By @l (1.72)

so it describes a system of noninteracting (classical) waves with given momentum.

To quantize this system we promote ¢(Z), 7(Z) to operators and postulate, for Schrédinger
operators

[0(2), 0(9)] = [7(2), 7()] = 0 (1.73)

The coefficients a(p) in (1.69) also become operators: a(p) ~ a(p), a*(p) — af(p), with the
commutation relations

[a(p), &' (")) = (2m)*6® (5 - /).
[a(p), a(p)] = [a' (7). a" ()] = 0 (1.74)

and the quantum Hamiltonian corresponding to (1.72) is

5 dp oy
HEG = / 2n)? E,al (P)a(p) + const (1.75)
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Note that going over from (1.72) to (1.75) involves some ambiguity since the operators af and a
do not commute, so that the order in which they are written does matter. For this (still simple)
system, this ambiguity reduces to the possibility to add a constant which is usually fixed by the
requirement the the ground state energy of the system is taken to be zero. This is different from
the usual QM choice to add 1/2, cf. (1.49) but apart from that the similarity is obvious.

Note that the field operator <;3(a:) is naturally the Heisenberg operator, indeed

~ d3 ~ —ipx ~ ipT = Dx
#40) = [ Gy g (e +al ) =B

iHKG dgp A T A bR _;OKG
= | [ o (e e ) | o P (176

cf. Eq. (1.51).
e We see that the difference to the case of a single oscillator is minimal, and therefore if we add a

small anharmonicity to the Lagrangian/Hamiltonian (term ~ g54), we can develop the perturbation
theory in the same way as before. Thus we end up with very much the same master equation

OT{p(x1) ... ¢(xn) exp [i [ d*x L;(x)]}|0)

1.77
<O]Texp[ fd4x£1 )]]0) ( )

(Qd(a1) ... d(wn)|) =

In order to arrive at this expression I used

/ dt Hy(t / dt/d%ﬁlx t) (1.78)

e Let us calculate the propagator of the KG field:
Go(x —y) = (0T {$(=), $(y)}|0)
=00~ )01 [ o0 (ale 4 af (7))
(2m)3\/2E,

< | G (e D) 1)+ (o)

d3pd3 / L, .
=0 e~ PTHIPY ()| 4 at (o0 o
(a0 — /277 )6\/2E,\/2E, (Ola(p)a"(p)|0) + (x < y)
3
0o — o) [ LD B @D 4 (e ) (1.79)
0 Yo (27T)32Ep Y

This is again almost the same formula as for the oscillator, with F, playing the role of frequency
and added integration over all possible momenta.

As well known, this expression can be rewritten in another form, introducing an auxiliary integration
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over po
B °° dpo d3p —ipo(zo—yo)+ip(T—7) 1
Go(z y)_/oo 27Ti/(27r)3e m? — p§ + p? — ie
. d4p ) 1
- 71p($7y)7 ]'
/ (271_)41,6 mZ = 7 —ic (1.80)

The above expression is recovered doing the pg integration with the help of Cauchy’s residue the-
orem after which in the exponent pg — E,. This representation is standard in QFT applications
and is actually nothing but a different way to implement the Heisenberg’s uncertainty principle. In
conventional QM formalism energy is not conserved (for short period of time) so that the particle
can jump to higher levels and fall back. In the QFT formalism, the four-momentum variable p,, is
strictly conserved at any interaction point, but the zero component py only becomes “true” energy
po — \/m? + p? in the integral sense. It can deviate from “true” energy locally in time during the
interaction process. We call such particles, with pg # \/m?2 + p2, virtual in contradistinction to real

particles with py = v/m? + p2.

A final comment: I have used here the usual nonrelativistic QM convention for the normalization
of states, (N|N') = oy, or (plp') = 6@ (7 — p/). In a relativistic field theory it is customary to
use a different normalization (p|p’) = 2Ep(5(3) (p— ];’) to ensure good Lorentz trafo properties.
Changing to the relativistic convention corresponds to the redefinition a(p) — /2Epa(p), a'(p) —
V2Epa!(f). The basic commutation relation (1.74) becomes [a(7), af (p')] = (27)32E,6®) (5 — p/)
and the integration measure in the expansion of the field over annihilation and creation operators
changes to [d®p/\/2E, — [d®p/(2E}).

1.3 Pauli’s spin-statistics theorem

Let us look at the motivation for the commutation relations (1.73), (1.74) more closely. The major
physical assumption behind them:

e Microcausality:

[b(z),0w)] =0 if (z-y><0 (1.81)

(The fields at space-like separations cannot influence each other and can be measured simultane-
ously; thus in QM formalism they are described by commuting operators)
In particular for equal times

~

VI G [0 1),6(F.)] =0 (1.82)

Write (here relativistic normalization convention)

5 d3p oo QB iR | At i Bpt—ipE
0@ = | Gayag; (e dl 7))
p

_ Cﬁipe—iﬁf (&(_ﬁ)efiEpt + &T(ﬁ)eiEpt> (1.83)
(2m)32E, '
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Then
a(—p)e Bt 4 af (p)ettrt = 2B, / A3z ePTH (T, t) (1.84)

and therefore

-

[a(—p)e Bt +al (p)e' B!, a(—p)e Bt + af (p))e' Y] = 2E,2E, / dBad®y PTG (1), ¢, 1)]
=0 (1.85)
Thus Vp, p/, t

Voot 0= EFEaT(E), 0t ()] + BBl (), ()
+ BB (), af (7)) + BB a(—p),a(-p)]  (1.86)

Since E,, > 0 (we do not want states with negative energy), the first and the last term must vanish
separately as they have a different time dependence from the rest. Thus

vpy [at(@).at ()] = [a@), a(p)] = 0 (1.87)
whereas nonzero [a(p), @l (p')] # 0 is not forbidden. Proceeding in the similar way as above one can
derive

). a1 )) = B [ By FTEy [§6(7,0),0(7.0)] - B, [9(,0), £, }

Here [%gﬁ(f, t), (7, t)} must vanish for Z # ¢ from microcausality, but does not need to vanish at

Z = ¢. The minimum assumption is

6@ 0, 40 0)] = D@ —9) = [ap).d' @) = 20)2E,00E-p)  (1.89)
This is how the canonical commutation rules arise.

e From the commutation relations and the expression for the Hamiltonian it is easy to see that
applying af (P) to an arbitrary state increases its energy by E, and applying a(p) decreases energy
of the state by E,. Thus if we start with some eigenstate of H with finite (positive) energy and
apply a(p) many times, we will eventually come to a state with negative energy that we do not
want to exist. The only way to avoid this is to assume that, applying a(p) many times, at some
point this procedure has to break up: we annihilate the state (but not get another state with lower
energy). We call this state vacuum, |0), and by definition Vp a(p)|0) = 0. Energy of the vacuum
state can be usually set to zero (convention).

All other states (with higher energy) can be obtained by applying creation operators to the vac-
uum state. The one particle state is defined as |p) = af(p)[0), two-particle states are |pips) =
a'(pr)al(p3)|0), etc. Since the creation operators for different momenta commute, one obtains

p1p2) = a' (71)al (p3)|0) = a' (F2)a’ (p1)[0) = |paph) (1.90)
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so that interchanging particle momenta we obtain the same state — with the same wave function.
This is the statement of Pauli’s spin-statistics theorem: particles quantized using the canonical
commutation relation (1.89) (scalars) have a symmetric wave function under the interchange of
their momenta (bosons).

e What about fermions?
Similar to bosons we to consider solutions of the Dirac equation (Dirac spinors) and promote them
to field operators. Again similar to bosons, we expand Dirac spinors in plane waves and have to
promote the to operators:

~ 3 . ~ .
P(z) = / (Qﬂcgang SZ;/Q{ezp””vs(p)bl(p) + e_lp”us(p)&s(p)} (1.91)

and postulate the relativistic generalization of Heisenberg equations (the same we do for scalars, I
skipped this for brevity)

() 5 _(H
8$/‘ = Z[Puuw(x)] ? P/L = E’ (192)
where 13# is the four-energy-momentum operator. It follows that
[Py al(2)] = pual(p) [Py, bL(5)] = publ(?)
[Py, s(7)] = —puda (D) [Py ba()] = ~pubs (i) (1.93)

and similar as for scalars we have to assume existence of the vacuum state that is annihilated by
both as(p) and bs(p) (otherwise negative energy states):

as(p)|0) =0 bs()[0) = 0 (1.94)

and all physical states are obtained by the application of &} (p) (electrons, quarks) or bl (p) (positrons,
antiquarks).

So far so good, but now we have to decide what commutation relations we want to postulate. The
first idea is of course to copy-paste the same equations as we had above for the KG field:

(7)) as(@), al ()] = [bs(7), B, ()] = 8ew (27)°2E,6) (5 — 1) (1.95)
This does not work, however, because using these relations one obtains a non-vanishing equal time
commutator

[D(Z,0), 7] #£0  for  F£G () (1.96)

(Here ¢ = YTy is a Dirac conjugate spinor). One may try to escape by observing that the Dirac
field itself is not directly observable, and all physical quantities are expressed in terms of bilinear
expressions of the type ¥T't. Thus one needs to enforce microcausality for them and not for
itself. This is a good point, but using (1.95) one obtains non-vanishing equal-time commutators
also for Dirac bilinears, so it does no help. Thus we have to conclude that the assumption in
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(1.95) is wrong and therefore quantum spin-1/2 particles (quantized solutions of Dirac Eq.) are
not bosons. What are they?

The solution was found in 1927 by Jordan and Wigner who observed that the microcausality
condition for bilinear products of Dirac fields

o

[G@ D@ 1), D, OG0 =0 for  F#7 (1.97)
can be fulfilled by assuming anticommutativity of the creation and annihilation operators:

{as(p),al, (1)} = {bs(0), 0L ()} = s (27)°2E,6©) (5 p)

{as(P), ax (P)} = {bs(P),be ()} = {al(p).al, ()} = {(bl(@), 0L ()} = 0

{al,0L ()} = {al(@),be ()} = {as(@),0L()} = {as(@),bs(0))} = 0 (1.98)
With this assumption one gets for the fields

(D&, 1), b7, 1)} = {$(&, 1), (7, 6)} = 0, {(B(Z,1), (i, 1)} = 706 (& — §) (1.99)

and one can check (1.97) using

T

=

[AB,CD] = A{B,C}D — AC{B,D} — C{A,D}B+{C,A} DB
For the two-particle state one obtains in this case (e.g., two electrons with spins s1, $2)
(71, 51): (B, 52)) = al, (51)al, (93)]0) = —al, (2)al, (51)|0) = —|(Ba, s2); (B, 1)) (1.100)

Thus Dirac particles are fermions!

1.4 Quantum Electrodynamics
e The QED Lagrangian is

L(z) = *iFuu(f)F“”(fv) + () (i) — m)y () (1.101)

where the first term describes the electromagnetic field (Euler-Lagrange Eqs. = Maxwell equations).

We can try to quantize the electromagnetic field as above. Choose Coulomb gauge:
V-A=0,A, =0, k=1,2,3 (1.102)

In this gauge there are no time derivatives in £ of the scalar potential A, = {®, [f} so that the
corresponding Maxwell Eq. is the same as in electrostatics

AD = p(7,1) (1.103)

and is solved by

oot
O(Z,t) = — d%’M Coulomb potential (1.104)
Am|Z — 2|
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Thus ® in Coulomb gauge it is a given function (for a given charge distribution) and not a dynamic
variable. Let us assume there are no external charges; then ® = 0 and we are left with three
components of the vector potential A which we can take as generalized coordinates.

The corresponding generalized momenta are the electric fields

oL

_9% ¢ 1.105
04, " (1.105)

Tk

and we get the Hamiltonian for the Maxwell field in vacuum

1 1/ .
_ = % — 2 2
Lr == Fu(0)P" (@) 2<E B )
3 A 3 1 2 R2
H= [ & (ppdy — L) = dac§<E +B) (1.106)

So far everything is classical, let us now quantize the theory.

e To start with, we promote the vector potential and electric field to operators in Hilbert space
A(Z,t) — AT, 1), E(Z,t) — E(Z,1) (1.107)

and have to assume some commutation relations. A natural option would be to try (like for KG
field)

[Ai(2,1), Aj(§.0)] = [7:(Z, ), 7 (F.)] = 0
[7:(Z,1), A;(7,1)] = [Ei(T, 1), A;(F, 1)] = —id356®) (7 — ) (1.108)

Problem: the last relation is in contradiction with the Gauss law:

V-E=0 (1.109)
Indeed
[Ei(Z,t), A;(7,1)] = —i0;6®) (% — 7))
- 0
(ViBi(#, 1), 4;(7,1)] = —i5 0@ (@ —g) (7)) (1.110)
J

This is a real difficulty.

e QED is in fact a simple theory (we will later see why) and can be saved by a trick. It is known
that only two transverse polarizations of the electromagnetic field are physically relevant, If we
expand the field in plane waves, we can keep these two polarizations only

> dSk‘ . o . . ‘

A@) = | Gy, oy (R)an (k)™ + & (k)a) (k)e™™* 1.111

= | Z, o (i Ry + 5 (i Ry (1111)

where (E ' 5(1,2)(E)) =0, ko = B, = |E!, and impose nontrivial commutation relations for the

creation/annihilation operators of physical polarizations only:

lax(R)ab, (K)] = (2m)32kodax 63 (7 — 7 (1.112)
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This will lead to

[Ei(%,t), A; (3], 1)] = —id56 (& — ) (1.113)

where the object on the r.h.s. is defined as

[ Bk kiki;\  _iion

On can show that in this way the Gauss law will be satisfied. This does not work for more compli-

cated (nonabelian) gauge theories, however, (like QCD) so we need another method.

e To summarize this Section: canonical quantization of field theories has its roots in usual quantum
mechanics and is rather intuitive. It has its limits, however, so we will now proceed to develop a
different approach, called path-integral quantization.

2 Path Integral in Quantum Mechanics
Let us consider a simple system with one degree of freedom (particle) as example

q: coordinate p: momentum (2.1)

(one-dimensional for simplicity)

I will use notations (used already)

qlq) = qlq) eigenstates of the position operator (2.2)
plp) = plp) eigenstates of the momentum operator (2.3)

Completeness condition:

/ dglq)(q| =1, / Dy =1, (2.4)

o
Then, e.g.
Uy(q) = (glp) = &'™ (2.5)

— coordinate space wave function of the state |p) (particle with momentum p)

2.1 Path-integral representation for the transition amplitude
e Transition amplitude is defined as a probability amplitude of the transition

|Q1>time:t1 — |q2>time:t2 (26)
and is given by the appropriate matrix element of the evolution operator

(gale™ 2= (2.7)
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Indeed

2= L) e (gf2) = (e ) (23

and inserting the unity operator this can be rewritten as

@l2) = [ das wle T ) 1) (2.9

We will derive a representation for the transition amplitude in the form of a path integral. This
result was obtained by Feynman and had profound importance for the development of QFT and
statistical physics.

Let
t; = initial time ty = final time (2.10)
and cut the whole time interval ¢y —¢; in N equal slices
tr=tn>tn_1>tn2> ... >t =1 (2.11)
Let
t;

t —
At =ty —t) g = fT vk (2.12)

Using transitivity property of the evolution operator we can write

e—iﬁ(tf—ti) — e_iﬁ(tN_thl)e_iﬁ(thl_tN72) o e—iﬁ(tl—to) (213)

and therefore

(gple =t g,y = /dQNl dgy (g |e T A gy 1) (g —1le T A g o) - (qr]e A go)
(2.14)

We can identify the integration variables as particle positions at intermediate times

ar = q(ty) (2.15)

so that taken together they describe a path taken by the particle in space-time

In the limit N — oo the path becomes continuous.
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The multidimensional integral [dgy_1...dg: can then be viewed as an integral over all possible
paths (trajectories) that the particle can take on its way from g; to ¢;:

\ N-1
Dq(t) = | ] daw (2.16)
k=1

— the path integral

e We will now show that the integrand in the path integral can be written as e*® where S is the
classical action calculated along the path.

e To this end, write

5 dpk .5 .
(le™ g 2) = [l prle™ g ), (alpi) = (2a7)

Let H(p,q) be the classical Hamiltonian. The quantum Hamiltonian operator is obtained by the
substitution

q—4, p—D, [q,p) =1i. (2.18)

Since ¢ and p do not commute, this procedure is not unique. Let us assume that H is written in
such a form that all momentum operators always stand before the coordinate operators. [This can
always be done, rewriting “wrongly ordered” terms as “correctly ordered” plus commutators]. In
this case

<pk‘€_iﬁ(ﬁ’®At‘qk_1> — €_iH(pk’qk_1)At<pk‘q1g_1> — ¢~ H(prar—1)At ,—iprar—1 (2.19)

and therefore

<qk\67iﬁAthk,1> — /émceiH(pk,%l)Ateipk(qk%1) (2.20)
s
To evaluate (2.14) we need a product of such factors for k =1,..., N — 1 so we will get a multiple

integral over the momenta pi. Following the same logic as above, we can identify py = p(tx) and
introduce a path integral in momentum space

SN dp
Dp(t) = [T =& ,
p(t) £ T 2 (221)
k=1
In this way we get
<qf’67iH(tf*ti)|qi> — /Dq(t) /Dp(t) exp [ipN(qN —qn-1)+ ... +ipi(q1 — qo)]

X exp {—iﬁt (H(pm aN-1)+ ...+ H(p1, %))] (2.22)

and in the limit N — oo (whether this limit exists is a very delicate question) one obtains

arle M0l = [2att) [Dot0) ewo{i ["atfpioao - HG0.a0)] )| 229




2 PATH INTEGRAL IN QUANTUM MECHANICS 22

—— path integral in phase space

This is the most general form of the path integral which should be used as a starting point in
complicated situations.

e The most important special case is

Hp.q) = 5* + V(a) (224

(quadratic dependence on momentum). In this case the path integral over momenta can be taken
explicitly.

By definition

/Dp(t) exp{i/t;fdt [p(t)d(t) — %p ]} = lim_ H/ eXp{zAthqu - 5Ph }

pe=p(tr), dk = q(tk) (2.25)

which is nothing but a product of a large number of Gaussian integrals:
T > Pk

o0 2
/ dx e3A2~be \/ 2%@37 A iAt (2.26)
> b+ —iAtqy
so that get
— i (At)242 /(iAL)
' ]\}E}noo H 2 ZA A o
N N/2 S ety
= lim <> exp{z dt q'Q(t)}
N—oo QWZ(tf—ti) 2 4 (2.27)
777 (2.28)

The normalization factor looks horrible, let us denote it as N for the time being (we will see how
to handle it in what follows). Thus obtain

<qf’€—iﬁ(tf_ti)‘qi> :_/\/'/Dq(t)exp{i/t dt[l Q2(t) - V(q(t))]}

_ N / D(t) exp{i /t;fdtL(q,cD}

= N/Dq(t) exp{iS[q]} (2.29)
which is the final result:
alty)=ay
(arle Ty =& [ Dattyexp {iSlal} (2.30)
q(ti)=aqi
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where I added the boundary conditions: the path integral goes over all paths starting at ¢; at time
t; and ending at ¢y at time ¢y.
2.2 Euclidean version of the path integral
e Let | V) be the energy eigenstates

H|N) = Ey|N) (2.31)
so that

(asle” =gy = (qg| N)ye PN Ur=t)(N|q;)

N
=D Un(gp)e” T (g) (2.32)
N

and make a formal substitution
t— —iT, T =1l (2.33)
If 7 € R, t becomes imaginary — imaginary time

Then

(agle T gy =" W (gp)e VT TIWR(g)
N

Tf—Ti—>00

= Wo(gp)e TG (g:) (2.34)

— only the ground state contribution survives at 77 — 7; — oo. This can be useful or useless
depending on a particular problem.

e With this substitution, the relativistic interval becomes
C= -+ +E+a) = (2.35)
— Euclidean metric (overall sign minus)

For this reason one usually speaks of going over to imaginary time as going over from Minkowski
to Euclidean metric in space-time.

Euclidean version of the theory is useful if one is interested in properties of the ground state (or
low-lying states, in general). We will see this soon.

e FEuclidean version of the path integral is obviously

tgle 0y = 7 [ D)o { [7 i[5 - viatr | here = Lg(r)

:N/Dq(’]’) exp{—/T:f dTEE(q,Q)}

N / Dy(r) exp {— / :f dr SE[q}} (2.36)
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— Euclidean action.

I Notice sign change for the potential

;() V()

( ) + V(q)] (2.37)

s
o= [ o]

\V] \

The equations of motion (classical)

6Sg = Sg(q(r) + 0q(T)] — SElg(7)]
T 2 \
_ / \dr sq(r) {_22 V(g )] Lo (2.38)

so that

d2q

a

— Newton equation for the potential | =V (q)

¢ Feynman-Kac formula

=qj=+V'(q) I sign (2.39)

Consider a special case ¢; = ¢y and integrate over all g;. Obtain
/dqi <qi|e_ﬁ(7f_”)|qi> = /qu(T) e~ Seldl (2.40)
The expression on the l.h.s. can be viewed as a definition of the trace of an operator, thus
Tr {e_ﬁ(Tf_”)} = /ODq(T) e~ mld (2.41)

Finally, make a formal substitution

and interpret kp as Bolzmann’s constant, T" as temperature. Thus

Tr {e_ﬁﬁ} = /ODq(T) e~Srld (2.43)

The path integral goes over all closed paths that come back to the initial position after (imaginary)
time 1/

— This is a path-integral representation of a statistical sum.
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2.3 Semiclassical expansion

e We are working in the system of units where A = 1 and restoring this factor

= _ _1
<qf|€_H(Tf_Tz)|qi> :/Dq(t)e +SEld] (2.44)

Semiclassical approximation means i — 0, in other words the action is very large in units of 4. The
path integral will then be dominated by the trajectories where the action is as small as possible.

For the time being everything is Euclidean and I do not write the subscript “E” for brevity
Take some fixed path, go(7), and expand to the second order in the deviation:
2

Slan -+ = Sta) + ) [ 58+ V()

2

s 1. d 1 ,

Now assume that go(7) satisfies classical equations of motion (EOM) = the linear term in dq
vanishes.

We want to take into account contributions of all trajectories in the path integral that are not far
away from the classical path.

q(7) = qo(7) + dq(7) ,
q(m) = q, q(71r) = a5, = 0q(m) =dq(1) =0 (2.46)

e How can one integrate over all such trajectories? One has to parametrize them in some way and
integrate over the parameters.
Let z,(7) be a complete set of eigenfunctions of the equation
d2
_7$n(7—) + v (QO(T)):L'TL(T) = Enl'n(T) (2'47)
dr?

with the above boundary conditions, z,(7;) = x,(7¢) = 0. Assume that the solutions are normalized
as

/ %fdf 20 (F) T (T) = Gum (2.48)

These solutions form a complete set of functions so that arbitrary function (path) dg(7) can be
written as a superposition of z,(7)

8q(T) = cnin(7) (2.49)

n

Thus in order to integrate over all d¢(7) we can integrate over all coefficients:

Dq(r) = Déq(r) = [ [ den (2.50)
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On the other hand

/de EPA (6)V”< =2 /de (1) S +1V”< )| 2 (T)
- T 9 qd q q q0 = L CnCm . T In\T 9 dr2 q0 T
1 2
=5 Zencn (2.51)

n

Therefore if terms of higher order in dg can be neglected

which splits in an (infinite) product of Gaussian integrals

o0

12 V27
dce 2 = —— 2.53
/ ce 172 ( )
Thus we get, to semiclassical accuracy
—-1/2
(grle HT=m)g;) = e~ Slool 1 <H €n> (2.54)
The product of eigenvalues defines a determinant of the differential operator
d2 //
so that
S d? " e
(e Tl = 5 den (5 4 Vi) )| (2.56)

where Sy = S[qo] is the action on the classical trajectory.

Example: Harmonic oscillator

Take
1 =0, 1=
V(q) = —w?¢? 2.57
=3 =0, q =0 (257)
We want to calculate
(gr =0le gy =0) = ? (2.58)

Note that in transition to Euclidean space the potential changes sign
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and the only possibility (classically) to start at the top of the mountain and return to the top after

time T is just to stay at the top all the time!
Thus the solution of classical EOM is obviously

qo(7) =0
It follows
SElgo] =0 V"(q0) = w?

and therefore

~ d2 -1/2
(q=0le g =0) =N [det <—d7_2 + w2>]

To calculate the determinant we need solutions of

(_d2 + w2> Zn(T) = €nn(T)

dr?

2n(0) =2,(T) =0

Fortunately this is simple: T, W W T AT a—T

. ™ 71'2n2 2
xn(T) ~ Sin ?T s €p = W

To proceed, split the determinant in a product of two factors:

—1/2
d2 ) —1/2 d2 -1/2 | det (—% + w2) /
N[det <_dT2+w )} :N[det <_dT2>} d2
(I) o0
so that
. —-1/2 o 5o 1/2
(1):/\/[ GH@HO)] =N H”T2 &)
n=1 n=1
oo —1/2 oo - 1/2
€n T
(1) [1_[1 en(w — 0)] b—[l < + 712712) @

+ w”, n=123,...

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)
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Our representation for (I) is not useful, but we can calculate this factor by observing that it
corresponds to the free motion of the particle without any potential:

1 d 14
(D) = (q = 0e~37°T|g; = 0) = / 10 = 0l 37T ) (plg; = 0)

2m
— [ 3P =0 = —— 2.66
[ T =l = (2:60)
—00 =1

To calculate (II) use Eq. 1.431.2 from Gradshtein&Ryzhik book:
ad y? . wT
ﬂ'ynl:[l 1+ 2= sinh(my), yor— (2.67)

Collecting everything

5 1 sinhwT\ ~ /2 wy 1/2 —1/2
_Al—HT| . _ A\ _ _ (¥ .
(gr =0le lgi =0) = 5T < T > = (W) (2 smth) (2.68)

Expanding at T — o0

(gr = 0l HT|g; = 0) = (‘7‘:)1/2 T (14 %e—QwT o] = %: Un ()P BT (2.69)
Thus we read from our expansion
By = L. o) = ()"
By = (; + 2) w, T5(0)]? = % (%)1/2 (2.70)

etc. Note that odd N do not contribute for our choice ¢; = gy = 0 because the wave function at
the origin vanishes.

Two comments are in order:
— the semiclassical result for harmonic oscillator is exact
— notable applications: double well potential, instantons, sphaleron transitions ('t Hooft)

2.4 Path integral representation for Green functions
In what follows I will use a compact notation for time differences
tiy =t — la, (2.71)

ete.
As an example consider a two-point function

Glt1, t2) = (QT{d(t1)d(t2) ) (2.72)
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e As the first step, let us show that

O‘G_iﬁtflés e—iﬁtmé e—iﬁtgi ‘O>

ot
G(t1,t2) = 0(t12) tflgfoo <O’€—iﬁtfi|o>

t;—>—o00

+ (t1 <> t2)

Let t1 > to.
Using the definition of Heisenberg operators the Green function can be written as

<Q|€iﬁt1$67’iﬁt1 eiﬁt2€£67iﬁt2}|9> — eiEvactl <Q’(defiﬁt12(£’9>efiEuact2
For the expression on the r.h.s. use
it g) MR etz |0) (2]0)

(Ol At E (0j) (g2 et

Then
numerator = |<0|Q>|26—iEvac(tf1+t2i) <Q|¢§6—iﬁt12$|g>
denominator = [(0]€2) ‘26*1'Evactfi
and
numerator . P
hs = ——— " giBuactiziQ|detHE12 1O
A denominator € (Qlge ol€)

29

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

This is the same expression as in (2.74) so that our relation is correct for ¢; > t5. For inverse time

ordering the proof is the same.

e The second step is to derive a representation for (2.73) as a ratio of path integrals.
The denominator is simple:

denominator(ty,t2) = (0|1 e~ifltri] |0)

= [0y [ doutolop)issle o o)

d(ts)=0

= [doye 5 [apett [ Doy e
b(ti)=¢i

The numerator is more lengthy:

denominator(ty,ts) = <()]e*iﬁtf1q§ 1 e*iﬁtmd; 1 e*thQi 10)
= /dd)l /d¢2 <O|€*thf1g£‘¢1><¢1|67iH2§12¢§’¢2><¢2|6*i1‘1t2i|0>

:/dqbl/dqbg <O|e—iﬁtf1’¢1>¢1<¢1|6—zﬁt12|¢2>¢2<¢2‘6_2ﬁt2i‘0>

(2.78)

(2.79)
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Here we still need to rewrite the matrix elements over the ground state as integrals with the ground
state wave function, and get a product of transition amplitudes for which the path integral rep. is

known.

o4 0

P
>

t

It is clear that after the integration over ¢1 = ¢(t1) and ¢3 = ¢(t2) everything combines into the
single path integral from ¢; = ¢(t;) to ¢y = ¢(ty) (weighted with wave functions of the ground

state) so we get

(tr)=or
numerator(t1, tp) = /d¢f ‘I’é(éf’f)/dﬁbz’ Wo(ei) / D(t) $(t1)p(t2)e 1!
P(ti)=:
Thus we obtain
0),t ‘
I Do(t) ¢(t1)(t2)e™!!

where I used a shorthand notation
[0),tr . d(tg)=odf
[ po= [aopviey) [dowon [ T Do
|0),t; d(ti)=¢:

This result can be generalized to an arbitrary number of fields

0),ty

| Do(t) g(t1) ... d(tn)eS1e!

|0>7ti

(QUT{S(t1) - - St} =

where it is assumed that ¢; — —oo0 and ¢y — +oo.
Note:

e The fields ¢(tx) in the path integral are functions and can be written in any order.

e Divergent normalization factors cancel in the ratio of path integrals

(2.80)

(2.81)

(2.82)

(2.83)
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2.5 Perturbation theory and the generating functional

Let
S=5+S5r,
So = / dt [;¢2 - ;wzqﬁz] (Harmonic oscillator)
A4
Sr= [ dt Tl (t) (2.84)

Now we do not have any operators so forget time ordering and one only needs to Taylor-expand
exponential of the action:

. . 2
(iSlel _ €i50[¢]{1 _ Z/dt' $4(t)) +% ({ﬁ) /dt’l /dt’2¢4(t’1)q§4(t’2) +.. } (2.85)

— a perturbation theory.
Thus everything we want to know can be calculated in terms of

. k 19
(‘ﬁ) [ Doty ot o) 6'(1) .. ot (2:86)
|0)

— multiparticle Green functions with unperturbed action!

They can be calculated (all!) using a tool called
e Generating functional

0),t5
| Do(t) exp [iSolg] + i [dt T(0)(1)]
Z[J) £ 10 (2.87)
10}t 5
| Do(t) exp [iSo4]]
— a harmonic oscillator driven by a (weak) time-dependent external force.
Expanding at J(t) — 0:
2
Z[J] =1 —H'/dtJ(t) Gol(t) +;/dt1dt2 J(t1)J (t2) Golt1, t2)
Z'3
+ G/dtldtgdtg J(t1)J (t2)J (t3) Go(t1, ta, t3) + . .. (2.88)

where
Go(t) = (06(1)]0) ,
Go(t, t2) = (0| T{@(t1)B(t2) }]0) ,
Go(tr, b2, t3) = (0| T{(t1)S(t2)B(t3)}[0) , (2.89)
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etc. One can write

0 0

Go(tl,... tn) = (—i)n(sj(tl) e 57t Z

where the functional derivatives are defined as

J(t2) = d(t1 — t2)

0J(t1)
e How can one calculate Z[J]?
Idea:
[ da o—Az?+Jz [ da e—A(I—%)Qﬁ-i%
[ dx e~ Az? [ dx e—Az?
Complications:

e We have functions x — z(t), J — J(t) not numbers
e We have operators A — A and need A=!. Does it exist?
So, let us proceed slowly and carefully.

o We start with the expression in the numerator

d(tr)=oy

J] ‘J(t):O

1.J2
= exp 4A

I )

p(ti)=¢i
and make a shift of the integration “variable” in the path integral
¢(t) = ¢(t) +n(t)
where 7(t) is some function. Also
Gri > Gpi N ng=nltg), mi=mn(t)

We will eventually choose it in such a way that the linear term in ¢(¢) vanishes, but wait.

We have in the exponent:
ty
w w ) 1. 1
— 5¢3¢ — 5@2 + z/dt [2¢2 - §w2¢2 + J(b] —
t;

ty

S0+ = ot +i [de |56+ - 3o 0 + T +n)

ti

ty
- J%—wm+zSo[]—|—z'/ dt Jn
t

—worny — whin; +i /:fdt [d'ﬂ'z — w’én + J@Zﬂ

— 267 — 397 +iSls]

(1)

(L1)

(I11)
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(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)
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e In (II) rewrite integrating by parts

, dodny . qtr U d?
[ = ]! =i [ o e

i

= iity) — ()~ i [t o(0) 500 (2.7
Then
(11) = o [iitty) —ong] + ] e —ong] 4 [ arow)|[(~ 5~ P+ 90)] 299

t;

We want to choose 1 that (1) = 0 for arbitrary ¢(¢). This requires
A) Differential equation to be satisfied

2
(55 +w)att) = J() (2:99)

B) Boundary conditions to be satisfied
in(ty) = wnlts),
ii(t:) = —wn(t;) (2.100)

This means that we need solutions such that

n(t) ~ e Wt for t— +oo (tr)
n(t) ~ et for t— —o0 (t;) (2.101)
The solution is then
ty
n(t) = i / dt' D(t — )J (1) (2.102)
t;
where D(t —t) is the particular Green function of the differential operator (2.99)
d2 / /
(@w )D(t—t) — —id(t — 1) (2.103)
that satisfies the same boundary conditions:
D(t =) = = |0(t — )01 4 ot — )etiot=t)| = L gmisli= (2.104)
2w 2w ‘

e Now we have to substitute our solution for n(t) in (I). We have

w w ts 1 1 ts
N=_%2_%Y2, . [7.2_722] /
(1) S~ 5 ﬂ/ti dt S =W | i ; dt J(t)n(t)

w tr 1d> 1, [l
M+z/ dtn(t) 5@—?‘) ]n(t)+z g dt J(t)n(t)

_ %Z /t;fdt T(tn(t) = —% / dtdt' (1) D(t — ) (t') (2.105)
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Finally, (IIT) gets cancelled by the denominator so we get

Z17] = exp [—; / dtdt’ J()D(t — ) (1) (2.106)

From this answer for the generating functional we immediately get the Green functions:

Go(ty,t2) = (—i)?

Z — D(t —
6J(t1) 0.J (t2) 1] yy0 = Dt = t2),
Go(t1,ta,t3) =0
Go(t1, b2, 13,t4) = Go(ty — 12)Go(t3 — ta) + Go(t1 — t3)Go(tz — ta) + Go(t1 — t4)Go(t2 — t3)

etc. (2.107)

& Wick theorem = Feynman Diagrams:

—i\
o X 4—1' dt Vertex

o t t D(t; — t2) Propagator
o Combinatorial Factors (2.108)

< same rules as in canonical quantization.
To summarize: path integral quantization in quantum mechanics is equivalent to canonical quan-
tization, at least in perturbation theory. Offers new and powerful methods.

3 Scalar field theory

e We can overtake this formalism as a definition of a quantum field theory

o(t) = o(Z,1) = ¢(x) (3.1)
‘0>7tf .
| Dpo(ar) ... ¢(xn)e ¥

(QUT{d(1) .. dwa) ) = P (3.2)

f D¢ eis[¢]

[0),t;
For example the usual scalar theory
A
Sle] = /d41‘ [;@Kba"qﬁ - %m2¢2 - I¢4

=50+ St (3.3)
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e Let us calculate the generating functional in this theory using a shortcut method:

—1(m2—ie)¢?

1
J) = [Dé exp {Z Jd'e [%a“w% Lk +J¢] } (3.4)
[Dé exp {iSo}
Write the fields in terms of the Fourier components:

d* -

o) = [ e o),

4

1) = [ eI, [t = @mys - )

d* ) _
,00) = [ i) ot (35

Putting everything together and combining some terms to get a full square get

i/d4:c[---] = ;/ﬁ[(qﬁ@wr%) [p* —m? + ic] <¢(_p)+%)

J(p)J (P')
— 3.6
[p? —m? + ic] (36)
and introduce a new variable
d'p J(p)
/ — 1px
o0 = [ oz (ot + )
D¢ = D¢’ (3.7)
Obtain
i [ d'p  J(p)IP)
Z[J| = —= :
1] exp{ 2 / (2m)4 p? — m? + ie (3.8)
or, equivalently
1
Z[J] = exp{2 / dtzd'y J(2) Az — y)J(y)} (3.9)
with
A(gj — ) = / d4p e—ip(:t—y) 1 (3 10)
Y (2m)4 m2 — p? — ie )
Here from get the Green functions in the free theory
n O )
Go(z1,...,2n) = (—1) 570y 5T () Z[JHJ(t):O (3.11)
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and for example
Go(z1,72) = A1 — 22) propagator

Green functions in the interacting theory are then calculated as a perturbative expansion

({QT{e(@)e(@}D) = = = + Q +

3.1 Equations of motion

e Klein-Gordon equation [= equation of motion (EOM)]
(O + m)e(x) =0 < free field

(Op +m*)é(z) + %qﬁ?’ =0 < with interactions

Does this mean that (promoting ¢ — (5) all matrix elements of such an object vanish?
Does this mean that all insertions of such an object in Green functions vanish?

<Q!T{ [(Dz +m?)é+ %@3} (2)p(x1) ... ¢(a;n)}|§z> = 7
If
@T{d(@)d(a) ... o) }I0) =N [ Doo(a)(w1). .. blan)e'S

(here N stands for the path integral in denominator), then

(Oz + m2)<Q|T{QAﬁ(:E)q£(I‘1) e ¢($n)}|Q> = _/\/’/DQS (O + m2)¢(I)¢(1’1) o gf)(:ﬂn)6is[¢]

We want to calculate this.
e A very important trick (comes now): Integration by parts in the path integral.

Consider

o
06(x)

Sto+56) = S161™ [ ate [~ Do~ mPo - 26°60(z)

Sé + 66] — S[¢] = / o 56(x)——S[¢] + ..

36

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

where the first line comes from the definition of functional derivative and the second line from

explicit calculation. Thus

A . 5} .
(e +m)9(a) + 56%(@)]| 59 = i)

()

(3.19)
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Therefore (continue with three external fields as example)

N / D6 (O + m?)d(x)d(1)b(2) b 25) 519

= N [ Dostanoot)| - How) izt et

o)

= SO {F @3 H) — N [ Do e ()60t
= 31 1 2 3 5¢($) 1 2 3
= ST BB dlas) 1) 6D (@ — w QT o)D) } 92

Thus

EOM

— 8 (@ — 22)(QT{é(x1)d(es) 1)

— 6 (@ — 25)(QIT{ $(w1)d(x2) }10)

(3.21)
A generalization to an arbitrary number of extra fields is obvious.
Particular cases:
e No extra fields
R W
(@, +mA)é+ 26| (@))9) = 0 (3.22)
— Matrix elements of EOM operators vanish.
e Free theory A = 0, one extra field
(O, + mz)(O\T{é(x)é(ml)}|o> = 6@ (z — 1) (3.23)

— the propagator is a Green function of (O, + m?) (as it should).

3.2 Reminder: UV divergences

Going over from QM (finite number of degrees of freedom) to QFT (infinite number of d.o.f’s) leads
to a major problem — divergences at large momenta/small distances. A short reminder how they
appear:

Consider a momentum-space Green function
G(p1,p2, p3, pa) = i* / d'zy ... iy emIPITIRPR ISP HEPL QT (1) . .. P(wa) }O)

_ (27)26@ (py 4 pa — p3 — pa)iM
(p} — m?)(p3 — m?)(p3 — m?)(p] — m?)

(3.24)
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1M is usually called scattering amplitude as is given by a sum of Feynman diagrams with “ampu-

tated legs”
NI Y » ps,
. NS AN A . .
M= » + Q 4+ ees =i\ + quantum corrections (3.25)
PN A AN
P P2 pi
The first nontrivial diagram p=p1+p2=p3+ps ‘

\pl k—P b3 p symmetry factor

A A T : :
' O =) % / <Zw§4 [k?—nzﬂwe] [(p—k)?l—muz'e]
A AN
K p4\

/
P2 k
(3.26)
Use Feynman’s formula to combine the denominators:
1 ! 1
AB /0 “[0A+ aB)? < a (3:27)
to get
1 ! d*k 1
T=:-\][d 3.28
2 /0 a/ (2m)4 [ak? + a(k — p)? — m? + ie]? (3.28)
Rewrite

ak® 4+ a(k —p)? = (k — ap)? + aap?

and make a shift in the integration variable k — k + ap. Obtain

1 1 d*k 1
T==-)\1[ d 3.29
2 /0 a/ (2m)4 (k% + aap? — m? + i€]? (3:29)

Calculate this integral using analytic continuation to the complex ko plane (Minkowski — Eu-
clidean) ko — iky:

Imk, Imkot

. T

~

X x
\0 Rek, Rek

d*k = dkod®k = idky ... dks = id*kg

K2 =k — k2= —(k2 + ... k}) = —k2, (3.30)
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so that

1 1
A —— S N £ T — 31
/ (k2 — a? 4 ie]? Z/ E[k‘%JrazP (3.31)

and if a®> > 0 (small momenta) then the ie is no more needed.

The remaining integral can be calculated Euler’s parametrization of the solid angle in generic
N-dimensional space:

(k1. kn) = (k,¢,01,...08 2)

[e’e) 27 T ™
/de;:/ dk;k:N—l/ d¢/ sin91d91.../ sinV 2 Oy _odOn_o
0 0 0 0

= / dk kN1 / dQy (3.32)
0
Then
27TN/2 00 7_‘_N/2 0o 00
dNk F(k*) = / dk KNI R(K?) = / / dk? kN2 F (K2 3.33
[ re) = i | B =ty o & B3
We need N = 4 in which case get
1 [e%) k2
j d4k_'2/ dk? ——— 3.34
e = .
and collecting everything obtain
1 1 1 o0 k2
T=-)\1[ d 2 dk? 3.35
2 /0 a(27r)4m /0 (k2 +m?2 — aap?]? ( )

This would be the end of the story (almost) but the integral diverges. We can try to cut off the
k2-integral at large momenta (so-called cutoff regularization) introducing some large scale

[e'¢) M?
M? > m? p? / dk2 — / dk%, (3.36)
0 0
and obtain in this way
/Mzdk;Q 2 M2 o m? — aap?® + M2
= — n
0 [k2 + m? — aap?|? M2+ m?2 — aap? m2 — aap?
2
S5 14+ln———_ 3.37
i m? — aap? (3:37)
leading to
i )\2 1 M2
T=———-— d [1—1 —_— 3.38
21672 /0 “ Mz aap? (3-38)

This is finite but depends on (unphysical) parameter M.

This situation is generic for (almost) all QFTs. We have to understand what to do with such
ill-defined expressions.
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3.3 Wilsonian Effective Action

The same problem apparently affects the path integral, so it has to be defined with some restrictions
on the allowed paths. In any case some cutoff is necessary. In this section consider Fuclidean version
of the ¢* theory in generic d dimensions: We will see interesting differences for d=2,3,4; I do not
intend using dimensional regularization.

o Define
W= /[DqﬂMexp{—/ddaE B(%W - %m%ﬂ + i!gb‘*] } (3.39)
where
P = T de. o) = [ o (3.40)
k| <M k| <M

The parameter M can be thought of as a boundary of our knowledge: Usually we assume that our
theory is valid for all distances from large to small (zero), but this may be too simplistic as the
theory may change drastically at very small distances where we have no experimental data. If we
do not know the “fundamental” theory at very small distances, why can we make any predictions
for large distances? Actually we know that we can, and the work by Wilson was motivated by the
theory of phase transitions in condensed matter physics where from we know that the properties
of matter do not depend very much on the underlying atomic structure.

Question asked by Wilson: what happens if we change M7 Can it be that changing M and adjusting
some parameters in the Lagrangian we end up with the same physical predictions?

o Let
<M (3.41)

and split the fields in the path integral in “fast” and “slow”

B(k) = B(k) + (k) (3.42)
so that
O (k) - 0<k<p slow fields
o(k) : pw<k<M fast fields (3.43)
Then

W= / (D] D] M e 510+l 2 / [D®]#eSers [Pl (3.44)
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or
o Sers[®] L /[Dcp]yes[q’ﬂ’} (3.45)

Serfl®, p] is called Wilsonian effective action

e In our case

5[0+ 8lel + [ dla[ 18 @)e(@) + S0 0] (3.0

S[®+ ¢] = S[®] + /ddx .

)
0P (x)
Linear terms in ¢ can be neglected because a fast field cannot decay in slow fields (apart from
small corrections). One can also argue that calculating the path integral over fast fields ¢ one can
consider ®(x) as external classical fields so that they satisfy classical EOM %S [®] = 0. Thus

P(z)
we get

_ 1 1 A A A
e~ Sers[®] = S1%] /[Dgo]ﬁ/[ exp{ — /d433 [5(6%0)2 + §m2g02 + E<p4 + Z(I)Q(PQ + 8@@3} } (3.47)

so that the effective action is given by the usual action plus corrections that we will try to evaluate
in perturbation theory.

To simplify calculations assume that A and m are small and use perturbative expansion both in A
and m. Thus choose

Solel = [ e 50,07,

1 A, A A
Silp, @] = /d% meng + oot S0 ECDQO?’] (3.48)

We can write

M ,Solel+Sr[e,®
/[Dgp]/]yeso[sp]"v‘sl[‘ﬂq)] — /[Dgp]ﬂjeso[sp] I[DSO]“ e O[S@] I[KP }

[ Dl eSols]
N
— N (0| Texp {—/dd:c Bm%? + %é‘* + %@%2 + 2@@3} }|0> (3.49)
= Feynman diagrams:
@ \\\ /// \\\ /// \\\ /// m?

KR R =
’ RN
Y - // // \\

lpe|<M

z y — dﬂe—im(ﬂc—y)i (3.50)

—————— (2m)d %
pE|>p

but finite interval is often only necessary if one encounters divergent integrals. Otherwise, replacing
integration over u < |pg| < M by the integral over the whole space usually produces corrections
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(~ P/u)* where P is some external momentum such that |P| < u (because we use u as a cutoff)
that can be neglected

Note that for effective action we need diagrams with arbitrary number of external legs, but to the
first few orders in A, m?, only a few diagrams contribute:

~~

- / \ -~
O / \ \ / I} \
\ ] 8
) —e et ‘e’
\ /

p—

_ P
O(\?) < ‘. > >::< — €= -»—
)

e Example I (simplest

C o e e ieeeoln

+
-2 / d'z 0 (2)(QIT{H(x) () }|)
< —;/ddx ®2(x)6m? (3.51)

where
A 1 A |pE|<Mcid 1
T B
lpE|>n
A 1 1 _ _
= G M 4

— is some number. In higher orders we will get diagrams of the same type

- - 2 - 3 { L[y s 2}
a a a = exp —/d x ®*(z)dom

(3.53)

Seff 2 —% /dda: 3 () <m2 +6m2> (3.54)

— mass renormalization (the value of mass parameter changes).
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e Example II (less simple)

> < 5\ 71 /dd /dd Q\T ‘I’Q )Wf(y)q’z(y)}’m
:(_> /dd /ddyq)Q )02 )/(ddk)l ik (o— )k%/(cng;leikg(m—y);%

(3.55)

This is a nonlocal contribution: ®2?(x) and ®2(y) are at different space-time positions. Let us try
to expand and see what comes out:

P (y) = B2(x) + (y — )0 (x) + 5y — )y~ 2) 00,9 (@) + ... (3.56)

Consider the first term. The y-integration becomes trivial

/ dly ev1—k2) — (97)d5(ky — ) (3.57)
and we get

2
L= % <_:\l) 2/ddx<1>4(x)/ (;l:lrl;dkl‘l

= —% iz &4 (z) 5\ (3.58)

with

M2 odk o1

— 41 = =

” 4‘(4) | G
2

P! 1 1
—_n(lz - s 2 1.d—2
4'(4) (4m) 22 T[d/2] / R
2

o
3\? 1 1 d—4 d—4
= T an)2Tdj2 d—4 (et = put) (3.59)
If d = 4 we can recalculate the integral anew or use that for d —4 — 0
MO = =M = 7 4 (d — 4)In M + O((d — 4)?) (3.60)
to get
3N M
5A( AT Ml (3.61)

d=4 1672 o

This diagrams will be repeated in higher orders with 1/k! coefficients so the the result will expo-
nentiate

k
Z% >.::.< — exp >.::.< :exp{—i/ddm‘*(z)&} (3.62)
k
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This has the same form as the interaction term ¢* in the original action, so that effectively
A= A+0A.

e On these two examples we see that the difference of the effective action from the original one
amounts to modification of parameters. But we also get new terms:

>- 5 -< PR = 0y ) P (0)0,0,97()

— /ddx ®2(2)0°®*(x) |6 A

e

AN : dy| ®8(x) |6B (3.63)
o E

so that the effective Lagrangian is of the form

Loy = %(1 +02)(0,9)? + %(mZ +om?) 8 + %()\ + o)t

+0AP*0*®* + 6B P° + ... (3.64)
i.e. it contains an (infinite) tail of higher-dimension terms. If such terms necessarily appear when

one changes the cutoff, it seems there is no reason why they were absent in the original action. So,
maybe we have to add them and then an effective Lagrangian becomes
1

Lejr =3 (1 + 62) (0,9) + %(mz + (5m2)<1>2 + %(/\ + 5/\) P!

+ (A + 5A> $20%02 + (B + 53) o8 4 .. (3.65)

e Note, however, that we need to compare the resulting Green functions, i.e. results after path
integration, but not just the integrands. In order to do this, we have to

(1) Rescale the coordinates/momenta so that the integration regions are the same:

M
K=k o o = x% (3.66)
Let
r=t , rescaling factor (3.67)
M
then, e.g.,

o a [N 4 d —d [ s 9 9
/Odk—r/o d°k’, /dx—r /d:n, Errikie (3.68)
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and therefore
/ddz: Lepr = /ddx’rd{;o + 52)7‘2(8“@)2 + %<m2 + 5m2) 2+ %()\ + 6)\)(I>4
+ <A + 6A) 2 92029 + (B + 53) o+ .. } (3.69)

(2) Rescale the field to get the same free propagator (related to state normalization)

o' = [rz_d(l + 52)] g (3.70)
Then
/ A% Loy = / d*z’ {;(8,@/)2 + %m%’? + Z@"* + A'9%9?9” + B' 90 + .. } (3.71)
where

m? = (m? + om?*)(1 +6Z) 'r2
N=(\+0\)(1+62) 2pd
A = (A+5A)1+62)2rd2
B' = (B+6B)(1+§2) 3r2d6 (3.72)

Thus we get the same action as before (with modified parameters) and can discuss what is the
effect.

e Consider the usual quartic interaction ~ ®* for d = 4. We get

3N M

Iy _ In — 3 .
A=A 167r2n,u,+0()\) (3.73)
— the running coupling: A= MM, N = A(p)
3NH(M) . M
M) = MM) — M), M + O\ 1n? M/ ) (3.74)
1672 1

The expansion becomes ill-behaved if A(p) In(M /) = O(1) and has to be resummed. This is done
going over to the differential equation (renormalization group equation)

a2 3

dinj 1622 N () + 0N = BN Beta function (3.75)

Note that in this series there cannot be any large logarithms on the r.h.s. because there is only one
scale p involved. Thus the expansion is well-behaved (so long as the coupling is small).

To solve this equation, write

d ! 1 dx
dlnp A2(p) dlnp 1672
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so that
1 1 3 .
L nu
A \o 1672 ANM
(/{) 0 n . = Ap) - SAQ((M)) 7 (3.77)
M) Ao 1672 1m0
or choose
M)
1 1 3 1672
X 167 mA = Ap)=—F (3.78)
31ln —
o
I

— the coupling increases at small distances alias decreases at large distances (screening by vacuum
polarization)

e Now consider contributions of higher dimension. Up to logarithmic corrections from 0.7

A~ A (ﬂ)H = Ap) ~ AM) (ﬂ)H (3.79)
~ U W) = U .
and becomes negligibly small at 4 << M if d > 2 (and A(M) is some “reasonable” number).
Similar

B ~B (%)QH =  B(u) ~ B(M) (%)QH (3.80)

and becomes negligibly small at p << M if d > 3 (and B(M) is some “reasonable” number). Such
interactions are called “irrelevant” in condensed matter physics community

e FExample: Coupling unification in the Standard Model

I T T T T T T T T I
75 < —

SM ky = 4/3 1

50

My = 4.3X10'® Gev
25

A = 0.0%

S S ISR S N SR SR NN R S R RS
103 106 109 1012 1015

w(GeV)

from: V.Barger et al. PLB 624 (2005) 233
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At the scales 105 — 10! GeV all three known fundamental interactions (strong, weak and electro-
magnetic) become equally strong. Expect the theory is modified in some way, also maybe including
gravity. If this is the case, one should expect to have a sequence of “irrelevant” interactions sup-
pressed as

momenta probed in our experiments 27)
new physics scale

There is currently a fashionable direction of research, people try to find traces of such interactions
(so far without much success).

3.4 Nonlinear o-model in d =2

e Spin-vector field:

it(z) D n'nt =1 a=1,2,...,N (3.81)

(N-component vector with unit length, lives in two dimensions z# = {z1, z2}.

Lagrangian density

L— Z(@una(:v))((?“na(x)) h=12 (3.82)

This looks like as free field (with N components), but the condition |i|?> = 1 makes the system
highly nontrivial.

o We can try to solve this constraint explicitly, writing
n®={x',..., 7V o}, o= (1—|7]*)"? (3.83)

(Historically, sigma-models were first considered as a model for pion interactions;
— the notation 7(x), “pions”.) Then

1 =279,

and

(7 - 0u7)?

[auna}Q = [auﬂ'a]z + [8u‘7]2 = [auﬂ'a]z + 1_ -2

(3.85)
Thus we can define the quantum theory writing the path integral in terms of (independent) 7-fields
W=N / Dre J Fr L) (3.86)

with the Lagrangian density

(ﬂ.a #7.[.(1)2
—— (3.87)

_N a\2
£—2g[(3u7r) +
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Perturbation theory for this path integral contains a “pion” propagator (massless scalar) and a
bunch of vertices corresponding to the expansion 1/(1 —72) =1+ 72+ 7% + ...

XX K

This looks like a theory of N — 1 massless particles (pions) 7
e Note that the initial Lagrangian is invariant under rotations of the n-field

Ng — nl, = Rayn® RTR=1 O(N) — symmetry (3.88)

(and therefore the choice of N-th component as a sigma-field is just a convention), but the theory
in terms of pions seems to have a smaller symmetry

Tq > T = Ry RTR=1 O(N — 1) — symmetry (3.89)

How could this happen?

— The Lagrangian in terms of 7 fields still has O(IN) symmetry — this was just a rewriting so the
symmetry could not disappear, it is hidden in the relations between different vertices.

— BUT the ground state (vacuum) is not O(N) symmetric:

(Qr(z)|Q) =0 by construction there are no particles in vacuum
(Qo(x)|2) =1 o =1 if there is no pion field (3.90)

This kind of symmetry breaking (Hamiltonian is symmetric but the ground state not) is called
spontaneous symmetry breaking; we we study this phenomenon in detail later.

Thus, our expectation seems to be that the Lagrangian in (3.82) describes the system of N — 1
massless particles, and the O(N) symmetry of the Lagrangian is broken spontaneously to O(N —1).
We will see, however, that both statements are wrong. ..

N.B. The theory in terms of m-fields is renormalizable despite having infinite number of vertices:
O(N) symmetry ensures that all couplings are related, and these relations will be maintained if the
regularization procedure does not break the symmetry explicitly.

e Let us try differently and start with a path integral in terms of original fields inserting the n? = 1
condition explicitly:

W—N/Dn(x) exp[—/d%an ]Ha (3.91)

How to rewrite an infinite product of d-functions in a more manageable way?

i(y) = 21/ dov e = 5(n*(z) — 1) N/da e (n*(@)=1) (3.92)
™ —0oQ
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The product of such factors for each point x van be viewed as a path integral over a new field

ay = a(x)
[[6(n*@) - 1) =N / Da(z) exp [z / dz a(z)(n?(z) — 1)} (3.93)
Thus we get
W= N / Dn(x) Do) exp | - / 2z [Z(aﬂna)%) Fia(@)(n(x) - )]} (3.94)

This construction is usually called introduction of an auxiliary field.

For what follows it is convenient to rescale the fields in the following way:

n(z) - n(z) @)/ |

io(z) — 04(96)\/—N1 (3.95)

Thus we want to calculate the generating functional, in this notation

WJ] = N/Dn(a:) Da(x) exp{—/de [%(@m“)Q(x) + ;O\[/(Ji\f) <n2 - 5) + Ja(a:)na(x)}(} |
3.96

Advantage of this representation is that the path integral over n-fields can be taken explicitly.
Let A;; be a real symmetric d x d matrix. Then (cf. Sec. 2.3 and 2.5)

/ iz e~ 240 = (27)%/2(det A) /2 (3.97)
and this can be generalized for hermitian operators to give

/ Dn(z) exp{— / iz E(@m)z(x) L L@ o J(x)n(x)}}

2 VN
—N/2 1 1
:N[det —(92+M } ex {/d2$d2 JU ) (x| —————=|y)J* } 3.98
(-2+7%) p{5 v I @l R W (398)
Here I used a notation (Schwinger) for the matrix element of the inverse operator (z|...|y) that I

did not use before. In the same notation the propagator can be written as (here Euclidean space!)

A=) = [ e e i) (3.99)
Check:
1 dp 1 d%p 1
0l gl = [ Gl g o) = [ il @00
Finally, use
det M = exp [Tr In M] (3.101)

to get
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& [ Da@)exp{ ~Susslal + 5 [ oy )0 + 0 VR )6 |

Serfla] = %Tr In [—82 + (j/(%)} — | d*x @a(x) (3.102)

e So far all manipulations were exact, we did not make any assumptions, but in order to move
further we have to make some approximation.

e Main idea: try to consider N as a large number and construct a 1/N expansion (instead of the
expansion in the coupling g. It turns out that the large-N expansion leads to the semiclassical
expansion of the path integral over the auxiliary field a(x) so that the path integral is dominated
(for large N) by trajectories that deviate not much from the solution of classical EOM (classical
trajectory):

alz) = ap(z) + aq(x) (3.103)

classical path  quantum fluctuations

Since all points in our two-dimensional space are “equal”, the classical path (if it exists!) cannot
depend on x and can only be a constant in space. For the reasons that will become clear later, let
us denote this constant as

ap(z) = ag = VNm? (3.104)
We require

0Sers

Sar) =0 (Euler-Lagrange) (3.105)

a(z)=vVNm?2

To expand the effective action in a4 use

Trln[—(??—i—(j/(%)} —Trln[ 9% + m? +°‘\Q/%)]

~Tr {111(82 +m?) + |1+ —02 — O‘\q/%)} } (3.106)

and

n(1 1
+ ) ; k (3.107)

so that

el tt)] o
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The linear term in «, has to vanish (this is an equation on m?)

3T [—aﬂimQ a\q/%)] =

A2z ay(z) =0 (3.109)

Here

= \/N/d%aq(z)/d%l (3.110)

2 (2m)2 p? + m?
The integral is divergent (has to be expected), so let us introduce a cutoff

/de 1 1 . M?

P rmd  dn mE (8.111)
lpl<M
Thus our Euler-Lagrange Eq. (3.109) takes the form

1 1. M?
iy In— ”Gap Equation” (3.112)
g T m

This is the standard situation; we have to assume g — g(M) and introduce the running coupling in
such a way that m? (which is a physical quantity as we will see) remains constant when we change
the cutoff:

——=—In— (3.113)
The solution of our Euler-Lagrange Eq. is then

m? = M2 exp <—gé\%> — 12 exp (_;Z)> Vi (3.114)

Note that this result for m? is nonperturbative, i.e. it cannot be obtained in perturbation theory
in the coupling g. Famous mathematical example

f@)=e " =0+4+0-2+0-2°+... (3.115)

has zero Taylor expansion at x = 0 (all derivatives vanish). This explains the failure of our original
guess on the structure of this theory.

e The next step would be to integrate over small fluctuations around the classical solution. To
this end one needs to consider the quadratic term in a4 in the effective action which gives rise
to the propagator of the a-"particle” and construct a perturbation theory to include higher-order
terms. This can be formulated as a set of Feynman rules using which one can construct a systematic
1/N-expansion (to all orders in 1/N).

Note that in the generating function (3.102) we have

J(@)(z|(=0° + a/VN) " Hy) I (y) = J (@) (2| (=% +m® + ag/VN) " |y) I (y) (3.116)
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and this describes the propagator of the (original!) n-field and the coupling of a pair of external
fields to g, which, as we see, is suppressed by 1/v/N. In order to formulate the 1/N perturbation
theory it is convenient to reintroduce the n-field. In this way one obtains (requires some work)

L (3.117)
o -— .

I'(p) = / g !

(2m)? [¢* + m?][(p + ¢)* + m?]

1 1 VD% + 4m? + /p?
= — In
21 /D2 (p? +Am?)  \/p? + dm? — \/p?
Thus we end up with N massive fields and all couplings respect the O(N) symmetry, there is no
spontaneous symmetry breaking to O(N — 1).

N.B. Note that in there are no vertices with several a-fields coupled together.

(3.118)

4 Quantization of gauge fields

4.1 Quantum-mechanical systems with constraints; an example
The following example belongs to R. Jackiw.

e Consider a three-particle (mechanical) system with Lagrangian

. : 1. 1. . . 1
L((A(t), z1(t), w2(t), 21(8), d2(t)) = Saf + S35 + A + (&1 + d2) A — Swialy

2 2 2
Tr19g =1 — X2 (4.1)
Euler-Lagrange equations:

d OL oL .
e oL oL N .. A=_ 2
dt 8j?1 8.1‘1 T w2
d 0L OL N o A= 42
il T = 4wr
dt Oiy Oy 2 2
d oL 0L

= = 0=1x1+ 9+ 2A (4.2)

dtod  0A
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The Lagrangian is invariant under the following trafo:

acl(t) — xl(t) + Oé(t)
xz(t) = 9 (t) + Oé(t)
A(t) — A(t) — a(t) (4.3)

— a toy model for gauge invariance!

This invariance can be used to eliminate A(t) completely imposing a suitable “gauge fixing” con-
dition. Let us choose

t
a@-/ﬁ%@ (4.4)
to

Then A(t) = 0 and we get equations of motion

fL"l = —w2$12
To = +w2a:12 (4.5)

which, obviously, describes a system of two particles connected by a spring, and, in addition, a
constraint condition (from the third EOM)

T1+x2=0 (46)

(the total momentum is zero).

The corresponding Lagrangian formulation: Consider a system with

. 1. 1. 1
L(x1,x9,%1,%9) = 53}% + ix% - §w2x%2 (4.7)
with the constraint
oL .
pi(t) +p2(t) =0, Pr =5 (canonical momentum) (4.8)
Ly

This is an example of what is called “constrained canonical system” and the question is how such
systems can be quantized (Dirac)

e Without the constraint, everything is very simple. We introduce new coordinates
1
X = 5(:51 + x39) center of mass
T =21 — To (4.9)
so that the Lagrangian becomes

. | 1
L(X,z; X, %) = X2+ 1332 — §w2x2 (4.10)
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and the new canonically conjugated momenta are

oL .
P=——=2X=p1 +
ox p1 T p2
_8L_1 1

b= P 555 = 5(1?1 —P2) (4'11)

Canonical quantization:

, X @, X, p,P—p P,
2] =1, [P, X] =i (4.12)
Hamiltonian
H_lag o 1 5.9
H:§P +p +§wx (4.13)
gives rise to a Schrédinger equation for the wave function, H U(X,z) = EV(X,x) with solutions,
obviously
iPx 1 2 1
U(X,z) = P, (), By =P+ (n + §>w (4.14)

where 1), (x) are Hermite polynomials (WFs of the harmonic oscillator)
e The question is, how to impose the classical constraint P = p; 4+ p2 = 0 in quantum theory?

(1) First thought (wrong):
+— Require that the operator P vanishes PLo

— contradicts commutation relations. ..

(2) Second thought (Dirac):
<— Require that the Hilbert space of the quantum
theory is restricted to a subspace (“physical states”)
with zero momentum:

~

«— VF(x) F(P)|phys) =0

This looks clever, but does not automatically cure all problems. Indeed, let us calculate the
commutator

7 (phys|[P,X]|phys) =0 or =i (4.15)

The WF of a physical state (that is with zero momentum) does not depend on X, it is a function
of x only. Consider ground state as example

Upnys = Wyge ~ € 29702 (4.16)
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Then
7 2 0 0 2
.= dx1d swaly | 2 Wz
2/ r1droe 2 {83:14_8:52 $1+$2:|€ 2
0 0
/dmldmg e~ 2wt <8x1 + (9302) (1 + acg)e_%”g”%2
:i/dxld:cge swrlye—3wrly — 9 (4.17)

— the integral diverges along x1 + 3. We will try to formulate a consistent approach using path
integral quantization.
4.2 Path-integral quantization of constrained systems

e Qur goal is to calculate
(phys, fle " |phys, i) =? (4.18)
For our very simple system we can easily solve the constraint explicitly
P=0 = X = const (4.19)

and write the path integral in terms of the remaining coordinate:

z(tf)=z

(o1 1
— [dssetp o) bneste) [ Doy en{i [Tar (8- gt} @)
ti

x ti =X;

In the general situation this solution can be complicated and not possible to write explicitly. E.g.
in QED the constraint was V - £ = 0, how to solve it for A? And it can be more complicated.

e Thus it makes sense to try to write the path integral in terms of the original coordinates

/D:ElD:EQ

e Reminder: path integral in phase space (first for one variable)

We slice the time interval
tr=1tn>tn1>...>1 >t =1, (4.21)

write the time evolution operator as a product of evolution operators in small slices, and insert
unity operators in between:

(wyle B3,y = (| HEN—tN-1) Je=iH(EN1=tn-2)] | gemifti—to) |3y (4.22)
where
ﬂk = d.%‘k dpk Zpkxk ’$k><pk‘ (4 23)
2 W—/ .

(zk|pr)
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Next, we observe that
Vi <pk‘67iﬁ(ﬁ’j)At|xk,1> — e~ Prrr—1—iH (pr,zp—1) At (4.24)

and collecting everything get
(ple It =t ) /dek H 5 OXP {sz(:cN —aN-1)+ ... +ipi(z — xo)}

X exp { — iAt[H(pN,xN_l) +...+ H(pl,l‘o)]}

= / D (t)Dp(t) exp {z /t _tfdt [p(t):t(t) —-H (p(t%w(t)ﬂ

x(ty)==
N / Da(t eXp _dtL(x(t),z'(t))} (4.25)
x(t;)=w;

e Let us try to do the same for our problem. The only difference is that we have two variables:

(0, phys|e~=1[0, phys) =
/dxldxz (I{_:[2)/alxld‘%2 Wo(} — oh)(@{wfle Hitg—ti) |2t ah)
= / d! daf e 3 @h)? / dai o e~ 3(a1)?

) . . 1 1
X /DmlegDpleg exp {z/dt [plxl + podo — ip% - fp% — wax%Q} } (4.26)

and introducing natural new variables

1
X =_

2(561-1—332), T =21 — T2, P =py+p2, p= 5(1?1 —p2) (4.27)
get
/dxdefe 2¥ /d:ndee JwT
, ' Ly o 1o
% | DX DaxDPDpexp {2 dt [Px+px—§P —p? = jwa }} (4.28)

These are simple integrals, let us try to take them. First do the path integrals over momenta:

/DP ol [ dtlPX—3P% _ pr i fdtzX?

/Dp ot [ dtlpi—p®] _ \r i [ dtzi? (4.29)
Get

= / dw pdX pe~ 2% / dz;dX;e 39"

X /DX Dz exp {i/dt E + 1 i %waﬂ} (4.30)
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The remaining path integral over X (t) corresponds to the free motion and the result of this inte-

gration is a function of the difference between the final and initial “big X” coordinates:
X(tp)=Xy P
DX e #3X = (Xplema 1) x;) = / o (Xl Pye 2P PIXy)

i

X(t)=X;
:/CépeiP(Xin)ei;Pthi = F(X; - Xi), (4.31)
T

and the remaining factors do not involve any Xy, X; dependence. Thus if we try to make the
remaining integrations [ dXydX; we will find a divergence along the direction of Xy + X;. This is
not good ©.

e The problem arises because we did not define what is a “physical” state properly. First of all,
it is not enough to say that the system is in a “physical” state at ¢; and 7, but one has to require
that it does not fluctuate into “unphysical” states at intermediate times. Second, we should be
careful with counting the number of states: Our two-particle system with c.m. coordinate X = 0
and X = 1 are not two different states, but two copies of the same state and we have to take into
account its contribution only once. In order to ensure this, we have to substitute the unity operator
insertions in Eq. (4.22) by projection operators on the physical subspace:

1= W) = Tuys= TN (4.32)

all phys

For our simple case, this amounts to the modification of Eq. (4.23) to

dpy d . .
Tphys = %%(Zﬂ')é(m + po) / drydwy 5 (L (2 + ) — a) ePITIHP2T2 N (ppo| (4.33)
or
dpr d , .
I[phys = %%(2%)5(171 + pg) /d%ldxg (5(%(.%’1 + .ZCQ) — CL) e P1T1TIP2T2 ]p1p2><x1x2\ (4.34)

(both representations can be useful)

Let us check that 1,y acts as a unity operator on a physical subspace,
(y1y2|phys) = ¥(y1 — y2)
We need to show that
(192 Tonyslphys) = (yelphys) (4.35)
so let us calculate:

(Y192 Iphys|phys) =

d d —ip1T1—1IP2T
= (192 2];1 217)72 (2m)d(p1 +P2)/dx1dx2 (% (1 + x2) —a)e PLELTIR 2 p1pg) (w122 |phys)
= [ )50+ ) [ derds 8( (s + ) — a)eTin e P g () (4.36)
2m 2m p1+ P2 12 031 2 _— 2 '

(y1y2|p1p2)
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where a is an arbitrary constant.
Integrals over momenta are trivial:

% % (2m)8(p1 + pp)e Pror T PRTz PPy
™ 4T

_ /C;Z)leipl(—$1+962+y1—y2) — (5(:(}12 _ y12) (4_37)
T

so that we get

/dx1d:c2 §(3(1 +a2) — a>5(9€12 — y12)¥(212)

= /d(%(l‘l + xz))d(ﬂ?lg)(S(%(SUl + ZEQ) - a)é(:clg — y12)\1f(l‘12) = \I’(ylg) @ (438)

e Derivation of the path integral can now be repeated inserting these extra J-functions. Note (will
be important later) that it is NOT necessary to use the same constant a at all time slices — they
can be different. We get

(phys, fle =) |phys, i) =
= [ afae] )5 (el + d) -~ ar) [ drided Whpyu(ata)6( (o} + a5) - a)

X / Dpy (t)Dpa(t) [ [ 6(p1(t) + pa(1)) / Day (t) Do (t) [ (3 (21 () + 22(t)) — a(t))

. . . 1 1 1
X exp {z/dt [plzrl + podo — ip% — 5]93 — ioﬂm%} } (4.39)

Starting from this expression we can take the integrals over momenta and over z; + x5 and will
find

ceo= /dxfda:illlﬁhys(xf)\ll;hys(xi) /Dm(t) exp {i/dt Egﬁ _ %waQ}} (4.40)

which is the same expression as we found above writing path integral in terms of x = x1 — x9
directly. So, it seems we are on the right path!

e The important point to cancel all divergences and reproduce the correct answer was a simple
identity that allowed us to get rid of integrations over non-dynamical coordinates

H/ka d$k5(Xk — ak) = Hd(]}k T = .’L‘(tk) (4.41)
k k

11 / dX16(Xy —ap) =1 (4.42)
k

In order to write this we had to know the expression for Xj in terms of original coordinates:

{z1,22} = {X, 2}, X = X(z1,29), x = x(x1,z2) (4.43)
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What can we do if the explicit expressions for new coordinates X (z1,x2), x(x1, z2) are not known?

To make the following equations less cumbersome, let us introduce a shorthand notation for the
set of coordinates at all time slices

X:{Xl--wXN} gz{xl...,x]v} (444)

Note, first of all, that (4.42) can be replaced with the same effect by a more general expression

1;[ / Xy 5(fo(X, z)) det W 1 (4.45)

which is a multidimensional analogue of
[ax reoistreo) = [aeoysireor =1, (1.46)
assuming that functions fi(Xi,..., Xn;21,...,2x) have only one solution of fi(X,z) = 0 for X

assuming given set of z.

Now we have to recall some results from theoretical mechanics (in Hamiltonian formulation). Going
over to

{£17£2} — {X’ Q}v {Bl’Bg} = {B7B} (4'47)

can be viewed as a canonical transformation to new generalized coordinates. An important concept
in this formalism are Poisson brackets. One can show that

where
| OF; 0G; OF; 0G;
F;, G, = b’ L1 (F 4.4
{ ’GJ}P,X,p,x ; |:8Pk 8Xk + apk 8xk:| ( < G) ( 9)

The most important property: Poisson brackets are invariant under canonical transformations, i.e.

FG} :{F-,G-} 4.50
{ v Pp X,x ©e P1,P2,T1,T2 ( )

p

so that we can write (for our case)

df Xal rs

PED {1+ o) Fyaroz) (@.51)
dX; P1,P2,%1,T2

Here we assume that we know P = p; + p but pretend that we do not know X (z1,x2), x(x1,x2)

Formally

f(§17£2) = f(l(xth)aQ(xl’xQ)) (4'52)

This relation is of no use if we do not know what is X and = but since the function f(X,z) in (4.45)
was (almost) arbitrary, we can use an (almost) arbitrary function of original coordinates f(x;,x5)
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instead!

e The rest is a technicality, we have to take a continuum limit and replace the sets of coordinates
and momenta at given time slices by functions of time. Thus

fe(zy, 29) = flz1(t), 22(1)]

{1+ p2)is Fi(an,za) | o {m1®) + p2(0), flar (), 2]} (4:53)
with
o ,( OF &G SF 6G
{F(t),G(t)} L / dt ( o550 T i@ 55~ F O G)) (4.54)

And this is the end, we can write a more general path-integral representation of Green functions
for our system

(phys, fle= = [phys, i) =
= / dofdef Wl (2])o(fle].2]]) / Ay hy (212)6 ( floh, 23]

« / Dp1(H)Dpa(t) [[ 51 (1) + pa (1))

< [ Doa()Daalt) det {a(®) + pale) Flar (0, 22(0]} []6(Flor (0. 22(0))

t

X exp {i/dt [plii'l + pado — H($17$27P17P2)} } (4.55)

0(p1 + p2) > constraint
O(f(w1,22)) < gauge fixing (4.56)

e Qur goal is of course to develop a technique that can be applied to more complicated systems
so let us see how it works for QED. Compare:

QM example QED in Coulomb gauge
auxiliary fields @1 (¢), wa(t), ALY A,(t) = {#, A}
canon. coord. x1(t), z2(t) Ap(Z,t), k=1,2,3
canon. momenta  pi(t),pa(t) Ey(Z,t), k=1,2,3
constraint  pi(t) +p2(t) =0 V-E=0
gauge fix. r1+2x2—a—0 V-A=0

Poisson brack. 1 ?
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Let us calculate the Poisson bracket in QED.

0 0 0
{5 @) 5 Al | = =5

= SE (2 ) 5AZ( ) Mz( ) ﬁl(z)

- / 042 945D (z — 2)6% 9L6W (y — 2)5" (4.57)

Use
/ d*z6W (x — 2)6WD(y — 2) = 6W(z — y) (4.58)
L= 0ROk (2 —y) = VW (2 — y) (4.59)

(Laplace operator applied to the delta-function). We will need a determinant of this operator which
can also be written as

det V263 (z — y) = eIt m V26 (@—y) (4.60)

Now all ingredients are in place and we can write the QED path integral (I skip averaging over the
states)

/ DA () [To(V - / DE* Ha E) det V26 (z — y) &'/ d'2 [E-A-H(E,A) (4.61)
This is so far a path integral in phase space. We can now rewrite

[[6%-B) = / D Ag(x) et 4 Ao(@)V-Fiz) (4.62)

after which the integral over the electric fields (= generalized momenta) can be done and the result
can be written as

|
/ DA*(2)DA (z H5 A) det V25(4)(m - )exp{ i / Az ZFWFW} (4.63)

DAHF(x) Constant'

Finally, the determinant can be thrown out as it is a constant that will cancel in the ratio of path
integrals for Green functions (this simplification is specific for QED).

4.3 Faddeev-Popov method, QED in covariant gauges

In 1967 Faddeev and Popov suggested a very elegant formalism to quantize constrained systems
with main focus on nonabelian gauge theories. Let us introduce this technique first for QED.

e Leaving aside the question with boundary conditions (which role is mainly to derive the +ie
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prescription in Feynman propagator), one can try to write the QED path integral in the “naive”

version as
/ DA S DA =DADAyDA, ... DAs (4.64)
The action is
S = / d*z {—iij] F., = 0,A, — 0,A,
1 4 2
- / 02 A (@) [0 g — 0,0, A, 2) (4.65)

Going over to momentum space this can be written as

4
o) = [ e A0

4
S =5 [ Gomyidul)] = Ko + ik ] A1 (4.66)

To formulate the perturbation theory we need to find the propagator which is defined as a Green
function (with proper boundary conditions)

(0% — 0,0,| D" (w = y) = idps V(@ —y) g/ =5 (4.67)
which becomes a (matrix) algebraic equation in momentum space:
[ — K2g, + kuk,,] D¥* (k) = idf, (4.68)

This equation, however, does not have any solutions. Indeed, because of Lorentz invariance D"’
must have the structure

DYP(k) = dig”" + dok” kP (4.69)
so that
2 vp _ 2 vp v.p
— g, +kuk4D (k) = [— = +kuk,,} [dlg + dokk: }

= —d1g"°k* + kK, [—dsk® + di — dzK?) (4.70)

Thus we are forced to put d; = 0 to kill the k,k, term and cannot get the i}, required on the r.h.s.
In other words, an inverse operator does not exist. .. ...

The problem, of course, has its roots in gauge invariance. The action does not change under gauge
transformations

Ay(z) = Ap(x) + 1E)ﬂoz(x) = Aj(r) +« notation (4.71)
e

and this reflects that fact that physical — electric and magnetic — fields do not change under
such trafo. As the result the operator OQQW, — 0,0, has zero modes — eigenfunctions with zero
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eigenvalues, and the inverse does not exist. Each physical state has to contribute once to the path
integral and writing path integral over all four components in A, we overcount - each state comes
many times. [We have seen this on the QM example in the previous section].

e To reduce the number of states we can try to impose some gauge condition. For example
G(A) =0 where G is some functional (4.72)

The (first) idea by Faddeev and Popov was to insert a unity factor inside the path integral, of the
type

ar (4.73)

1=/ o) | L

which can be generalized to (we used this several times already)

1 = [ Da()s]c(a®)] det (2EAY (4.74)
/ [ } ( Oa )

Here

5 [G(Aa)} =15 [G(Aa)} (4.75)
and (cf. above)

A%(z) = Ay (2) + é@ua(x) (4.76)

Let us take a generalized Lorentz-type gauge condition as example (most important practically):

G(A) = 0,A" —  w(x) (4.77)

arbitrary function

Then

det (5G§ja)> = det [5;@) <8“A“(y) + ééﬂa(y) — w(y))]

= det [826(4) (x — y)} (4.78)

Note that this is the same determinant as in previous section. Since it does not depend on A, we
can pull it out of the path integral to get

/ DA -1 ¢S4 = det [a2<5<4>(x - y)} / Da / DA eiS[A](S[G(Aa)} (4.79)
However,
/ DA = / DA~ shift of variable
S[A] = S[AY] gauge invariance (4.80)
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Thus

.. =det [826(4) (x — y)} /Da/DAa eiS[Aa]é{G(Aa)}

= det [826(4) (x — y)} /Doe/DA eiS[A]é[G(A)} (4.81)

irrelevant constant

e We still have a freedom to choose w(x) in the gauge condition, and this can be used to bring
(5[G(A)} to smth more manageable. To this end we do not choose a particular function, but

integrate over all w(z) with the Gaussian weight factor:
o w2(z) A/J' 2
/Dw(:r) e e (5[8MA" = w} = exp <—i/d4:c (8“2§)> (4.82)

This integral is taken trivially using the gauge-fixing delta-function and results in an extra term in

the Lagrangian density

1 1
£© — - 2, - i(@u‘l"f (4.83)
(name: gauge-fixed Lagrangian)

We can now calculate all Green functions involving gauge-invariant operators O(A®) = O(A):

eis(@[A]
QT {0:(4)... Ou(A)} ) = L P4 Ol}%izﬂﬁ (4.84)

The Faddeev-Popov determinant det [62(5(4) (z —y)] and the volume of the gauge group [ Da(z)
cancel out in the ratio!

e Back to the propagator. With the additional term in the action, the equation (4.85) also gets
an additional contribution. We get

1 Y _
| = K2+ (1- E)kuky} D¥°(k) = id, (4.85)
which is solved by
—1 kY
DM (k) = W —(1—&)—5 4.
0 = (- 0- 95 ) (4.56)

The gauge parameter £ can be chosen arbitrary. The most common choices are

Landau gauge

£E=0
&E=1 Feynman gauge
£E=3

Yennie gauge (4.87)

e We expect that all physical results, e.g. the probability to emit a photon in a certain reaction,
do not depend on the choice of gauge parameter. How can this happen?
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To describe photon emission we can consider a generating functional adding external source to the

action:
1
S[J] = / die [— PR (@) - Au(x)J“(a:)] (4.88)
The corresponding Euler-Lagrange equation = Maxwell equation
ot = Jv (4.89)

so that the viervector J¥ = {p, j} is composed from the charge/current density of external particles
(e.g. electrons).

Probability amplitude to emit a photon will then be given by the matrix element of the current
sandwiched between the initial and final state:

iM(k) = iM¥ (k) (k)

M*(k) = / d*z * T (f| T ()i (4.90)

[We need to write operator J H(z) in real QED where electrons are also quantum particles, but
for the present argument we can also take a function J(z) assuming that photons are produced by
some classical source.|

Remember that the current J* in classical QED is conserved:
Jh=0 &  —p+V-j=0 (4.91)
and therefore

0=1i / dhz e (£10,, T (x)|i) 2 / dia (f|T"(2)]3) <—¢8> ek = o, MH (k) (4.92)

oxH

which is called a Ward identity. For classical sources, it is therefore a direct consequence of current
conservation. In quantum theory (QED) we have to make sure that charged current is conserved
as an operator — this deserves a detailed discussion (later).

The e:(k) in above equation is photon polarization vector (complex conjugated because photon in
final state). Let us recall how are the polarization vectors defined. The four-vector potential of a
real photon, k? = 0, can be written as

A3k . . .
A _ A) —ikx *(N\) Jikx _
AV () _/(W%O[e;)e +eMe ] ko = || (4.93)
Let us choose a frame of reference where
k= {k,0,0,k} (4.94)
In this frame we can define four orthogonal vectors

e ={0,1,0,0  €? ={0,0,1,0}

1 _ 1
o) = 510,01} )= 5{1,0,0,-1) (4.95)
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as a basis. Only first two possibilities (transverse polarizations) are physical because the other two

can be disposed of by the choice of gauge:

e Lorentz gauge
OMA () =0 = k"Au(k)=0

= A,k) = 6£_)A,(k) not allowed [k“e&_) = 2]

e For the special case k? = 0 Lorentz condition does not specify the gauge uniquely
=kM'A, (k) = k“A;(k:) = k(AL + kuA(R))

= A,k) = e£+)A+(k:) ~ k,, can be gauged away

Thus, emission of “plus” or “minus” photons cannot influence any observable quantities.

Imagine we want to calculate the total probability of photon emission:

o~ Z |M|2 _ Z EISA),*ES/A)M;AMV,* _ |M1|2 + ’M2|2

phys. phys.
polar. polar.

However
kyMFP =0 = koM° — kM3 =0 = M°=M?
Therefore can write also

Z e/SA),*el(/A)MuMu,*: |M1’2—|—‘M2|2 _ |M1‘2+|M2|2+|M3|2—|M0|2

phys.
polar.

= —guMPMY* = 3 N M

all
polar.

i.e. the sum over transverse polarizations is equal to the sum over all polarizations.

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

On a more technical level, this means that QED interaction vertices have such a form that they

effectively annihilate the longitudinal £-dependent parts of the propagators in Feynman diagrams

(this happens in the sum of all diagrams with photon emission in all points along a given fermion

line, not in each diagram separately).

Another formulation — interaction is such that unphysical degrees of freedom can not be produced

in collisions of physical particles — the QED scattering matrix (S-matrix) is unitary.

5 Path Integrals for fermions

Path-integral technique allows to build (define) a quantum field theory starting from classical fields.

We did it for scalar fields and photons, and now want to do it for fermions.

Electric/magnetic fields (class.) Pathyl. Photons (quantum)
(?7) Classical Dirac Field Pathl. Electrons (quantum)
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The problem is, we do not know what is a classical Dirac field — and note that Dirac spinors
(solutions of Dirac equations) are not directly observable.

The problem is to incorporate the anti-commutation relation for classical fields that are functions,
not operators:

{W(F,1), W(F,t) = 0 (5.2)
and the idea is to write this functions, schematically, as

U(z) = Ori(x) (5.3)
k

where ¢ (x) form a complete set of “normal” functions, and ) are new mathematical objects,
anticommuting numbers (= Grassman numbers).

e We define Grassman numbers as the set of anticommuting numbers
Vé,n On=-nb (5.4)
As a consequence
Vo, 6*=0 (5.5)

We assume that Grassman numbers can be added and also multiplied by complex numbers produc-
ing objects like A0 + Bn, A, B € C, and these operations obeys all natural rules (commutativity,
transitivity etc.).

Next, we need to define integrals over Grassman numbers. Note that for path integrals (our goal)
we only need analogue of f_ooooz

/ do £(0) = (5.6)

The nice thing is, all functions of Grassman numbers are linear functions (as 2 = 0, so each f(n)
can be written as

f0)=A+B0 (5.7)

Working with path integrals we have seen that the invariance w.r.t. the change the variable by a
given function Dp(z) = D(p(z) + ¢o(x) is very important and we want to have the same property
(translation invariance) for fermions. We therefore require that

/d&f(&)z/d(9+n)f(9+n) L /d@f(@—l—n) (5.8)

and of course we want to define integration as a linear operation, i.e.

/de[Af(e)+Bg(9)] :A/def(9)+3/deg(9), ABeC
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Using that f(n) is actually a linear function, (5.8) becomes

Vn, A, B /de[A+Be] = /dH[A+B(0+77)]

:/de[(A+Bn)+Be]:/de[(A+Bn)+B/d99 (5.9)

and the only possibility how it can be satisfied is to require

/d0:0,

/d@@ =1, (arbitrary constant, can be set to one) (5.10)

In order to deal with multiple integrals we have to add a definition (sign convention)

[ao [ anno= [ a0 </dnn)0:1 (5.11)

(so that, effectively dfn = —nd#, etc.).
Last but not least, we need “complex-valued” Grassman numbers, so we introduce an operation of
complex conjugation 6 — 6* such that (6*)* = 0 and

On)" =n"6"=—6" (5.12)
Note that 62 = (§*)? = 0 but 66* = —6*6 =+ 0.
For the integrals over complex Grassman numbers we assume as above
/d@*d@@@* =1 (5.13)
As a consequence
/de*de e 0700 — /de*de (1—6*b0) =b (5.14)
to be compared with a similar integral over “normal” complex variables (Gauss)

* 2
/dz*dz e 7 = % (5.15)
Note that b appears in the numerator in the first case, and in the denominator in the second. This
will be important!

Next in complexity, we will need integrals of this type but with constant b replaced by a matrix
(or differential operator). To derive these, we need to understand what happens with products of
Grassman numbers under unitary transformations.

Assume we have a set of Grassman numbers

0, i=1,....n (5.16)
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and “rotate” them with a unitary matrix
0,=U;0; UU=1 (5.17)
Then
/ 1 ij..4pl pn! /
i

1 ..
= jel]...eUﬂ/ailUjj/aj/ . Uezlazl

n.

1 ;5 i1l U
= EGZ]"'KUii/Ujj/ N Ugelez gt H Qk
' k

=det U []6: (5.18)

As a consequence
/Hd&{d&i £(6,6%) = /He;aif(e’,ef*) (5.19)
K3 1—[91 1—[‘9;k 7

because det U - (detU)* = 1.

We can use the possibility to make such rotations to bring hermitian matrices to the diagonal form
so that

/ [T d0xdo e =i %Pt = / [ dbsd6y e~ >=:%%% = T] b = det B (5.20)
k k

(2

For comparison, for “normal” integrals

* fz?‘B;zi _ (27T)n
/E[dzkdzke VR =R (5.21)

Finally, two more integrals that can be derived starting from the above:

/H do;do;, 07 Bijbj 0,07, = det B (371)% ,
k

® 2 n
/Hdz}idrak e s Bistigypr = (2m) (B™Ym (5.22)
2

~ detB

The difference is always in the position of the determinant — numerator vs. denominator!

e Now that the necessary mathematical tools are ready, we can define the classical Dirac field

Y(a) = Zei pi(x) (5.23)
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where ¢;(x) are four-component objects (bispinors). We will then write the fermion action as

S = / () (i) — m)(x) (5.24)

To see that it produces expected results we can calculate the propagator using above integrals
(5.20), (5.22):

o 0> _ DYDY (1) b(an) 5T
<0|T{1/J(a?1)1/}(x2)}‘0> - f,D'LZ,Dw eiSF
det (id — m)(xlllaim |z2)
- det(i@ — m) (5.25)
Thus
~ = d*k j
Se(z—y) = (0]T{e(z1)¥(z2)}0) = / W@ﬂ@m(k@ﬁ
_ d4k —ik(x1—x2) 1
_/(27r)4i6 m — k — ie
— d'k —ik(z1—w2) m+ %
= / )i pepc
reproducing the well-known expression. Note that for fermion field operators
T{(a1)d(x2)} = B(t1 — t2) (1) () — O(t2 — t1)(w2)d(a1) (5.27)

In order to calculate Green functions with more than two fields we can construct the generating
functional

Zini = [ Divw expfi [ dte [a)(id - myute) + ate)ite) + B}

1
=7 exp{—2 / d*z dy 7(z)Sp(x — y)n(y)} (5.28)
We need one more sign convention to take derivatives over Grassmanian numbers:
d d !
—O0n=——nl =—0 2
a1 = " (5.29)
Then
O o0 = 25° (=it ) (i ) 2l (5.30)
v O\ e )\ antwa) ) T =m0 |
ete.

e Everything is now ready to define Quantum Electrodynamics starting from the path integral
with

Lapp =~y FR, + D)l — m)y(z) + edny A, (531)
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Equations of motion (Maxwell+Dirac)
_ «—
(i) —m)p =0, P(i P +m) =0
o =Jv, J" = —ep(z)yH(z) (5.32)

Covariant derivative:

D, =0, —ieA,(x) (5.33)
Weil, 1929:
The QED Lagrangian does not change if in addition to the gauge trafo
A(x) = Au(x) + éaﬂa(;p) (5.34)
one rotates the fermion field as
P(x) — e“@i(a) (5.35)

— local gauge symmetry.

Noether theorem: Symmetry — conserved current/conserved charge

8,J" =0 on the classsical level (5.36)
Check:
0,0 0(w) = B@)i  +i 9()
@)l & —eA+m) + (0 9 +ed —m)ib(z) = 0 (5.37)

What happens in quantum theory?

6 Ward identities and quantum anomalies

6.1 Derivation

There exists a simple way to show that current conservation in QED is a direct consequence of
local gauge symmetry.

e Let us make an infinitesimal gauge trafo (phase rotation) of the fermion field a(z) — 0

P() = (2) = (1+ io(z))(x), b(@) = P'(z) = (1 — ia(2))d(2), (6.1)

but do not change the gauge (photon) field. In this case, of course, the Lagrangian density will not
be invariant and will change to

L(z) = L(z) = L — py"(x)0ua(z)

—rC+ éJ“(m)@ua(x) (6.2)
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Consider the QED path integral
/ DY Dy DA S0P A (1) (g) = / DY Dy DA SV ALY (1) () (6.3)

Equality holds because this can be viewed as a name change for the integration variables.

However
Dy Dy = D) Dy (6.4)
and therefore Va(x)

0= /D& Dy DA eis[¢’¢’A]{i/d4xiJ“(x)auOé(x) +ia(zr) — ia(:m)}lb(%l)l;(im) (6.5)

S-S

Integrating by parts in the first term in braces and writing, e.g., a(z1) = [dz a(z) 6(x — z1) we
obtain

(QUT{D, T (@) (@1 b (@) } Q) = ed(a — 21)(QUT{ (21 Jib(w2) }0)
— ed(x — w2)(QIT{ (@1 ) (2)}2) (6.6)
which implies that for every matrix element
(110, " (2)]2) = 0 (6.7)

This is the statement of current conservation in quantum theory (where from the usual Ward
identities follow, as we have seen). As a consequence we have two exact predictions: 1) electric
charge is conserved and 2) photon is massless. Both are checked experimentally to a very high
accuracy.

e The argumentation seems to be very general and can be applied to any symmetry of the classical
Lagrangian. Remember that relativistic fermion fields are four-component objects

(03

| e
P(z) = s (6.8)

1y

and one can consider rotations between these components. A chiral rotation is defined as

Y(z) = (2) = PP(a) = [1+iays + .. Ji()
b(@) = P () = d(@)e’™® = (@)L +iays +.. ] (6.9)

where the second line follows from

d(a) =l = P = ()0 = ¢l (€97) o = et (6.10)
——

e—tavs
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If o does not depend on z (global symmetry transformation) and electron mass can be neglected,
m = 0, the Lagrangian density becomes invariant under such transformations:

YIPY — Y1 +iays]| Dyl + iarys)y = P IPy (6.11)

thanks to

Vu¥s = —V5Vu » v5 = iy0y v (6.12)

— Chiral Symmetry

Symmetry of the Lagrangian implies existence of a conserved current (Noether) and this current
can be constructed explicitly (following Noether). One obtains the

—Axial Current

I (x) = P(x)r sy
0" =0 classically (6.13)

e In order to find out whether axial current is conserved in quantum theory, we can follow the
above argumentation:

Let us consider a local chiral rotation instead of the global rotation
a— az) (6.14)
The action will certainly not remain invariant but change by a term ~ d,a(x)
GDY = PPY — dua(x) I (z) (6.15)

(similar to what was before). We then proceed in the same way and need to prove that for chiral
trafos also

DY Dy = D Dip (6.16)

This can be argued in the following way. A Dirac spinor can be decomposed in left-handed and
right-handed components as

9(@) = 51— 50(e) + 5 (1 +3)9(@) = Y (@) + $r(z) (6.17)
The operations
Py = %(1—75), Pp= %(1 +5) (6.18)

are indeed projection operators since
P+ Pr=1, P} =Py, P% = Pg, P;Pp = PprP;, =0 (6.19)
The action can also be written as a sum of two terms involving either left or right fermions,

O = Prpr + PrDYr (6.20)
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so that left-handed and right-handed fields become essentially independent (if m = 0!). Also in the
path integral the measure splits in

JEy e (6.21)
In Weil representation for gamma-matrices 5 is diagonal
-1 0 0 0
0 -10 O
=10 0 410 (6.22)
0 0 0 +1

and our projection simply selects two upper components of the Dirac spinor as left-handed, and the
two lower ones as right-handed. The difference between gauge trafo e!®®) and chiral trafo e?®(*)
is that gauge trafo rotates 1y, and g in the same direction, ¢; g — eia(x)lb,;, R, Whereas chiral
trafo rotates ¢;, and ¥pg in opposite directions, 17, — e*m(z)wL, YR eti@(@)y)p. Since the path
integral is taken over equal amount of left-handed and right-handed fields, the extra phases will
cancel and the measure will be invariant. Thus (6.16) should hold and repeating the argumentation
that we used for gauge trafo, we will conclude that axial current is conserved at quantum level as
well.

Unfortunately, this conclusion is wrong (experimental fact). Thus there must have been a loophole
in our argumentation, and it turns out (K. Fujikawa, 1979) that (6.16) is actually not true because
of the necessity to introduce a regularization. You can find this e.g. in the textbook by Peskin and

Schroder, but I will describe instead another method where the problem is seen more clearly.

6.2 Adler-Bardeen anomaly

e Let us try to derive the Ward identity (6.6) in a different way, following the technique in Sec. 3.1.
We want to calculate

/ D) DYDA QD 9, JH (2)3h (1)1 () =7 (6.23)
where J* = —eipy"1) is the electromagnetic current. Write
BB )(e) = B[ 9 + 9 1)
() [( 3 +ied(z) —im) + ( 5 —ied(z) +im)]¢(z)

— 3(@)[( D —im) + (D +im] ()

—

= (@) (i D +m) + i D -m)|v() (620
and observe that

0 if diad(@)ih—m)p(a) _ +ili B —m)(y) eF

(y)

- —
S ¢ BTN = ()6 B ) 'S (6.25)

(=9
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[taking the derivative, do not forget that fermion operators anticommute — sign in second eq.]

Therefore

— —

O#J“(x)eiSF = (—e) (=) (x) [(z b/ —I—m) + (z J/) —m)]v,l)(x) eSF

ool sl o

and our object of interest can be written as

/ D DYDA ESED 9,10 ()i (a1 )b (12) =

—c [Dipupa | (5555 ot + i ((J@)e%ﬂw(xl)w(m) (6.27)

Here we want to integrate by parts and have two possibilities. E.g. for the first term

Vi) (5se® Jow) B = i)
= 9 0w —a) 92 () + Dl — ) () (ws)
’ (6.28)
The term ~ §(z — 1) and the similar term ~ §(z — z3) from ... ﬁz) ... combine to give
= —eb(z— ) / DJ DUDA S (o )b(x)
— eb(z — ) / DG DYDA S (a1 ) () (6.29)

which is exactly what we have obtained in Sec. 6.1 by a different method. But in addition we have
two unpleasant terms with 64 (0) that signal that we have a potential problem and must be more
accurate.

e It is clear that the problem originates from having the fields ¢ and ¢ in the electromagnetic
current at the same space-time point. If we separate them a bit,

Y@y () = Pl + ez —e),

the “bad” terms would not appear. The limit € — (here € = ¢, is a four-vector) can, however, turn
out to be singular and require some care:

(AJ () My (@) | B) = lim (A (x + ) Mib(z — €)|B)

dp - —iop-
= [ G A OM ) (ol 0) ) (6:30)
The limit ¢ — 0 may lead to a divergent integral if the matrix elements do not decrease sufficiently
fast with momentum.
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Splitting the field positions in local currents is, of course, a way to introduce a regularization.
But this is a bad regularization because it breaks Lorentz symmetry and gauge invariance. If the
regularization procedure in a quantum theory breaks symmetries of the corresponding classical
theory, these symmetries will not be preserved and the classical conservation laws will be broken.
Of course, was can simply be stupid to use a bad scheme, so the question is whether a regularization
scheme that maintains the wanted symmetry exists. [And a more complicated question: whether
a regularization scheme that maintains all classical symmetries].

In our case:

e We certainly do not want to sacrifice Lorentz symmetry, but can repair it relatively easily if
we average over all directions of ¢, in Minkowski space (we will see how this works)

e We do not want to sacrifice gauge symmetry, because it protects conservation of the electric
charge = law of nature. It is broken by the “naive” split-point regularization because

(@) (ys) () = 1/1(Ji+ 6)%(75)1/1%’ —e)
@Z_J(l‘ + e)e—ia(;t-‘re) eia(m—e)w(l, o 6) (6.31)

Here 7,(7v5) means that the equation is valid both for 7, and 7,7s.
The gauge-invariant split-point regularization is possible and first suggested by Schwinger:

1

Ty (@) = (@ + €)yu(75) exp {ie / du e, A" (x + ue)}w(w —€) (6.32)

-1

Let us verify gauge invariance of this expression.

Under a gauge trafo

1
1 :
due, (A" + g@“a)(;z: + ue)}ew‘(x_g)w(x —€) (6.33)
1

J;%g(w) = (x + e)e_ia(x+e)’yufy5 exp {ie/

We have to verify that all a-dependent terms in the exponent cancel:

1

—ia(x +€) +ia(r —e) + 1/ du €,0"oa(x + ue) Z 0 (6.34)
-1
Useful identity:
Vf(x) x“if(ux) = uif(um) (6.35)
OxH du

Then

1 i o 1 i o

/1due @a(m—i—ue) —/1due 8(u€u)a(aﬁ+ue)
1 d

= / du —ud—a(x +ue) =a(r+e) —alr—e¢) (6.36)

-1 u U
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and indeed cancel the first two terms in (6.34).

e Let us continue with axial vector current (we will also see why there is no problem with vector).
We need finite €” as a regulator, so can assume it is small and expand where possible. Consider

1

8uJ;%g(x) &(:p—i—e)[g—i—g]%(l—i—ie/

due, A" (x + ue) + .. >w(3: —¢)
-1

=(z+e) [( 3 +ied(z + 6))75 —ied(x + €)vs

o [t Y
+%ﬂ5@w /_ldue,,A (z + ue)

—

+ ( P —ied(x — 6))'75 + ied(x — 6)75} Y(x —€) (6.37)

Let us rewrite the term with the integral in another form:

1 1
iei / du e, AY (x + ue) = ie/ du e,,{ [O“A” - 8”A“] (x + ue) + 0" A¥(x + ue)}
ozt -1 -1

1
d
= ie/ du {ﬁuF’“’(w + ue) + —A¥(z + ue)}

—1 du

= —2iee, F"*(z) + O(?) + ieAM (z + €) — iAH (z — e)} (6.38)

This expression enters (6.37) multiplied by v,v5 and the terms marked in blue exactly cancel. Here
we expanded the integral involving F*¥(x 4 ue) in anticipation that only linear terms in € will be
important.

Thus we get

6#J;%g(:c) = (x + € [JB — 2iee, F"F ()7, + ]—ﬂ s (x — €) + +O(e?) (6.39)

extra term

e Now we use this expression in the path integral
[ PO DUDACS 8,7 @) a2 =

= / DUDYDAES i + ) [zz) —diee, U (z)y,+ zp} Yot — (e blas)  (6.40)
and proceed exactly as before. The “bad” delta-functions do not appear as the fermions in the

current sit at different points, so that we will get the old result plus an extra contribution from the
term in €, F"*(z):

~2ie [ DEDYDACS B(o + ) e, () 375 ¥l — O lib(aa) (6.41)
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[extra fermion fields at x; 2 # = do not change anything so we can forget them].

Let us deal with this integral in the following way: We will take the path integral over fermions
and leave the integral over photon fields as it stands for now. In this way, taking the integral over
fermions we should assume that F),, is a certain given function — a background electromagnetic
field.

Thus we need to evaluate

N [ DEDYES G(w + s iie — o (642)
[where the external field sits in the covariant derivative in the action] which is the same as

(QaIT{Wk(z + €) (yur5) Wiz — )}Qa) = —(775)" (QuIT{Wi(z — e)di(z + €)}[2a)  (6.43)

where |2 4) is the state with no fermions, but with classical EM fields present — electron propagator
in the background field. It will have to be multiplied by

(—2ie)e, F"H(x) (6.44)

and the limit is taken € — 0, so that we only need singular terms 1/€" in the propagator.

e Let us do this calculation. In perturbation theory

(Qa|T{Wi(z — €)r(x + €)}|Q4) = Q * @ +Q+ -+ (6.45)

To leading order in the field (i.e. without field) we have the usual propagator

i 4 i
0T = T+ OH0) = (o=l (5= ) fo+) = [ halo—d gl +4

[ e (L) e 60

More formulas can be found in the Appendiz:
This and many other calculations will be done using the following basic integrals

/ddx piar 1;(04). e ng/2, —d;);)_
o + 4 [~ — iz
— INGY! _ _ I'd/2 — a)
d iqr _ d/22d 2a 4
/d qge T — e +im a2+ idia (6.47)

and
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I'«) . d INa—d/2)
d? — _ind/?
/ ! (—2% — a? +ie)® " [—a2 + ie]*—d/2
I'(a) , g\ Tla—d/2-1)
d _ d/2 1
/d T Ca?—a 1 ie)o‘xﬂxl/ = —ix?¥ (— 5 ) v ,L'e}afd/Qfl (6.48)

At first sight this (simplest) term produces a very strong singularity ~ 1/e3! However, we have
to trace the propagator with ~,7v5 and get zero:

SO (D = 5T [sd] = 0 (6.49)

If we consider vector current and not axial-vector, there is no 5 and we get a term ~ e*/e*. This
will have to be multiplied with €, F*#, see (6.44), and again vanish thanks to F** = —F#”. Thus,
the term without external field presents no danger.

e Now let us switch on the field:

O (e = e+ IHO) = (o el o +0) = (@ ecg—lo+0)

ied—+ ... |z +e) (6.50)

= (=g + zieds

This series generates contributions to all orders in the field, but in fact only the first-order term
will be necessary (the others are regular at ¢ — 0). We have

—elie lx €) = 1e 4 x—el lx €
(@~ eliedlo + /dy< AW gl +
. 2 _ _ _ _
=1e (27T2> /d4y (f_j_ SA‘A(y)(Z—f_ 5)4

=ie (w)Q/ e =

. @+H4 $+y)(34 f)
/duuu/d W+ 2 T aly — O (6.51)

The usual routine: rewrite the denominator
u(y +e)® +a(y — €) = [y + (2u — 1)e]* + duue® (6.52)

and shift the integration variable to get

+ 2u¢) Alx+y— (2u—1)e —2u

Now we can expand the background field around z:

Az +y — (2u—1)e) = Ae(@) + (y — (2u — 1)€)a]0° Ae)(z) + . .. (6.54)
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because extra powers of y will result in extra powers of € after integration. After some algebra one
obtains

e (€A 1 a0
.= _4772{ it + 5 |04 (ef — fren) — A 0 Ae + } (6.55)

The first term 1/€2 does not contribute for the same reason as the term without photon field above,
and the last term ~ 9%A is already non-singular. Thus we only need one term and can use

YaVef — VeV = 2i€agpr V577 (6.56)
to get
e 11 .
= gz agl o157
e 1 ~
= 1672 :szU (x)ely577 (6.57)
where
~ 1 af
Fyo = 5¢poasF (6.58)

[duality transformation — exchanges electric and magnetic fields; the second pair of Maxwell Eqs.
0, F" = 0 — there exist no magnetic charges|

e It remains to take a trace tr[...7,7s], take into account minus sign because we calculate 1. .. 0
and need v .. .1, and multiply by (6.44). Obtain

—te 1 ~
T6.2 G—QF,,U(x)ep tr [757"7“75] (6.59)
————

4gro

—2iee, F* (x)(—1)

Final step, we have to symmetrize over all directions of €* in Minkowski space:

1
(€a€p) = Zgag € (6.60)
and the final result reads
5 62 af
aMJ'u (fl:) — 8? aﬁF
Adler-Bardeen Anomaly (6.61)

This is an exact operator relation, valid for insertions in arbitrary Green functions (up to contact
terms)
For the vector current we would zero because of the trace tr [757‘77“75] — tr [757” ’y”] = 0.
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6.3 Gell-Mann—Oakes—Renner relation and quark masses

We now turn over to QCD, electrons + quarks and photons + gluons, but at this point will
not need any details on quark-gluon interactions, so we can postpone the consistent construction
of QCD as a quantum theory for later.

This section will mostly deal with pions, m, ~ 140MeV, that are build from a light quark and
light antiquark, u or d and their somewhat heavier brothers kaons, myg ~ 493MeV, that include
the strange quark (or antiquark).

e As a preliminary step, we have to derive some (simple) relation.
The pion decay constant f, is defined as

(Qa(0)775d(0)|7 (q)) = i frqu (6.62)

It can be measured experimentally from the observed decay 7+ — p*v which happens when the
u-quark and d antiquark annihilate via weak interactions and produce a pair of leptons — a muon
and a neutrino:

 ~ 132 MeV (7" ~ ud)
fx =~ 155 MeV (KT ~ u3) (6.63)
Since for any operator
W10(@)lp) = (/|7 00)e P2 |p) = @77 (/| O(0) p) (6.64)
one gets
(0l a(x)yuvsd(@)|[mt (@) ,_g = (—iq")i frgu = fami (6.65)

On the other hand

() ysd(e) = (my + ma)a(@)insd(z) +a(x)[ D —ima]ysd(x) — a@)s[ B +imald(z)
= (ma + maa(@)insd(x) — iu(@)[i D +m]sd(e) + i)y [i D —mq)d(z)
(6.66)

The last two terms do not contribute to the matrix element (Dirac equation) so that we get
o"(Qlu()yysd(@) |7 (g)) = (mu +ma)(Qla(@)ivsd(@)[7" () (6.67)

Comparing the two representations, get

frm
(Qla(z)ivsd(z)|™(q)) = ——— (6.68)

mu+md

The J5(x) = u(x)ivysd(x) is called a pseudoscalar current (flavor-nonsinglet).
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e Now the main part. Consider the correlation function
i [ e o QIT (ala)r5d(o) dO)irsu(0)} 1)

= [t (=i ) QT (ae)ynd(a) dinsu(0)) )

.. iax _ 7 .
= z/d4xe QT {0, u(z)vysd(x) d(0)ivsu(0)}€2)
= / diz "N / D) DYDA e32¢D 9,,ai(x) v ysd(2) d(0)iysu(0) (6.69)
Here we can use the expression for the divergence of axial current in (6.66) and
(@) rvsd(®) €5 = (my + ma)()insd(2)e’SF

+ a(x)7s (56;(5:6)&51?) — ( &jx) eiSF> vsd(z) (6.70)

Note that in this case there is no anomaly since u and d quark are different.
Using this representation and integrating by parts in fermion fields in the path integral obtain

o= (my +mg) 7,/ d*z e (QIT {a(x)iysd(x)d(0)iysu(0)}|Q)
+1i / d*z 5@ (2)(Q T {—a(2)ysivsu(0) — d(0)iysysd(z)}Q)

= (my, + mq) Z/ d*z " (QT {a(z)ivsd(x)d(0)ivsu(0)}Q) + (Q|au + dd|Q) (6.71)
This is so far an exact identity. Let us consider it specifically at the point where
¢ =0: q¢* ={0,0,0,0} (6.72)
(all four components are zero). Then obviously
0= (my + mg) z/ d*z (QT {a(z)ivsd(z)d(0)ivsu(0)}Q) + (Q|au + dd|Q) (6.73)
Again, this is so far exact, but now we want to make an approximation for the correlation function

using the fact that pion mass is very small m2 ~ 0.02 GeV? compared to other hadrons.

The correlation function can be written as a sum of contributions of intermediate hadron states

with proper quantum numbers inserting

1= [x")(x |+ ) 1S)(S]

S#m
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or

v 1 e
f7l'm72r 1 fﬂmgr

My +maq m2 —q% my +my
~—

(6.74)

—0

If ¢> > m?2 the pion contribution is just one of many, but if ¢> = 0 it is enhanced by a huge factor
1/m2 compared to all others (multipion states can only produce Inm2 but not a pole, higher mass
states with pion quantum numbers are rather heavy m, ~ 1GeV.)

Taking into account the pion contribution only (PCAC approximation) we obtain

. Ty famz 1 fim
—((uu) + {dd)) = (my + mq) (A P mE —gF i + g (6.75)
—0
—(mu + mg)((au) + (dd)) = frm3 (6.76)

— The Gell-Mann-Oakes—Renner (GMOR) relation.

e What happens with this relation if quark masses become very small?
e The Lh.s. goes to zero, thus either m2 — 0, or f2 — 0 (or both).
e Since m2/m3. ~ 0.08 but f2/fz ~ 0.72, the first option seems much more likely.

e Massless particles m, = 0 can only exist if protected by some symmetry. Since the Lagrangian
becomes chiral invariant in massless limit, maybe it is chiral symmetry?

e Note there is no anomaly in this case and OHJI‘;; = 0 at quantum level.

e What happens in this limit with
(qq) = (£2]q(0)q(0)|€2) the chiral condensate (6.77)

Since qq is not invariant under chiral trafos, a non-zero vacuum expectation value would mean
that chiral symmetry is broken spontaneously (because Lagrangian is invariant).

e | We will find (next Chapter) that spontaneous breaking of a continuous symmetry necessitates
existence of a massless particle (pion) — seems we are on a right track
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Leaving a more detailed justification/discussion for later, let us assume that for small quark masses

(qq) ~ O(1) (6.78)
fr~0O(1) (6.79)
m2 ~ O(my) (6.80)

Under this assumption, it turns out to be possible to obtain a very decent estimate for quark masses
based on using GMOR relation(s) and some additional arguments (summary in: H. Leutwyler, 1982;
the idea goes back to an early (renown) work by Nambu and Iona-Lazinio, 1961).

e To this end we employ GMOR relations for the pion and also for K-mesons:

(my, +ma)((au) + (dd)) = —frm
(m + ms)((wu) + () = = fremies
(ma +ms)((dd) + (5)) = —fRomio (6.81)

[the last two cannot have very high accuracy because mg ~ 490 MeV is already not very small,
but we hope this will be sufficient].

Isospin symmetry:

ME+ ~ MK, fre+ =~ [k, () ~ {dd) (6.82)
—_——— —— e ——
observe observe assume

[accuracy ~ 1 — 3%)].
It took some time to realize that isospin symmetry does not imply that m, ~ mg but rather is a
consequence of both of them being small, m,,, my < hadron masses.

SU(3) flavor symmetry:
Extension of isospin to include “strange” particles, (Gell-Mann), typical accuracy ~ 20%.

(au) , (dd) ~ (3s) expect accuracy ~ 20%. (6.83)

Under these assumptions, forming proper combinations of the relations in (6.81), obtain

ms + my -~ f?{m%{ mg — My f?{Om%(O_f[z{+m%(+ (6 84)
mq + My f72rm72r mq + My, fgmgr '
where from
Ms G18+5 Md 2.0+0.4 (6.85)
mq e

To fix the overall scale, observe that all hadrons containing s-quark are typically 120-200 MeV
heavier that their counterparts with a d-quark, which suggests that mg ~ 100—200 MeV. Analyzing
all relevant data one comes to an estimate (Leutwyler 1982)

my ~ 5MeV, mg ~ 9MeV, ms ~ 190 MeV . (6.86)
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so that v and d quarks are very light as compared to even the pion mass. The error was estimated
in 1982 as about 50%. One also obtains

(Gq) =~ —(250 MeV)? quark condensate (6.87)
The modern numbers are

myu(2GeV) = (2.32 +£0.10) MeV
mq(2GeV) = (4.71 £ 0.09) MeV Particle Data Group, updated August 2019

ms(2GeV) = (92.7+0.9) MeV (6.88)
(running masses in MS renormalization scheme at the scale u = 2 GeV).

6.4 Decay 7° — vy

Neutral pions usually end their life by decaying in two photons (probability 98.8%). The measured
decay rate

(7% — 2v) =7.95-107° MeV (6.89)

is responsible for a very short life time 7 ~ 8.5 - 1077 sec. compared to 7 ~ 2.6 - 1078 sec. for
charged 7*. Can we calculate this decay rate in QFT?

(Y(k1, A)v(k2, M) [70(g = k1 + ko)) = 7 ¢ =m} (6.90)
e Consider
1
(v A 0,J*°19) ~ <’Y’Y|7T0>m (7°]0,J+°|Q) (6.91)
| 70N (O | +... T frm2

We need the amplitude (6.90) for pions on mass shell, ¢> = m2, but can consider it for off-shell

pions as well. One should expect that

(7% 2mz — (1170 20 = O(mZ /A?) (6.92)

where A is of order of typical hadron masses, so it is small. (The difference is of the same order as
higher-mass terms neglected in (6.91)). We get

1
(7%) 2=z = (77170) 20 = JTﬂ<’Y(k1)'7(k2)‘au<]u5|9>|(k:1+k:2)2:0 (6.93)
Thus the pion can be replaced at small momenta by the divergence of the axial current.
e This current is anomalous! We can use the QED expression (6.61) corrected for

e pion is an isospin-triplet

T (x) = —=[a(z)y"7 u(z) — d(x)y" d(z)] (6.94)

Sl
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e quarks have fractional charges e — ey e or e — ege, respectively
e quarks have color (the current involves a sum over N, quark species)

Thus for our case

2
e ~
OuJ" = —[e2 — €3] N, - WFWF“B (6.95)

Sl

with e, = 2/3, eq = —1/3, €? = 4magep aqep ~ 1/137.
Using this expression (exact!) get

11 [4 1]N QQED

(i) = = S22 (k) (k)| Fap 7)) (6.96)

(P ()Y (a Ay(@) = 0,A(2)) Y = i(kues® — k)i (6.97)
so that
- 1
(Y FF[0) = 5™ (47| Fap Fyu|0)
1
= 25 (i) aay ™ — kit ko) — ke
= deagu k§ky e e 02) (6.98)
and finally
N. o 1 a1 B %
Oyl Ak, Ma)ln () = = = deapu Ky €0 (6.99)

It remains to calculate the decay rate (see, e.g., Peskin-Schroder)

d?’kl d3k2 2
2 W (ky + ko — 0 6.100
(x> 27) Z 2m7r/ 21)32k10 (2)32k20 (ks + k2 = @)1 (@) ( )

[here ¢% = m2,

Obtain

not zero!].

2
Nco‘QED) M 7 9510-5 MeV

Ftheory 0_>2 — ~
(" = 2) < 3t ) 32nf2

e (7% — 29) ~ 7.95107% MeV (6.101)

— a very impressive confirmation of N. =3 (color)!
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7 Non-abelian gauge theories

Two especially important examples (occur in nature):
e SU(2)-group (electroweak interactions)

2 X 2 matrices UUT:]I,detU:I

1
generators % = iaa, a=1,2,3 Pauli matrices

[ta7 tb] ; Z-fabctc
1 abc 6abc (7 1)

Lol o b
[iaa, o | = ie® 6500 = e

structure constants

e SU(3)-group (strong interactions, QCD)

3 x 3 matrices UUt =1,detU =1

1
generators % = 5)\“ , a=1,2,...,8 Gell-Mann matrices

|
structure constants [t %] = i fabete

fabc — _fbac _ _facb (72>
[Normalization convention tr[t?] = 18,
o Gauge transformations
¥ |
P(x)ys | ... P(x) = (1)
UN.
1
Al s A% 4+ —0,0% + [ AL for infinitesimal a® — 0 (7.3)
g
In what follows I sometimes use a matrix notation
A, = Apt” (7.4)
e (Covariant derivative and nonabelian strength tensor*
Dy, = 0,1 —igAjt* = 0, —igA,
(D, D] = —igFt® = —igF,,
Ff, = 0, A% — 0,A% + g f**° Ab A (7.5)
e Lagrangian
1 <.
L= —(F8)? + 9D —m)y (7.6)
*In adjoint rep. (T¢)qp = —ifabe, covariant derivative Dﬁb = 9,6 — 1g A}, (T)ab, where a,b,c=1,..., NZ-1
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Note that the interactions have become much more complicated:
L=Ly+L;

7, AQ4Q aoc a « c ]‘ ea a €ec C AV.
Lr = gpAutiaty — gf***(Ba AL AT AR — . g? (FP AL AY) (F0 AP A1) (7.7)

Assuming that this theory can be quantized in the same way as QED one obtains the set of
e Feynman rules

Propagators:

O ()5 (1) HO) — 5ij/d4pe—ip(x—y) <1>aﬁ

(2m)4i m—p —ie
Ak kK
T A® Ab _ ab/ —ik(z—y) L —(1— nhy )
OIT {452 A }H0) = % [ 5 ore o — (1973 (7.8)
Vertices:
a, |l
= ig7Yut”
a,
k|, )

Py = gf"[g" (k — )’ + ¢""(p — Q)" + ¢""(q — k)"]
b,V c,p
a, U b,v

s — —ig2 [fabefcde (gupgua _ g,uagup)
>< e fHte(ghrgre — ghoger) (79)
+ fadefbce (g,uugpo _ g,upgua')]

Is this a valid quantum theory?

7.1 QCD Ward identity at tree level

I will consider QCD as an example of a non-abelian QFT but the choice is mainly about terminology
(quarks, gluons, ...). The results are valid for any gauge group.

We have just discussed how important is to maintain gauge symmetry in QED at quantum level.
Symmetry results in existence of a conserved current and at quantum level is expressed by the
Ward identity. At the amplitude level in QED

k p.
k. 1 =0 (7.10)
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This holds for arbitrary photon and electron virtualities up to the d-function contributions that we
found above (contact terms). We want this identity to hold in QCD as well (otherwise the vacuum
will be “colored” etc.)

o Let us check the QCD Ward identity on a simple example: quark-antiquark annihilation in a
pair of gluons'

a(p) +a(®) = 9" (k1) + g"(k2) (7.11)

(1) (2) (3)

e The first two diagrams together:

iM{5e (k)€ (ko) = € (k1)ey (k)

o) {4 et L) (112

Replace
&, (k2) — kay (7.13)

Obtain
iM{'5er (k1)kay = €, (k1) (ig)*v(p') {v“t"p_kz_mkzt” + kzth’y“t“} ulp)  (7.14)

Thanks to Dirac equation can replace
(p — m)u(p) = 0. in the first term byu(p) = (K — p+ m)u(p)

o(p)(p +m) =0, in the second term o(p" )k = 0(p") (kg — p' —m) (7.15)

The propagators cancel and we get
MY e (k= €0 (1)) { — i [t%, '] bu(p)

= —g%¢, (k) o(p)y* " t°u(p) (7.16)

Teopypasted from my QCD lecture notes; example from Peskin&Schroder
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e The third diagram:

iM3" e, (k)ey (ko) = e, (k1)ep (k2)

90

(7.17)

2N c — abc v v v
% (i9)0(0 )yt u(p) 25 9.f | " (k2 = k)" + g (ks — k)" + g (kr — k) }
3

now replace €, (k2) — kay
and use k1 +kos+ks=0—ky=—ki — ks
Then
€5 (ko) [* * %] — ko [* * %]

= kb (ko — k1) + k§ (k3 — k)" + g (k1 — k3) - k2

= (—kl — k3)“(—2k1 — kg)p + (—k‘l — kg)p(ng + kl)ﬂ + gp“(kl — kg) . (—kl —

— PR3 — KRS — g7k K
Hence

. vV % * g c —1 abce
ML e, (ko = €, (k1) (i9) (0 ) ot u(p) 1 95 | 97 K5 — KERE — g™k + k{kY
3

Assume k? = 0 (on-shell) and e (k1)kY' = 0 (physical polarization). Then:

e the last two terms vanish
e the second term vanishes as well:

(=E5)0(")vpulp) = 9P +m) + (p — m)u(p) = 0
e the first term gives:
iMEY € (k) ko, =€, (k1)g?0(p )" F*tu(p)

and exactly cancels the contribution of the first two diagrams!

Happy end? — No! — a disaster in loop diagrams (true quantum effects)

N\, all polarizations in intermediate state
Gluons with unphysical polarizations can be produced — unitarity is broken:

2

+ /d(phase space) >mm§;:i

The moral is, we have to go back and define the quantum theory properly.

(7.18)

k3)
(7.19)

(7.20)

(7.21)

(7.22)

(7.23)



7 NON-ABELIAN GAUGE THEORIES 91

7.2 Path integral quantization for non-abelian gauge theories

Let us try to go the same road as in QED and see whether we will have any new issues. We want
to define a path-integral over gauge fields in a non-abelian theory (say, QCD)

/ DA exp [z / diz (—iFﬁyF‘““”ﬂ =7 (7.24)

The gauge trafo is now

() = () a® = a(z),
Ao %t Ab tb 38 —ia%t® 7.95
14015 ¢ [u—i-gue (7.25)
This is valid for arbitrary a(z). If a(xz) — 0 this can be simplified to
a aya a 1 a abc pb ¢
Al = (A )M:Aﬂ—i-;@ua + [A
_ Aa 1 ac abc Ab c
— A%+ g(@ﬁ +gfe Al )a
a 1 ac - (& -
— A%+ 5(%5 - zg(Tb)acAZ>a (T)ae = —i fact,
a 1 ac . c
= A + gD“ a (7.26)
— covariant derivative in adjoint rep., a 8 X 8 matrix (in QCD)
We impose the gauge condition
G(A)=0 (7.27)
and insert the Faddeev-Popov “1” inside the path integral:
o 0G(A%)
- / Da(r) 6G(A%)] det ( i ) (7.28)
[Note that if G is a linear operator then det(...) does not depend on a.]
Then
A :
= /DA /Dad[G(Aa)] det <5G()> ¢S] (7.29)
foJe
and using
/ DA = / DA* shift of variable
S[A] = S[AY] gauge invariance (7.30)
arrive at

= M / DAa[G(A)] det (56’;3&)) eiSlAl (7.31)
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Let us take the same generalized Lorentz-type gauge condition as in QED:

G(A) = 9" A% —  w(x) (7.32)

arbitrary function

and integrate over all functions w®(x) with a Gaussian weight (as in QED). In this way we will get
a new (gauge-fixing) term in the action and obtain the (expected) gluon propagator

4
OT (AL ALY0) = 6 [ e e g, — ] (7.33)

o The difference is the determinant:

in QED:

det <5G€§§a)> — det [ ’ (Bua () + éalﬁ“ aly) - w@))] = det |02 (2 — y)|

in QCD:

det <5G;§a)> = det [ 0 (&LAM(y) + ;auD“a(y) - w@))] — det {QMD%@) (z — y)]
(7.34)

so that the determinant depends now on the gauge field in a nontrivial way and cannot be discarded.

e Faddeev&Popov’s (second) trick: Write the det. as a path integral over auxiliary grassmanian
fields

det 0,059 (2 )] = / DeDe exp{i / d'ee ()~ DY) CC(x)} (7.35)

e ¢®(x),a=1,...,8 are complex Grassman fields (anticommuting) in adjoint rep. of the gauge

group (as gluons). Note ¢® = (¢*)“.

e ¢?(x) are spin-zero (scalar) fields (do not obey the spin-statistics theorem), thus they cannot
be physical

e ¢?(z) are called Faddeev-Popov ghost fields

Lanoss (2) = (@) ( = 9%5°¢ — g0 f Al () ) () (7.36)
Propagator:
a( \=b ab d’p —ik(z—y) 1
e B
- cab
o« b _ (7.37)
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Ghost-gluon vertex:

b, p
p E = —gf"p (7.38)
/N g
Ve N
a C

The complete nonabelian (QCD) Lagrangian is then

Lacp = = (Ff P+ 50" AL+ Ui — )+ (<0 D) (7.39)

e The role of the ghost fields is to subtract contributions of unphysical polarizations of gluon fields.
How it works:

In QED: )
= (7.40)
phys. photons all photons
In QCD:
2 2
_ <
)iii&@i - +>m§>w
phys. gluons all gluons
“+ghosts
- :
e Why the gauge fields remain massless? Consider QED first:
Free photon propagator in Feynman gauge
dk g - g
DO (z) = / I ke DOk = 2 7.41
v (7) (2m)%i k2 + e ’ v () k2 + ie (7.41)

Exact photon propagator

Do) = oo+ o o+ s+ v (e (142)

The last pictured contribution is the repetition of the second one; can happen separated by large
time interval

Such contributions are called “one-particle reducible”, they are simple and can be summed up
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One defines photon self energy as the sum of all 1PI diagrams (amputated):

M) = { y+ )y + &% o= ()

.y / dhz e (1], (2) 7, (0)]0) (7.43)
Then
D, (k) = v+ W@M + w@v@m + .. (7.44)
or
Duw(k) = DO(k) + DY) (k)I1*#2(k) D), (k) + ... (7.45)
= Dyson equation:
o 0 exact!
Dy(k) = DE)(k) + D) (k)I1#1#2 (k) D0 (k) (7.46)

Using DES,) (k) = g /K? this yields an equation
D (k) = gu + 200 Dpu(k) = [0 — Ty | Dy = g (7.47)
Let (Lorentz invariance)

(k) = g al(k‘Q) + kuk, ag(kQ)

D, (k) = g di(K*) + kuky do(K?) (7.48)
Then
2 2 2
guy = [k — al}dl gW + [k — al}kukl, dg - k,uky d1a1 —k d2a2 k,uky (749)
Collecting the terms o< g,
1
1 = [k2—a]d di(k?) = ——— .
-l = A = (7.50)
Therefore
_ Juv
Dy (k) = + O(k, k) (7.51)

k2 — ay(k?) + ie

and in a general situation aj(k? = 0) # 0 so that the photon would get a mass if not the Ward
identity:

L, =0 = (k) = (guk® — kuk) I(K?)
= a1 (k) =K TI(E%),  ao(k?) = —II(k?) (7.52)
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KM, =0 = k(g a1(K?) + kuky aa(K*)] =0 = a1(k?) = —k%as(k?) (7.53)

Thus finally

— the QED photon remains massless (to all orders in perturbation theory)

e The derivation in QCD is the same, but in order that the Ward identity is satisfied we need to
include ghost loops:

- o+ o+ e e

= (g’ — pupy)I1° (p?) (7.55)

Thus, as a consequence of gauge invariance (= Ward id.), gluon has no mass.

8 Spontaneous symmetry breaking and the Higgs mechanism

e Example I: Breaking of a discrete symmetry

Consider as simple scalar theory with a sign change for the mass term:

A
L) = (0u0) — g2 — 3"
—
A
L) = S0 + 506 — 0" (31)
Potential
A
V(g) = },UZ(ZQ i (8.2)

=) = i 7 0 E 0 g 3 7

¢ 0 6
bo=t=y[S s

Since the lowest energy state is by definition the vacuum state, v” corresponds to the vacuum
expectation value (VEV) of ¢(x): v = (Q2]¢|2). Note that (2|¢|2) is obviously not invariant under
¢ — —¢ so that choosing the particular sign (2|¢|Q2) = +v we break the symmetry.

Let

o(z) =v+o(z) (8.4)
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This makes sense if we consider small fluctuations near the bottom of the potential. In this case
v={(Q

Let us rewrite
L(p)=L(v+0)— L'(0) (8.5)
e The linear term ~ o will not appear (because ¢ = v is a minimum)
e Can omit constants like v*,v? as they do not influence EOM

Obtain after a short calculation

1 1 A A
! 2 2\ 2 3 4
(: P a _ 2 — —uo" — —o .
3(On0)” = 5207 6" T (8.6)
mass term interactions

e a scalar field o with mass m, = ﬂ,u, with ~ ¢ and ~ o? interactions.

e the symmetry ¢ — —¢ is not manifest, it is hidden in the relations between the couplings

2 3 4
megeo— , gio -, ga20

e these relations must hold also for running couplings (if the symmetry is not broken by renor-
malization, so it persists in quantum theory)
— This is all what happens with discrete symmetries, hier Z(2).

e Example II: Breaking of a continuous symmetry

Let us now assume that ¢ has several components — “Linear o-model”
L= 200 + 52(6") — JU0°P
i=1...,N, > 4, not 4! to avoid ugly V6 (8.7)
This model has a O(N) symmetry (cf. Sec. 3.4)
¢" > Rap¢’, R'R=1 (8.8)

The potential has a “mexican hat” shape

1 A
V(e = V() = 512" + 26
2
minima: (¢")? =0v? = MT

choose: o5 =10,0,...,v} (8.9)
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In order to describe the system close to the chosen minimum, redefine (cf. Sect. 3.4)

¢*(z) = {x'(z),... 7™V L(z),v + o(x)} (8.10)
N-1

and rewrite the Lagrangian in terms of new fields omitting unessential constants. Get

_1 ky\2 1 2_} 2y 2
L= 2(8#7r )"+ 2((%0) 2(2# )o
Vo3 — v ouu(k)2 Ad A oo Ay
—VApo® — )\/L(?T)O'—ZU —gmot = gm (8.11)

e massive field o, m, = V21 — exactly as before
e N — 1 massless “pions”

e Why N — 1 — a group theory interpretation.

In N dimensions there are N(N — 1)/2 independent rotations (number of generators/symmetries):
Indeed, a rotation happens in a plain, and a plain is defined by two basis vectors; hence there exist
N(N —1)/2 different plains.

After the symmetry breaking O(N) — O(N — 1) the (N — 1)(N — 2)/2 symmetry transformations
remain (corresponding symmetries are not broken) and the number of broken symmetries is

SN(N 1) = S(N - (N -2) =N —1 (812)

This is exactly the number of massless pions that we have found.

e This situation is very general and can be formulated as

For every spontaneously broken continuous
. Goldstone theorem (8.13)
symmetry there must be a massless particle
Proof:
>
Classically
L = (terms with derivatives) — V(¢) (8.14)
Let ¢ = const be a minimum of V' (¢), i.e.
0
Vv =0 8.15
09 lga(x)=3g (8.15)

and
82

Mv> " + ... (816)

V(6) = Von) + 50— (6 - o)
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Let

2 i( o V> (8.17)
Mab = 8¢aa¢b %o '

— It is a symmetric matrix mgb = mga with non-negative eigenvalues (because ¢y = minimum).

Let
¢t = 9% + A% 9) (8.18)
be an infinitesimal symmetry transformation of the Lagrangian:
L(¢") = L(¢" + A%(9)) (8.19)

This is valid for arbitrary ¢(z). For constant fields ¢(z) = ¢ the terms with derivatives vanish, so
that the potential has to be invariant under such trafos as well:

V(¢®) = V(" + A%9)) (8.20)
and therefore
a a —_
A%(6) 52V (9) = 0 (8.21)
Let us take another derivative of this equation, 9/d¢y, and put ¢ — ¢¢ at the end. Obtain
0A° 1% 0?
0=|(—=+ +A? <V> 8.22
<8¢b>¢0 <8¢a>¢0 (¢O) 8¢aa¢b b0 ( )
T f
- =May
Therefore
A%(¢g)m2, =0 (8.23)

Thus, there are two possibilities:
(1) A%(¢9) = 0 — this means that the corresponding symmetry transformation is not broken

(2) A%¢g) # 0 — the symmetry is broken and A%(¢y) is the (left) eigenvector of m?2, (the mass
matrix) with zero eigenvalue — a massless particle.

e A full-fledged proof in quantum theory is more complicated. E.g. in the above example of the
linear o-model is has to happen that exact “pion” propagator still contains a pole at p? = 0, alias
that the self-energy vanishes at zero momentum in the sum of all diagrams in every order of pert.

[here solid line is a pion, short dashes a sigma-meson]. The idea of the proof is that taking
into account quantum corrections leads to a renormalized Lagrangian with an effective potential
V(¢) = Vers(¢) and the above argumentation remains valid if V. ¢ ¢(¢) retains the same symmetries.

theory:
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8.1 The abelian Higgs model

e Consider the following theory (a version of scalar QED):

1
‘C:_ZFEV_'_ ‘Du¢‘2—v(¢)7 D, =0y +ieA,

where
A, (x): a photon
¢(x): a complex scalar field

This theory is gauge-invariant [U(1)-symmetry]
Blx) ~ €9 g(z)

Aula) = A(2) — 00(a)

99

(8.24)

(8.25)

Let us take the potential for the scalar field with a “wrong” sign of the mass term (as in above

examples)
A
V(9) = 16"+ 5(&70)%,  w*>0

In this case the U(1) symmetry will be broken spontaneously with
12

2_,2__ 7
|¢0‘ =v )\

We can choose ¢g to have arbitrary phase
¢ = ve'®
All choices are equivalent, let us take a real ¢ for definiteness

2
R
b0 = 3

Expanding around the chosen minimum, we can write

$a) = o, +\g(¢1(x) idn(2))

and re-write the Lagrangian in terms of real fields ¢ (z) and ¢2(x).

We will get:
(1) From the potential

1 1
V(o) :Z)\%_’_ 5(2,u2)¢% + interactions

— ¢1 has mass V2
— ¢ is massless

Thus
} as expected (Goldstone)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)
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(2) From the interactions with the gauge field

1D,uo|” = [(au - ieAu)¢*} [(aﬂ +ieAM)o
= %(%%)2 + %(0,@2)2 +V2evA,0" ¢y + 0P A, AP

+ 043, 9% A, ..)

(?!) A mass term for the photon field

1
L=.. .+ §m§1A2 , m? = 223 = 2e%0v?
The sign is correct because
1m2A2—1 Q(AQ—AQ— A2 )
A= QmA 0 z 1

2 ~—
phys. photons

How could it happen that photon acquires a mass?

e Remind the usual argument:
Photon propagator

By = oo+ oDy + oo + ..

where the shaded blob is
ML (k) = [ %o e (©17,(0)1,0)10) = (guk? ~ bk, I(K?)

so that

Iuv Gpw vy
Dy (k) = 705+ 28 gk = kb )R S50 4

=0 gﬂﬁ(kﬂ)*) + O(k,ky)

100

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

Thus photon has no mass, but under implicit assumption that IT(k?) does not have a pole at k2 — 0.
A pole means a contribution of a massless particle. Since one-particle reducible diagrams with a

photon in the intermediate state are excluded by construction, the lowest mass state contributing

to II(k?) in QED is an electron-positron pair, thus no pole.
e What happens in our case?

1

L2 V2evA,0" po AN = V2ve(—ik") = —imak*

k

I v

1
L> §m2AAuA” AMNMENVN = MG

(8.38)
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Note that m4 = v/2ve = O(e) so that to O(e?) accuracy

1
= magu + ( zmAk“)_—kZ(—l—zmAk”)
Rk _ k% — Kk, )II(K? 8.39
= mA(guV L2 ) = (Quu u )IL(K7) (8.39)
——

from Goldstone

We conclude that

o kM1, =0 — Ward Id. is satisfied

2
o II(K%) = % has a pole at k? = 0, thus

Guv Juv Juv
D, (k)= = = 8.40
v (k) k2(1 — I1(k2)) k21— mi) k2 —m?, = mass (8.40)

k2

e Unitary gauge [the fate of the Goldstone boson. ..]

Our theory is invariant under (local) phase transformations
. 1
P(x) — € p() A(@) = Au(w) = —Oua(x) (8.41)

We can choose the phase (fix the gauge) in such a way that Vz, ¢(z) = real number. In this case
¢(z) = ¢1(x) in our notation, and the ¢2(z) does not exist! (It basically means that our Goldstone
particle can be gauged away). What happens in this case?

L= P2+ [0 — iedn)or] [0 +iean)s] ~ V(o)
S _Lp2 4 (0,6)(070) + 262 A AF — V($) (8.42)

4
If V(¢) has a minimum at ¢ = v = (Q|p|Q2), then we can write ¢(z) = v + ¢1(x) and get
A A" s (v + by (x))QAi = miAi + interactions (8.43)

Thus we get
— a massive vector field 4,
— a massive scalar field ¢1 from V(v + ¢1)
— a massless (Goldstone) particle disappeared?

Let us count the number of degrees of freedom:

e At the Lagrangian level: 2 real functions to describe a complex-valued ¢(x), 2 real functions
to describe photons with physical polarizations. In total 2+2=4.
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e In the particle spectra: 1 real function to describe a real field ¢1(z), 3 real functions to
describe a massive vector field A, (A reduction from 3 to two polarizations is specific for
massless vector particles as for k> = 0 Lorentz gauge condition does not fix the potential
uniquely). In total 14+3=4.

Thus, the degree of freedom corresponding to the Goldstone boson is effectively “eaten up” by the
vector field which can have not only two usual transverse polarizations, but also a longitudinal
polarization as well.

9 The Standard Model: Theory

Weak interactions:
First example: a §-decay
e Pauli (1930): Neutrino needed to carry away energy

n — peve “— d — uev, (9.1)

e Fermi (1933): A four-fermion Lagrangian
e Yang&Lee (1954-56). Wu (1957, exp): parity violation
e Marshak&Sudarshan, Feynman& Gell-Mann (1957): A V' — A structure (vector minus axial)
d u
0Lp = QﬂGF(éLWMVL)(ﬂL’YudL)

1—
dy = —5"*d = Pyd A

(9.2)

I! Only left-handed particles take part in weak interactions

Problem: a theory involving the four-fermion interactions is not renormalizable. Within the Wilson
effective action approach this means that G has to be of the order of inverse UV cutoff squared:

1

Gr ~
Mgy

(9.3)

so it can only be an effective description which must be substituted by a more fundamental theory
at large momenta (small distances).

An old idea: split the four-fermion interaction in two parts mediated by some vector particle
exchange (W-boson):

d U d g u
—> VW
e e Ve e
2 G 2
pwW o Yw - az0  EE_9 9.4
Hy m%/V —q? V2 Sm%/v (94)

In order to realize this scenario one needs a massive vector particle with electric charge.
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9.1 The electroweak (Glashow-Weinberg-Salam) Lagrangian

The SM Lagrangian is rather complicated, so let us start building it piece-by-piece.

e Assume there exists a complex scalar field ¢(x)

e Assume gauge symmetry SU(2) x U(1) such that
o) = ¢ (2) = " 2P g () (9.5)

so that ¢(x) is a two-component spinor w.r.t. SU(2):

_ ¢1($) a _ lo_a a =
é(z) = (%(w)) = o, 1,2,3 (9.6)

The factor 1/2 in e'28() ig the U(1) charge of the scalar field.
— convenient to introduce this way instead of writing (later) gauge-field trafo with i 0(x)

e Assume the Lagrangian involves a Mexican-hat-type potential V(¢ such that ¢(x) develops a
nonzero VEV. The standard choice is
1 /0
0= (7) (9.7

e There exist in total 4 symmetry transformations: o', o2, a2, 8. If we choose

a1 =0 as =0 a3 =08 (9.8)

the VEV does not change (for our specific choice), (¢’) = (¢), so that

— one symmetry is not broken
— three symmetries are broken spontaneously
— will get three massless Goldstone bosons

e We will need four gauge fields (3 for SU(2) and 1 for U(1)) to construct a gauge-invariant
Lagrangian

— Three Goldstone bosons will be used to produce three massive gauge fields
— One gauge field will remain massless. This will be the photon.

I We will get a unified theory of electromagnetic and weak interactions

e The Lagrangian will have a kinetic energy term for the scalar field in which we wile need to
promote J, to a covariant derivative:

2
E:...+‘Du¢) +"'/ U(1) charge

Dyd(x) = (8, —igAte —i%g’Bu )é(z) (9.9)

o ——
like in QCD like in QED
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Then
2 1 1 1 0
D ‘ — 2(0,0)(gA%® + =¢'B,1) (g AP ® + ~¢' B 1
‘ 2 50 U)(g w59 B )(9 * 39 ) v
1 v?
= | A+ PR~ (o4 o5,
Define:
1
+_ L g2
W, = ﬁ(Au :FZAM) W bosons
1
o__ - 3
Z, = T g7 (gA# g Bu) Z boson
_ 1 /1 A3
A= N (545 +9B4) Photon

Or, define (Weinberg mixing angle)

g . g
cos By = , sinfy = ———
92 + g/2 /92 + g/2
and
Z0 _ [cosOw —sin by A3
A ) \sinfy cosby B
Then
v
mw = 5
— (24 220w
mz =(9"+9°) 2 cosOw
mag =0

I A prediction: a new particle: Z° boson. (We only need W+ for -decay)

' A prediction: Higgs particle:
The scalar field will fluctuate around its VEV:

)

o(z) = Uz) - L ( 0 ) ’h(:c) :  Higgs ﬁeld‘

—~— V2 \v+h()

—1,unitary gauge

An example of a (renormalizable) scalar potential that leads to the nonzero VEV is

V() = —p?¢To + o' )?

104

(9.10)

(9.11)

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)
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The minimum of the potential is at

Yy <M;>1/2 (9.20)

and in unitary gauge the potential takes the form
272 3,101 o A 3, 1y,4
with

my, = V2u? = \/gv (9.22)

2
The term ... ‘Dugb’ ... will then produce the kinetic energy contribution to Higgs and also Higgs
couplings to W* and Z-bosons:

2 1 1 h\?
’Dﬂqﬁ’ = S (Ou)? + [ WHW imQZZ“Z#} (1 n U) (9.23)

e The next step: we want to add fermions — quarks and leptons.

Problem:
Only left-handed particles take part in weak interactions. For free particles

Vi = Pridr, + Pridvr (9.24)

Usually we introduce the interaction by promoting i@ to a covariant derivative, but how to do this
in such a way that electromagnetism interacts equally with left-handed and right-handed fermions,
but weak interaction only affects left-handed fermions?

Solution:
Left-handed 1, and right-handed ¢ fermions transform according to different reps. of the SU(2)

group:

o, = <¢é> doublet (spinor) (like @)
VL
YR =R singlet (scalar) (9.25)

This means that from the viewpoint of SU(2) interactions, e.g., the left-handed electron and right-
handed electron are completely different particles!
The covariant derivatives are in this case also different:

(Dy)spinor = 01 — igAZta — ig/YBN]l — a 2x2 matrix
(D,u)scalar = 8,u - ig/f/B# (9.26)

where Y and Y are numbers which can (will) be chosen in such a way that our fermions have
correct electric charges. They are called Hypercharges. For the scalar field we have chosen

Y, = (9.27)

1
2
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In terms of the physical states this becomes

D=0, L (Wi + W) -

)
/2 Zu(g®T? — g%Y) — — V92 +g?%A, (T3 +Y)

92 + g/2 qg _Q,_/
(9.28)

where T+ = (Ty 4 iT3).

e The following table summarizes the list of fermion fields that exist in Nature:

Quarks

families (generations)

U U c t 1
w=(), - @, (), 6, v
L L L L
~ 2
Ur = oug, CR, lr Y:§
~ 1
DR = dR, SR, bR Y = —g (9.29)

Leptons

(N we)rs (NWu)r, () wr)r,
LR = €R, MR, TR, Y =-1 (930)

(Here the electric charge Q@ = T5 + Y, T3 is zero for r.h. quarks as they are singlets to SU(2)). At
the time when the SM was formulated, only left-handed neutrinos were known to exist. Today we

know that right-handed neutrinos exist as well, but we are still not sure if they can be included in
the SM in the “standard” way.

Now we have all particles build in, but there are still two problems:

1. There is a danger that SU(2) x U(1) symmetry can be broken by quantum anomalies [we
have axial-vector interactions]

2. Our fermions are so far massless

e (1) First, anomaly problem.

The Adler-Bardeen anomaly that we considered in detail in Sect. 6.2 can also be derived from the
calculation of the triangle diagram

8,7

2 ~
0, T (x) = éFaﬁFW (9.31)
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Naively, this diagram has to vanish but in fact it does not because of the necessity to introduce
a regularization. In SM model there are potentially many anomalous “triangles” — one for every
(classically) conserved current and for every pair of gauge fields

U(1) UQ) SU(2) SU©)
f\ f\ f\ A 932
U(1) U(l) SU@)  SU2) SUR)  SU@2) SUB3)  SU()

1,
If at least one of these anomalies is non-zero, gauge symmetry will be broken and our construction
will be worthless. However, a miracle happens (sometimes!):

All anomalies cancel in the sum of quark and lepton triangles if

— the number of lepton families is equal to the number of quark families
— the hypercharges are chosen to reproduce the electric charges of observed particles

Under these two conditions the SM is anomaly-free!

e (1) Second, fermion masses (quarks and leptons)

The usual way to introduce masses for Dirac fermions

YilD = (il — m)y (9.33)
However
mip = mp [ 4 Loy = midygn + mibng (934

and we cannot write such terms because ¢y, = ¢ is a spinor whereas g is a scalar (of SU(2)).

Solution:
add a term to the Lagrangian (electron as example)

0L, = _)\e(EL . (D)eR + h.c. = —)\G(E2<I>“)eR + h.c.
¢1
= A (7L,er) <¢2> er + h.c. (9.35)

[“h.c.” = hermitian conjugate]
After the spontaneous symmetry breaking

1 0
O(x) = 7 (v . h(x)) , v=(P) (9.36)

we get

1 _ 1
\ﬁ)\ev(eLeR) —ﬁ

mass term electron-higgs coupling

0Le = — Aeh(éper) +h.c. (9.37)
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SO
1
V2
Down-type quarks can be given mass in precisely the same way, but for up-type quarks we have

to do it slightly differently: Observe that there exist two possibilities to make a SU(2) scalar from
two spinors:

Me = AV, Ae i "Yukawa coupling” (parameter) (9.38)

O UD, vut=1, detU=1
(1) oo TUUD=0T0,
(2) D%, @ > DY UygearUpy ® = det U B%eqy, ®° (9.39)
Hence we can add (e.g. for quarks in the first family)
0Ly = -Xa(Qr - ®)dr — M\u(QFear®"M)ur + h.c. (9.40)

to get

1 1
mg = —=Aqv, mu:ﬁ

V2

© A new parameter for every massive fermion. ..

Ay (9.41)

© A prediction: Higgs coupling to quarks/leptons is proportional to their mass! Higgs couples
most strongly to top-quarks and very weakly to u, d quarks and electrons.
N.B. One can check that the hypercharges sum to zero in both terms so that they are U(1) invariant.

9.2 The CKM matrix

e With three families of quarks and leptons one has more possibilities to add Yukawa interactions,
e.g.,

Lo = -AQY-2)Q% + he. (9.42)

where the superscript (1), (2) labels the family. In this way after symmetry breaking one also
obtains nondiagonal in flavor terms like
1
V2

— a mass matrix. Physical quark/lepton states Q' correspond to eigenstates of the mass matrix,

Mas(drsg) + h.c. (9.43)

and their masses correspond to the eigenvalues, e.g.

Up =UFUY, L =UfD7,
Ui = (uLacLatL) ) DZL = (dL7 8L7bL) . (944)

Note that U and [Uﬁl’C are in general different unitary matrices (do not need to be the same),
UUt =1, det U = 1.
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e The “primed” fields are those ones that we identify as quarks which participate, e.g., in strong
interactions. It makes sense, therefore, to rewrite also the weak interaction terms in terms of
physical fields. For example, the u — d transition due to emission of the W-boson (5-decay)

Whagyrd, - Wiag (ULUd>ijfy“d'Lj (9.45)
The CKM matrix:
Vij = (ULUd) N < 3 x 3 unitary matrix (9.46)
ij
and as the result the weak interaction becomes non-diagonal — we obtain mixing between different
families:
Vud Vus Vb
Vij= | Vea Ves Ve (9.47)
Via Vis Vi

Thus in Nature we observe transitions between quarks belonging to different families, e.g.

b — ce (9.48)

v

— always between “up”-type and “down”-type quarks
— always with a change of electric charge by one unit

e Why only with an electric charge change? We also have weak interactions generated by a neutral
Z~0 boson exchange?
— Yes, but:

Dy o Z%u) <[ULUu)ij iy (9.49)
—_——
1

— The SM Lagrangian does not contain terms corresponding to transitions between quarks of
different flavor mediated by electrically neutral Z° boson. Standard abbreviation: FCNC (Flavor
Changing Neutral Currents)

Such processes are allowed, however, due to quantum corrections

b W~ s




9 THE STANDARD MODEL: THEORY 110

Note that the UV-divergence in these diagrams cancels in the sum of w, ¢,t quarks since
ViV + VaVa + VaVis =0 <«  VVi=1 (9.51)

This also means that a nonzero answer only appears because of different quark masses.

Such contributions are usually referred to as “penguin diagrams”:

(9.52)

e How many physical parameters are contained in the CKM matrix?

A real orthogonal 3 x 3 matrix has three parameters (e.g. Euler angles)

o

o

A complex unitary 3 x 3 matrix has 9 real parameters, but:
— Phases of quark fields are unphysical, one can rotate quark fields in
q(i)%jq(j) N q(i)e—i@vijeiqﬁj g
without causing observable effects.

(¢]

We have 6 quark fields, thus 6 arbitrary phases, but if we rotate all 6 quarks in the same way,
there will be no effect on the CKM matrix. Thus in this way one can get rid of 6-1=>5 phases.

o Thus one phase is physical, the CKM matrix has 4 parameters — 3 angles and one phase.

The presence of a complex parameter in the Lagrangian has very important physics consequences
— a breakdown of the CP symmetry (parity combined with charge conjugation) [more later].

9.3 Quantization of spontaneously broken gauge theories

Our discussion was so far essentially classical. We used unitary gauge in order to isolate physical
degrees of freedom. It is not clear, however, how/whether this gauge condition is maintained in
perturbation theory, and it is in fact not clear how to formulate perturbation theory in terms of
physical particles. A naive formula for the W+ propagator

? d4k —ik(x— g v
Wu(z)W,(y) = / @ © K y>7k2 jm%v (9.53)

cannot be the full story: This propagator (inspired by usual Feynman gauge) contains contribu-
tion of all four polarizations and for massless gauge bosons we have seen that contributions of
two unphysical polarizations cancel each other, so that only physical transversely polarized states
contribute. For a massive vector particle, the longitudinal polarization is physical, we do not want
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it to cancel, so smth is not OK.

Let us consider an an abelian Higgs model, Sect. 8.1 as an example, where we will slightly change
the notations to be closer to the SM.

e Thus, consider a theory

L=~ +‘DN(I)‘2_V((I))7 Du:au"i‘iEAu (954)

Lo

e

where

1
V2

with real ¢; 2. Expanding usual ®(z) — @) ®(z) in real and imaginary parts for a(z) — 0 one

obtains that this theory is invariant under infinitesimal abelian trafos

P () (¢1(2) +iga(x)) (9.55)

dp1 = —a(z)da, dp2 = +a(z)ér, 0A, = _é () (9.56)

Assume that V(®) has a nontrivial minimum such that ¢; acquires a nonzero VEV, (¢1) = v, and
in order to construct perturbation theory around this minimum we change variables by a shift:

¢1(x) = v+ h(z), P2(x) = p(x) (9.57)

so {1, P2} — {h(z),o(x)}. Then h(z) is our “Higgs” and ¢ is the Goldstone boson. The La-
grangian becomes in these variables

L= —%ij + %(mh —eA,p)? + %(8,@ +edy,(v+h)? = V(g h) (9.58)

This Lagrangian is still invariant under local symmetry trafos
1
dh = —a(z)p, ¢ = 4a(z)(v+h), 0A, = —gaﬂa(m) (9.59)

so that if we want to build a quantum theory as a path integral over h(x), ¢(z), A,(x) we have to
follow the Faddeev-Popov construction.

e Start with a “naive” path integral
W= / DA(2)Dh(z)Dé(x) ¢ ] 4= 1N (9.60)
and introduce some gauge-fixing constraint similar as we did for QED (and QCD)
G(A,h,¢) = w(x) (9.61)

Following the familiar road, insert the Faddeev -Popov “1” in the path integral and use gauge
invariance to separate an overall integral over the gauge group. Obtain

W= M / DA(2)Dh(z)Dp(x) €' 4w LA S(G(A, b, ) — w(x)) det (‘js) (9.62)
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Next (path-)integrate over w(x) with a Gaussian weight to get rid of the 6(G(A, h,¢) —w(z)) at
the cost of having an additional (gauge-fixing) term in the Lagrangian:

1
L(A b, ¢) = LA, b, ¢] = 5(G)? (9.63)
G is, in principle, an arbitrary linear operator, but a suitable choice brings advantages. Let

1

7 (aMA# - fevd)) (9.64)

Then in the Lagrangian we get

G =

1, 1 . 2
§G = %<8MA §€U¢)
1 [1)2 w8 22,0
- E(OMA )° —evpd, A +oet (9.65)

N e’ SN———
(2
(1) ®3)

(1): The usual gauge fixing term for A,
(2): Cancels the term ~ 8,¢A* from the expansion of ... 3(9,¢ + eA,(v+h))?... in (9.58).
(3): Produces a gauge-dependent mass term for the Golstone boson

m% =& = Em? m? = (ev)? (9.66)
Collecting all quadratic terms in the gauge-fixed Lagrangian:

)2_§

1 1 1 1 1
L= —§A“( — g™ o® + (1 - E)a“a” - mig“”)A,, + 5 (0uh)? = Smih + 5 (0,0) — Sm e

+ interactions (9.67)

[The mass term for h comes from V(¢)].
e We still have the determinant of the gauge variation of G' which can be computed using (9.59):

G _ 196
Sa /€l
1 [ 1., 1
=—|—-0 —fev(erh)} = —
VEL e Ve
The determinant of this operator can be computed as a path integral over Faddeev-Popov ghost
fields which add an extra term to the Lagrangian

{au [A“ - %aua] ~ew [gb +(v+ h)a] }

[— 0% —em? (14 %)} (9.68)

h
Lonost = 2(@) [ = 0 — e (1+ 2 ) |e(a) 9.69)
Note that the ghosts do not couple to the gauge field (because we have an abelian theory) but they
couple to the higgs and cannot be ignored.
e From the collection of all quadratic terms in the Lagrangian we can find the propagators. E.g.

for the gauge field

—%AM( — g+ (1 - é)aﬂav . mig“”)Ay (9.70)
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goes over in momentum space to

y 1\ g v (o FR R 1
g2 — (1 _ E)kuk — mig" = <gu _ k2> (K> —m?3) + <> (k* —€em?%)  (9.71)

and inverting this matrix one obtains the propagator

Ly d*k e 1 y kHEY
A () A% (y) = / (277)4z'e i y)m <gu - m(l f)) (9.72)

Note that the transverse component of A indeed acquires the mass m 4, and the higgs field indeed
acquires the mass my, (easy to see from L), whereas unphysical components of A, the Goldstone
boson and the ghost all acquire the same gauge-dependent mass \/Em 4.

Here is the full list:

A M v —t e MR (1 g)

z e omi \7 T R}

7
h: - - - =
k2 — m%

¢ AAAAAAAA 3 ! 5
e b (9.73)

’ k% — &m? '

The dependence on gauge parameter seems to be rather involved, let us check that this dependence
indeed cancels on a simple example. [taken from Peskin&Schroder]

e To this end, let us add fermions to our model, in a way that resembles the SM:

L= (iDL + Yr(id)Yr — A (YL PYR + VP Y1) (9.74)

with D,, = 0, +ieA, as usual. Inserting in the last term

o = \}5 (v +h(z) + igf)(:ﬁ)) (9.75)

get
¥ 'v (@EL¢R n &RW) (1 + %) + i(;S(%Z_)L¢R - @RT/)L)]

- Lo e ) a5 )

2 2
_
V2

- Zloau(1+2) vistrse| = ~mpiu(e D)= Dhoduw  ©10)

Thus the fermion receives a mass as intended:

v
my =X s (9.77)
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and it interacts with the higgs and with the Goldstone boson.
[This theory is actually not good as it suffers from an axial anomaly, but we will not go that far]

e Let us calculate the fermion-fermion scattering cross section in this model to lowest order:

fo)+ f(k) — f()+ f(K) (9.78)
We will have three Feynman diagrams — D1,D2,D3 —(the ghost does not contribute at leading

order)
k k' k % \k\}
2 P’ P P’ 6/\19\

(D3): Since higgs propagator does not depend on &, D3 is not involved.
(D2): Goldstone boson:

(D1): Gauge boson:
_ — 1V _
Mo = (ie? (a5 ) ) ; (- - &) (w0 520w

To see cancellation of the gauge dependence rewrite
—1i
()
¢* —m} < 6

q“ v q"q” q"q”
< Y — 2 ) 2 (1 _5)
e —m? my  q*—E&m4

"¢ —1 q'q”
~ (¢ ) e () @8

The first term does not depend on £. In the second term the momenta g,q, will be multiplying

spinor products:

a0 () = (0 — Va0 () (p— myu(p) =0

“Ll o) - )
———
(p—myg)— —ms)—0

a(p') [ + sp|ulp) = mpo(p')ysulp),

T )= uk) = — (O — K a2 (k) = —m (k) ysu(k) (9.83)
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Then
i = (e (a0, 5 2ui) ) oy (9= ) (a5 200
(e (0! 200) ) e () (85t

= (e (05200 ) e (97 = ) (k- )

(i) (—m?) = = (Af) (9.85)

so that the expression in the second line exactly cancels the Goldstone boson contribution in (9.80).
Thus the dependence on gauge parameter disappears, as it should.

e Note that the final result for the gauge-invariant sum of gauge-boson and Goldstone-boson con-
tributions is just as if we would forget Goldstone altogether and calculate the gauge boson diagram
using the propagator

— Bk i kR
W) a0 = [ e e (- ) (9.50

The tensor structure is the polarization sum. In the rest frame of the gauge boson this becomes
a projection on the space-like directions, these are precisely the three possible polarizations of a
massive vector particle:

S e = <_gW n qﬂ%”) (9.87)
my

enqt=0

Thus the role of the Goldstone boson contribution is to cancel the contribution of the fourth,
unphysical, polarization.

e Perturbation theory looks very different for different values of &:

o Landau (Lorentz) gauge & = 0:

0 T YRR _ 9.88
o Feynman—t Hooft gauge £ = 1:
—igt
K v - 9 AN = (9.89)
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o Unitary gauge & — oo:

_ e
B v Tt <g/“’ — ks ) AMAAAANAA = () (9.90)

(only physical degrees of freedom remain)

e Non-abelian theories with spontaneous symmetry breaking — similar but much more cumber-
some. A complete set of Feynman rules for the SM can be found e.g. in: J. C. Romao and J. P. Silva,
Int. J. Mod. Phys. A 27 (2012), 1230025.
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10 The Standard Model: Phenomenology

10.1 W, Z and Higgs

e SM Couplings to leptons:

L = <”L> . wvr  er (10.1)
€L
€ 1%
eQ z e (1 )
R e am Vi —
e/ 4syop Iyt /5
€ 14
.
ie
Z e —"(er * ga7)
wEw (10.2)
.
.
, gt =—1+4sin’by
W © (1 — ~s) €= 1
2\/§SW )i /5 9a | ;
sw = sinfy
1
Parameter: g, — e sinfy
Here and below
sw = sin Oy cw = cos Oy e= \/% >0 (10.3)
e SM Couplings to quarks:
QL= (uL> ; ur  dp (10.4)
dy,
— the same with different hypercharges:
leptons: Vi =-1 Y =0 Yp = -2
1 4 2
. Q _ _ d _
quarks: Y = 3 Y4 = 3 Yi = -3
Q=Is+% 2 1
=7 Qu=3  Qu=—3 (10.5)
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[I3 = —I—% for upper components of the SU(2) doublets and I3 = —% for lower components]

e FElectric charge is known very precisely:
1
— = 137.035999084(21) value from PDT 2020 (10.6)
e

but how can one determine the Weinberg’s mixing angle and also W, Z masses?

e Z-boson contribution is seen very clearly in the total cross section of electron-positron annihilation

e” + e~ — hadrons (10.7)
LEP at CERN, 1989-2000:
_2105 T B B L B T T T 3
z Z ]
S i
Z 10 + - -
3 e ¢ —hadrons
® ]
10° 4
] (10.8)
10 “ E
; I 3
s TN SLC :
PEP-IT -
v é_ 1 1 1 ?EPII 1 1 LEP III 1 _é
0 20 40 60 80 100 120 140 160 180 200 220
Centre-of-mass energy (GeV)
From the position of the peak (now more methods)
mz = 91.1876(21)GeV /c? value from PDT 2020 (10.9)

e Weinberg’s mixing angle

The classical method: Forward-Backward (FB) asymmetry in fermion pair production in ete™
annihilation.

e f

Y, Z do(s) 3 ) ;
Jeosh o(s) 8(1 +cos”0) + App(s) cos b (10.10)
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At s = m?% (at the Z-boson peak) at tree level in SM

! ol
3 9v 9
App = JAA;, Ay =2 VoA

(91)% + (gh)?
where gf; v are defined in (10.2).

gt

—=1- 4|Q | sin? Oy = sin? @y ~ 0.23
9a

With quantum corrections, the analysis becomes more complicated. By definition

2

. ! m

sin? @y =1 — —I;V
mz

but m%v and m?% are renormalized slightly differently, so sin? Oy is also affected.
One has to compare

t t
and also
h h
4 oo é VS. W oo w Ap x Inm?
W -
Difference in self-energies: Ap — “p-parameter”.
Then
2 2 2
m c
sinzﬁwél— I;V: 29 5 <l—gVAp>
my, gc+g Sty

Similar contributions one has to take into account in the amplitude

119

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

e~ f e f
v, Z V. Z
AAxInmi or o m?
et f et f

(10.17)

and also take into account interference of v and Z (important off-peak). From the fit to the energy
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dependence
~ 04 —
\-é r = A from fit %?Eg%]
[ [ommmm—- QED correcred
{ + average measurements OPAL
0.2 - .
}
N
0
-0.2 - .
M,
B T R T R
E_. [GeV ]
one obtained (LEP)
sin? 0?{; = 0.23153 = 0.00016 < defined through tree relation to App (10.18)

In more modern studies one usually prefers to give the value referring of MS renormalization scheme
at the scale y =my:

sin® Oy = 0.23122(4)  PDT 2020 (10.19)

e Note that quantum corrections to FB asymmetry turn out to be oc m? or oc In mi, so that

they depend strongly on the top quark mass and only weakly on the higgs mass. This feature is
general. As the result, top quark mass m; ~ 175 GeV was known (from self-consistency of different
observables) long before its discovery, but for higgs mass there were only estimates, e.g.,

A 4°—‘ 0.23099 + 0.00053 65 e 2008 My = 160 GeV
] 2 & @) _ i i
5- Aty = ]
. i —0.02756+0.00035

o —v— 0.23221 + 0.00029 i % 0.0274940.00012 1
e 3 .e | \, 2 —

A 1 ——— 023220000081 4 : incl. low Q" data
e —————— 02324+00012 !
= 3 i
Average - 0.23153 £ 0.00016 < i

103 - ¥7dof:118/5
R 2 ] |
;‘ 4
©
S 1- .
T | |
€ 102 21 Aol = 0.02758 + 0.00035 0 EXCII Udled N l.-=" Pre“rn'nary
V. EZEm=170.9 + 1.8 GeV 30 100 300
0.23 D.i32 et 0.2‘34
. 2. lep
sin“0 my, [GeV]
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e Muon decay

G2 5 2
= - gzmg (1 - 8m€> = Gr = 1.1663787(6) x 107> GeV~2  PDT 2020 (10.20)
i

Comparing to the calculation in SM

1 1 T «

. N Gp=—n = = 2 — 41 = ¢’sin? 0 10.21
R P, s o ¢ =dma =g sin” O (10.21)
The latest value (global fit for many measurements)
my = 80.379(12) GeV PDT 2020 (10.22)
e Also
1
my = 5gv
= 2 2
G 1 dra 1 gesin“fy 1
e 4\/§m%[, sin?6y 4\/§m12/v sin2 by /202
=
v~ 246.22 GeV (10.23)

e Z-width and the number of neutrinos

Z-boson is not a stable particle. The height of the peak in the eTe™ — hadrons is determined by
the sum of the decay rates in different channels. Close to the peak

e /
Z 12 [T
% o(s) = —5 S (10.24)
my (s —mgz)? + 51 /m7
et !
(here only Z-boson contribution, no photon), where I'y is the total decay rate
I'y= 3wy + Thaa + Tinv (10.25)
~ =~ =~

leptons  quarks  neutrinos
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Neutrinos cannot be detected but I'j,y is proportional to their number. One observes

— : : . =
2v
E i .. o’ = /\\\
40 £y 7 i AL [ 3v\
= F [ g =30} EPH / \
= ALEPH ] \ ] © / \
© I DELPHI | 4 | DELPHI “ \
L L3 / 11 j
30 | OPAL / \ L3
' OPAL
20 +
20 L $ average measurements, //
F error bars increased
F ; by factor 10
Il T S 10
10 " —— ofrom fit '.""
: ----- QED torrecre(l_',"
e
8 88 90 92 94 07386 38 90 92 9
E, [GeV] E_ [GeV]
with the fit on the number of neutrinos giving
N, = 2.9840 £ 0.0082 (10.26)

Thus there exist three lepton families and for self-consistence of the SM also three quark families.
There is no room left for another, fourth, family!

e Higgs particle

Higgs particle is very elusive and in order to find it one had build a new accelerator (LHC) and
look very carefully at all possibilities Higgs could be produced, and all possible decay channels.

— Higgs production at LHC: pp -+ h+ X

Entdeckungs-Potential

=1

o

£ 1 H — 7y

g JLat=301 W HHG s bh) A

b= (no K-factors) s H 220 541 _— t

) ATLAS H - ww' 5wy —_ t >,,,H
Z 10’k " qqH — qqwWw" !

= [ i PPTTSIL

EL qgH — qq 1T

n —  Total significance

10

P
140

M B
160

L L |
180

o 200 ‘
my (GeV)

L
100 120
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— Higgs decays:

Higgs-Zerfall

H
(o]
[=]
—r
v
&

10— 1 z°z°

Higgs Boson Branching Fractions
9
[

- 7 E
S I A B B i
40 80 120 160 200 240
Higgs Boson Mass [GeV/c?]
Y
b .
s
» w 4
Y
— Higgs discovery 2012 and eight years after ...

CM 35917 (13 Tev)
= = T T T T T T T T T T T T T T T T T T T _IIHlII\III\IIIHII\III\I|IIH|IHI|II\I|II\I_
8 70 4 Dam ATLAS Proliminary ] 70F ]
g f e Background s=13Tev.aein’ § O [ $ Data ]
S oo~ — Signal + Background m,=125.09GeV _J ™ o |:| H(125) B

E —Si B 60 -
EQ 500: Signal In(1+5/B) weighted sum ] E E |:| 4922, 27 E
= 3G 5L M goozz2r 4
a00F- = I TR B 2+x ]
3003— —f 40:— —:
200 = L a1
F ] 30 B
100 — C ]
- 5 I M=, S I I : .; 20 ]
P ! T :
£ o 1 -
£ C i -
g ° 1 C
rjq 201~ + t t - 0
110 120 130 140 50 760 70 80 90 100 110 120 130 140 150 160 170

m,, [GeV] m,, (GeV)
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— Higgs mass summary, PDT 2019

ATLAS and CMS 4~ Total [ | Stat. 3 Syst.

7 TeV, 8 TeV and 13 TeV Tot. Stat. Syst
ATLAS H —=yyRun1 -@. 126.02 £ 0.51 (£ 0.43 £ 0.27) GeV

CMS H —yyRun1 124.70 +0.34 (+ 0.31 £ 0.15) GeV

ATLAS H = 4IRun 1 124.51 £ 0.52 (£ 0.52 £ 0.04) GeV

CMS H — 4lRun1 125.59 + 0.45 (£ 0.42 £ 0.17) GeV

ATLAS-CMS vy Run 1 125.07 £0.29 (£ 0.25 £ 0.14) GeV

ATLAS-CMS 4l Run 1

ATLAS-CMS Comb. Run 1 125.09 +0.24 (+ 0.21 £ 0.15) GeV

ATLAS H =yyRun2 12511 £ 0.42 (£ 0.21 £ 0.36) GeV

12515 + 0.40 (£ 0.37 £ 0.15) GeV

ATLAS H — 4l Run 2 124.88 + 0.37 (£ 0.37 £ 0.05) GeV

CMS H —4lRun2 125.26 £ 0.21 (£ 0.20 £ 0.08) GeV

Il Il Il ‘ 1 Il Il ‘ Il Il Il | Il 1 Il | Il Il Il | Il 1 Il ‘ Il Il Il ‘ 1
118 120 122 124 126 128 130 132
m, GeV

my = 125.10 £ 0.14 GeV | (10.27)

What does it tell us? Is my, too large or too small or just right?
Remind scalar potential

1 1 A 1
V() = =120t o+ ANopT9)? = 12h% + \h? + TR Rt = §m,%h2 + \/;nhhi” + 5 ht (10.28)

a2\ 1/2 b\
v = <’i> my = V2 = \/;v (10.29)

Taking into account quantum corrections A — A(x) (running coupling) [coupling to top quark is
also important] and many things can happen:

AN AR e
// / |

e S ]

_ rd ]

4FT T T

o I ] LoglE]

Depending on the initial value at low scale (experiment), the coupling can
— rise slowly
— become infinite at some point (“zero charge” problem)
— become negative (vacuum stability problem)
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If a problem occurs, it signals that the SM must be modified and replaced by a new more funda-
mental theory at higher energies. What we know now:

800 77 [T T[T T[T T T4
., 600 m, = 175 GeV —
> 4
3 ag(M;) = 0.118 ]
m 400 ]
= L i
200 —
:/—q exp.
o L1l NI AT AT A I
103 108 102 1012 1015 1018
A [GeV]
so that it seems that SM could survive as a self-consistent QFT to very large energies.
[This does not mean that it necessarily remains the correct theory].
e SM predicts that higgs couplings to fermions are proportional to the mass:
E>|> —ll\l‘l T ‘llll‘l T Ifllf\l T |I\‘||‘ T T
g 1k ATLAS Preliminary t .
[ s=7Tev,4547f 2y
S [ s=8Tev.2031b" A
e W
s 107 — Observed g -
E --- SM Expected 3
S ‘ :
10 : I‘[ :
i ot ]
L ) b :
10% n 7 E
'_L'I"\’:'\;‘r 11 IIII\l 111 IIH| 11 I\\II‘ 1 I_
10" 1 10 10
Particle mass [GeV]
— OK for now, but low accuracy
10.2 CKM mixing matrix
e Standard parametrization
Vud Vus Vb 1 0 0 c13 0 si3e”® c12 $12 0
Vii= | Veda Ves Vo | = [0 c23 s23 0 1 0 —s12 c12 0 (10.30)

Via Vis Vi 0 —s23 co3 —513¢ 0 ci3 0 01
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where
Cij = COS Gij s Sij = sin 91']' s i,j e 1, 2, 3 (families) (10.31)

— three Euler angles and one phase.
o The phase is attributed to mixing between 1-st and 3-rd generations (convention).
o Experimentally (we do not know why)

S13 K 8§93 K s19 K 1 (10.32)

e Quarks from different families get mixed by V, antiquarks by V. If V # VT (complexity)
antiquarks are different from quarks with respect to CP and T trafos.
How these transformations operate:

aF Vioouy cp k- viioaff
T up  Viiodf
@ ‘E—
R _
CPT ut Vi dj
— _E— exact
e Unitarity triangle
vvi=1 = six "triangle” relations

VaudVap + VeaVey, + ViaVip, = 0

(10.33)
— a sum of three complex numbers equals zero:
: VidVih
VuaVa, & 1
area = —J
2
Vf‘d EZ
Jarlskog invariant: J = Tm(Vi;VuViiVi5) (10.34)
Rescaled unitarity triangle:
Vud V5 VidVyy
wiub 44 I (10.35)

VeaV, VeaV,
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Im

(10.36)

Re

Determination and over-determination of the CKM parameters — a huge experiment /theory effort
in the past 30 years; a Nobel prize for Kobayashi & Maskawa 2008

Prize motivation: “for the discovery of the origin of the broken symmetry which predicts the
existence of at least three families of quarks in nature.”

A lion share of the info about CKM comes from weak decays of B-mesons:

e LHCB experiment at CERN:  ~ 10! detected bb pairs

pp—b+b+ X

e dedicated “B-factories”: BABAR (SLAC) and BELLE (KEK)
ete”™ — T (= bb resonances) — B, + B, B, =bq,q=u,d,s
~ 107 detected bb pairs at BELLE

Basic idea: confront results of different measurements to confirm/contradict the CKM mixing idea,

0.8k - Exclu.dgd by A
~ . Bs mxing - _ /-

0.6F -/

e.g. e

02—

|

06 04 02 0 02 04 06

— this was the situation about 20 years ago. ..
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...and this is how it looks today:

1-5IIII|IIII

excluded area has CL = 0.95

1.0

0.5

I= 0.0

-0.5 |
1.0 — Y €&
: % i sol. w/cos 2B < 0 i
= Summer 19 i (excl. at CL> 0.95) —
_15 B L1 | I I | L1 1 1 | I | L 11 1 | I I ]
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

(CKM fitter, May 2020)
Some highlights:

o Sides of the triangle (magnitude of CKM matrix elements)

(a) |Viua| = 0.97425(22) = nuclear beta-decays
(b)  |Vus| = 0.2252(9) = KY — mew,
Ve
AN
e
S u
K i > < : ™
d

(€)  |Veg| = 0.229(6)(24) <

o< [Vaus| f+(0)
f+(0) = 0.9644(49)[lattice QCD]

D — K{lpy, nly,

128

(10.37)
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For the mixing angles involving b-quark there is some discrepancy between different methods:
o B — X, vy ”inclusive”, sum over all final states
o B — wlyy "exclusive”, a particular final state (10.38)
[theory treatment is very different]
(d)  |Vap|™ = (42.24£0.8) x 1073 V| = (38.5 4 0.9) x 1073

(e)  |Vip|™ = (4.254+0.12 1515 £0.23) x 10®  [V,|™ = (3.70 £ 0.10 + 0.12) x 107 (10.39)

This discrepancy, most likely, is not a defect of the CKM construction but rather an indication
that we do not understand effects of strong interactions in B-decays as well as we would like to.

e CKM phases — from CF observables

e Discovery of CP-violation (1967): Ky ¢+ Ko-oscillations
Strong interaction eigenstates:

K°=35d (S=+1) K'=ds (S=-1) (10.40)
CP trafo:
CP|K°) = —|K") CP|K% = —|K") (10.41)

Therefore, CP-eigenstates:

1 _
CP=+1: |K :—<KO—K0)
K0) = 5 (1K) - K
1 _
cP=-1: |K :—(KO +K0> 10.42
| K>) 7 [K7) + | K7) (10.42)
If CP is conserved, Ky can decay in two pions, K — w7 (CP = +1) but K9 can only decay in
three pions, Kg — wrm (CP = —1), which is much slower because of a small phase space. Hence

different life times:
”long living” Ko : 77 = (5.116 +0.020) x 10~
"short living” Ky :  7¢ = (8.953 £ 0.005) x 10~ 's (10.43)

Experimentally (1967), the decay Ky — 7 was, however, observed, with a small branching fraction
Br~ 1073. This proves that CP symmetry is broken and the “true” physical eigenstates of neutral
kaons include a (small) admixture of the state with opposite CP:
1
1+ |e|?

(\K1> + e!K2>) |KY) = ¥<|K2> - eyK1>> (10.44)

Kg§) =
|Ks) e

with € < 1. The value of € is a measure of CP-violation (one of many). The experimental value is

lex| = (2.23+0.01) x 1073 (10.45)
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e Analogous effect was found in 2000 in the B) <+ BY system.
e What is the origin of Bg e Bg in the SM?

—second-order effect in weak interaction:

b w d b u, ¢, t d
— VNN —————
BY u,c,t B’ BY 1474 1474 B’
AVAVAVAVAVAVAV,
d 1474 b d u,c,t b

The transition can be described by an effective local operator insertion
40
(BalHw|Bg) # 0

Schrodinger Eq. for unstable particle (at rest):
- d i imt ,— 3Tt
i=0) = (m=sT)[w) = () = (= 0))

Generalization for a two-component system:

d (B° i\ (B
(B (i) (P _ bt rort
i <B0> (m 2r) (BO> M=Mt, T=r
B <H11 H21> (BO) - mi1 — %Fll miz — %F12 <BO>
His Hy; ) \B’ ma1 — $Ta1 mag — 5020 B’

M=M! Tr=rt = mo1 = miy, Do =T%,

Hermiticity:

CPT symmetry:
mi] = Moz =m, Iy =111 =T
CP-breaking allows for

CFP =  mo =miy # mia, oy =Ty #T'12

130

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

Diagonalizing this matrix one obtains physical mass eigenstates (“light” and “heavy”) with the

corresponding decay widths

|BL) = p|B°) + q|B°), with mp, T
|Bu) = p|B°) — q|B°), with mpy, Ty
pgeC,  |pP+]g=1

(10.53)
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During the time evolution, therefore, B? slowly goes over in B? and back. The transition probability
as a function of time:

_ 11agl?1 . . 2
Ppospo(t) = [(B°(0)| B O) = | \Z emimate Tt cmimitem i
1]q 2 1
== ‘ {e_FLt + e Tut — 9e=3(Tutlr)t cos(Amt)} (10.54)
4|p
with
Am =mpg —my = 0.502(7) ps~* (~32-107% eV (10.55)

The standard model prediction (from box diagrams above) is

;

Mixing of neutral B mesons

s

m. . _
— 1~ 47TW sin 8 (~5-1071) (10.56)

‘ 2
t

1] Ao unmixed — mixed

08 ] unmixed + mixed
05 | P(B* —»BD):%re’“(Hcos Amt)
1

" / P(B° —:EJ:EfeﬂH—cos Amt) - BABAR

> 1
an
0.2 £ 06
0 @ 04|
: . . . o
150 2 4 5 8 10 02k +
| 0

1 P(B° - B°)- P(B" > B") i i
05 P(B° - B%)+ P(B° — B® 02 F
' 0.4 |
04 06 F ;T/Amd
0.5 .0.8 4 »
4 X 1 1 ] 1
0 2 4 6 8 10 12
15 —_——————— [At] (ps)
0 1 2 3 4 5 6 T 8 9 ¢ 10 A
. Am, =0.506 +0.006 + 0.004 ps
EB
- 0.774
L
e Studies of CF are very broad and go in three main directions:
1. CF in mixing of neutral mesons
0 R0 i R0 0 q
P(B" — B”) # P(B" — B") = =1 #1 (10.57)
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2. “Direct” CF in meson decays:

P(B° — given final state) # P(B° — given final state) (10.58)

Example: BABAR 2004

_ N(B° = K*tn) = N(B° - K~ rt)

Acp = _ 10.59
PTNB S Kt )+ NBY = K-nt) (10.59)
This asymmetry is generated by “penguin” diagrams like
b %4 S
KT
U
-0 . .
B Acp ~ sm(qbl — qbg) 8111(51 — 52)
u weak phases  strong phases
7T+
d d

(10.60)

3. Interference between mixing and decay

. a0 a8
Af = |Af|6“*’e“’

f: final state with fixed CP (10.61)

~ sin28 from B? — J/UKg (“golden mode”)
sin 2 from B? — 77 etc.

11 Some open issues
The SM works very well. Why look beyond?
e Neutrino mixing/masses
e Small deviations are (maybe) appearing. ..
e Theory issues (fine tuning...)
e “Big” questions — baryon asymmetry, dark matter, etc (<= Cosmology)

I will give a quick tour.
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11.1 Neutrino mixing

e A major source of neutrinos on Earth is the Sun. Neutrinos are produced in the Sun via a
complicated chain of reactions, roughly

4p — He + 2¢T + 2v, (11.1)

The fundamental process is an inverse 8-decay: p — ne'v, or, on the quark level, u — de™v,. The
actual production process is shown on the following diagram:

pHpt— H+et+v, .70 % 023 % prte+pt— H+v,
10° %
‘H+p*—3He+y [PHet+p*— ‘He +e'+v,
115,08 % nep
3He+*He—"Be+ v
"Be l 99,9 % 0.1%
"Bete —"Litv, "Be+p*—SB+ 7
84,92 %
‘He+’He—"'He+2p* 'Li+[J++4He% SB—>3Be*+et+v,
SBe*—*He+'He

This process is complicated but well understood. The amount of neutrinos that the Sun sends to
us and their energy spectrum are known rather well. The problem is (was) that the amount of
neutrinos detected on the Earth turns out to be much less than expected. Thus, either smth is
happening with neutrinos on the way to us, or our sun models are badly wrong. ..

This discrepancy has become known as the solar neutrino problem.

e The produced neutrino v, is the weak interaction eigenstate but not necessarily a mass eigenstate
(B. Pontekorvo, 1957) if there some mixing in neutrino sector between v, v, v, of the type that
we have seen in the quark sector. Denote neutrino mass eigenstates by v, 9, v3 and assume that

ve\ [ cosf sinf vy
(Vu> N <— sin @ cos (9) <1/2> (11.2)

The electron neutrino produced in the sun is a linear combination of the mass eigenstates

(for two flavors as example)

Ve = cost v +sinf vy (11.3)
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On the way to the Earth the wave functions describing mass eigenstates acquire a phase

141 (t) =1 (O)eiElt Vs (t) — (O)eiEQt

By = \Jm} + | By = \Jm} + |2

and if E] # Es (my # ma2) the content of v, in terms of v and vy will change with time:

Ve(t) = cost vy (t) + sin @ va(t)
= cos0 v1(0)eP1! + sin 0 15(0)e' 2!

This can be expressed in terms of v, and v, using
v1\ _ [cosf —sinf Ve
ve)  \sinf cosé v,

Ve(t) = cos 0( cos§ ve(0) — sin § V#(O))eiElt + sin 0 (sin 6 v.(0) + cos 6 Vu(O))eiEQt

so that

= <cos2 0 etErt 4 sin? GeiEzt) Ve(0) + cos @ sin 6 (eiEQt - eiE1t> v,(0)

Thus (Pontecorvo):
the electron neutrino can oscillate in a muon neutrino if (1) my # mgy and (2) 6 # 0.

The probability for the change of flavor a to flavor b is then
P(vq — m) = [(v(t)|va(0))?
— Jcos Osin 02! — i) 2 = (% sin 20)2 21— cos At
Here

L
t~ —
c

1
AE = \/m3 + B2 = /3 + |92 = o (m? — m3)

(distance from the sun)

134

(11.4)

(11.5)

(11.6)

(11.7)

(11.8)

(11.9)

The energy of the neutrinos depends on the production process but generally is in the MeV range:

— 10"
l> 1012
loli
1010

pp [£ 0.6 %]

"Be [+ 7 %]

Flux [em™ s Me

.....
.......

v
............

|||||||

Neutrino Energy [MeV]
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e Detection on the Earth:
Neutrinos can only be detected via weak interaction, and only process involving electrons but not

muons can only detect electron neutrinos. The existing experiments use
CI¥" + v, = Ar¥ + e~ Davies, Homestoke
n+ve—>pt+e
Ga™ + v, — Ge™ e~ Gallex, Sage, GNO
n+ve—>p+e (11.10)

and all find much less v, compared to what us produced in the sun. In addition, the SNO experiment
had different detection channels sensitive to all three neutrino flavors.

e Other neutrino sources
o Atmospheric neutrinos from collisions of cosmic ray particles with the atmosphere
o Accelerator neutrinos, e.g., from pp > 7+ X — pu+ ...
o Reactor anti-neutrinos (from specially tuned nuclear reactions)

e Our current knowledge about neutrino mixing (PDT 2020)

O  Atmospheric v, and v, disappear most likely converting to v, and v;. The results show an
energy and distance dependence perfectly described by mass-induced oscillations.

O Accelerator v, and v, disappear over distances of ~ 200 to 800 km. The energy spectrum of
the results show a clear oscillatory behavior also in accordance with mass-induced oscillations
with wavelength in agreement with the effect observed in atmospheric neutrinos.

Accelerator v, and v,, appear as v, and v, at distances ~ 200 to 800 km.

O Solar ve convert to v, and/or v;. The observed energy dependence of the effect is well described
by massive neutrino conversion in the Sun matter according to the MSW effect.

O  Reactor v, disappear over distances of ~ 200 km and ~ 1.5 km with different probabilities.
The observed energy spectra show two different mass-induced oscillation wavelengths: at short
distances in agreement with the one observed in accelerator v, disappearance, and a long
distance compatible with the required parameters for MSW conversion in the Sun.

MSW: Mihheev-Smirnov-Wolfenstein Effect —mneutrino propagation in the sun taking into
account the matter density

..and here are the current numbers: (PDT 2020)
Am3, = (7.391520) - 107° eV?
Am3, = (2.44970038) - 1073 eV?

(
(
612 = (33.8210:75)°
023 = (48. 3Jr )
(

013 = (8.617013)° (11.11)
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e Constraint on neutrino masses (from kinematics of weak decays)
my, < 1.1eV SH — 3He + e + 7, (11.12)

e Lepton unitarity triangle (assuming three families) ¥

el UeS

z=—

ul UuS

IIIIIIIIII]lI
IIIlIIIlIllII

IIlIIIlIIIlIIIIIIIIII

-0.5 0 0.5 1
Re(z)

1
~

~» CP-violation likely also in leptonic sector
e Could neutrinos be Mayorana fermions?

Dirac fermion in Weil rep:

U= (Zﬁ;) (11.13)

1, and g have different properties under Lorentz trafos. However, one can show that azw}‘%
transform in the same way as 1y so that instead of defining a Dirac bispinor as a pair of left-
handed and right-handed fields it is possible to introduce two left-handed fields instead:

e
U 021;(2)* (11.14)
L

The point is that we actually do not need two different fields and can choose
UL =i =X (11.15)
reducing the number of degrees of freedom. The Dirac mass term then becomes
mO = m(php + vl or) = —m(xTox + h.c) (11.16)

— a Mayorana mass term — and one does not need right-handed particles at all!

If neutrino is a Mayorana particle, neutrino and antineutrino are described by the same field and
therefore (v(x)r(0)) # 0.

1

a major difference to CKM is that one can have three physical phases, not just one, if neutrinos are Mayorana
particles (see below).
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This can be decided by observation (Mayorana) or non-observation (Dirac) of the neutrinoless dou-

v _
wo T e
ble beta decay: v
Ili’ ’" B
n —-—m\'\'r\'r\ g c
P
— very hard to measure. ..
11.2 Anomalous magnetic moment of the muon
e Energy shift of a charged particle in magnetic field
E——j B (11.17)
Classically
i=-LT 11.18
i=g (11.18)
In QM
L=y 2LS7 g : gyromagnetic ratio (11.19)
mc
e For Dirac fermions
g=2 (11.20)
Dirac eq. in external field
iy —m)¥ = =0, —ie F=p—ecA .
"D, —m)¥ = 0 D, =8, —icA, 7= j—eA 11.21

To study the nonrelativistic limit |p] < m and weak fields eAy < m it is convenient to use Dirac
rep. for y-matrices. In this case the lower two components in the bispinor are v/c suppressed
compared to the upper two ones. To see this, make an ansatz

Y(z) = <;Eg Z:;ﬁ) J = <05 ‘g) (11.22)

and inserting this into the Dirac Eq.

.0 -
(1) zaxza-ﬂgb—i—ez‘lox
.0 -
(2) i—¢p=30-7Tx+ (eldop—2m)op (11.23)
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From (2) get ¢ = (¢ - ©/2m)x and inserting in (1):

0 (7-7)?
—X = A 11.24
ik = | o+ edo) x (1129
Since
(@ ®)?=n’+ed B (11.25)
get
0 [ eAp 5
—X = —a-B A 11.26
X [ 5 + o-B+eAp ( )
and finally rewrite
e = e 0 = e 2 =
. B=0%. 3-,°3.B ith ¢=2 11.2
om’ Iom 2 I9m?> with g (11.27)
e Deviation from g = 2 are due to QED corrections:
1 2 3 4
Ge=(go—2)= X _0.328... <3> 11.182... (9) ~1.9144. .. (9) Kinoshita 2007
2 2 s T U
=~
J.Schwinger
(11.28)

but not only, as other particles (e.g. quarks) can contribute through loop diagrams:

o,

In addition there are contributions due to weak interactions:

A
A

Luckily, all these non-QED corrections are extremely small so that measurements of (g, — 2) allow

one for a very precise determination of electron charge (fine structure constant) that I quoted
already:

1
— = 137.035999084(21) value from PDT 2020 (11.29)

(o4

This value is (was until very recently ...) in perfect agreement with other measurements that have
comparable accuracy (current champion: Cesium-133 atoms [Parker et al, 1812.04130]).

e The muon is just a heavier copy of the electron, so that the anomalous magnetic moment of
the muon can be calculated in precisely the same way. A difference of principle is, however, that
contributions of heavy particles (inside loops) are in general proportional to

e ad

O(M2
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(can be shown) and going over from an electron to a muon are enhanced by a factor

m2 M2 2
m’;;MQ - <m"> ~ 40000 (11.30)

Me

~» weak interaction effects important (calculable)
~> sensitive to possible “new physics” particles inside loops

Physicists are, therefore, very much intrigued by the disagreement of the calculations with the

\\\\lll\\‘\\\\‘\\\\‘\III‘\\\\‘\\\\Illlll\\\‘\\
)
(=
DHMZ 2019 —e—i 3 BNL-E821
—261+48 (3.30) § 0+63
2
5
=
¥o}
KNT 2018 —e—t &
—270 £ 36 (3.70)
measurements:
J 2018 —e—t
-315+44 (4.10)
\\\\lll\\‘\\\\‘\\\\‘\III‘\\\\‘\\\\Illlll\\\‘\\

-600 -500 -400 -300 -200 -100 O 100 200
a, -a® [x10""]
(plot taken from PDT 2020) that persists for many years already. The points show some of the

most recent theory calculations, the blue band the recent measurements.

Main theory uncertainty comes from hadronic (quark) contributions inside loops. Improving the
current accuracy is a hot research topic.

e Deviations from the SM at the 3o level also show up in some rare B meson decays, but they are
not so well established (may disappear with time).

11.3 Theory issues

The SM is a self-consistent QFT, although maybe not as elegant as we would like it to be. If we
assume that SM will be substituted by a more fundamental theory at very small distances, there
are some issues concerning how this transition can look like. I sketch a few of them.

11.3.1 Unification of couplings

The three coupling constants of known interactions — strong, weak and electrodynamics — become
very close in size at energies around 10 — 10' GeV, suggesting that at such energies all three
interactions become part of a single theory — “Grand unification”. If the SM survives without
modifications up to such scales, the couplings do not coincide exactly. This inspired speculations
that some new particles should show up at scales around 1000 GeV; their contributions modify the
B-functions that govern scale dependence of the couplings and one can enforce all three to coincide
at one point. The best studied example - the Minimum Supersymmetric extension of the Standard
Model (MSSM):



11 SOME OPEN ISSUES 140
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This looks impressive, but, unfortunately, MSSM is practically excluded by the new LHC data —
the predicted particles most likely do not exist. ..

11.3.2 The hierarchy problem

Mass renormalization in a field theory:

Mexp = Mo + 0m (11.31)

divergent divergent

Nobody is worried because infinities parametrize our ignorance of the theory at very large momenta.

However, IF we assume that our theory is correct up to the scale A, and calculate contributions up
to this scale (i.e., with a rigid cutoff at momenta > A)

Mexp = Mo(A) +0m(A) (11.32)
fini finit
nite nite

we would prefer to have dm < my. What happens in “real life”?

e Fermions

A
k) A
~ ¢? 4k‘{7~ 2mpln — 11.
S"z omp g/d R0 = m) gmpan (11.33)

Naively one should expect dmp ~ A from power counting, however, the term o k& in the
numerator vanishes upon integration if the regulator does not break Lorentz symmetry.

e Gauge bosons

A
NN R LLI B A
m%om m@m mg ~g /d k 22~ 9" Migop lnm—L (11.34)
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(two powers of k in the numerator either from vertices or from fermion propagators)
Naively one would expect 5mé ~ A%. However, quadratic divergences cancel thanks to gauge
symmetry (Ward identity).

O unbroken —+ complete cancellation, §m%, = 0 (photon)
O spont. broken —» logarithmic div. allowed, dm2, ~ m?In % (W,Z-bosons)

e Scalars (Higgs in SM)

A
o2 4 {k k} 212
Q ‘””’1‘9/d’“<k2—mz><k2—m3>”“

A
1
/\ /! 6mh >~ 92/d4k M ~ 92A2 (1135)

No cancellation of quadratic divergences.
Then for my, ~ 100 GeV requiring dmy < my, implies A < 1000 GeV (roughly).

Another way to state the problem: If we assume that the SM is correct up to scales ~ 10 GeV
(unification of couplings), then (using realistic values of the couplings)

. 1
Spin— o Mexp = Mo+ Om
0(100) Gev  O(100) GeV O(1) GeV
Spln - 0 . mexp — mo + 5m (1136)

S~ ~~ »:
0(100) GeV  O(1033) Gev  O(10%) GeV

— a fine tuning or naturalness problem.
't Hooft: existence of light fundamental scalar particles requires additional symmetries

Proposed solutions:

— Supersymmetry

— Extra space-time dimensions, e.g. Randall-Sundrum models

— ‘Conformal SM” — spont. symmetry breaking with mg = 0 and Coleman-Weinberg potential

Nothing convincing so far. ..

11.4 Baryon asymmetry of the universe

e Observe matter but little antimatter in present Universe

e Baryon-to-photon ratio

nB = "B _6.10710 (almost constant in time) (11.37)
Ty
In early Universe (T > 102K = 100 MeV) creation and annihilation of § — ¢ pairs should have
resulted in

Ng >~ Ng ~ Ny
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Hence
Ng —Ng

~ 107 (11.38)
Ng + Ng

(In early Universe for 10° antiquarks there had been 10? + 1 quarks. Most of them annihilated
producing photons but a tiny amount of quarks survived.)

e How did it happen and when?
1. The Universe just started this way (unlikely, e.g., contradicts inflation)

2. Occurred around the GUT scale ~ 10 GeV
(GUT=Grand Unified Theories usually have baryon number (B) violating interactions; e.g.
proton decay predicted but not observed — one of generic problems of such theories)

3. Occur-ed at the electroweak phase transition. This is the era when Higgs field acquired
nonzero VEV and also other particles become massive.

Sakharov 1967: Three necessary conditions for baryogenesis
1. B-violation (obvious)

2. C and CP violation:
If not, without a preference of matter over antimatter the B-violation will take place at the
same rate in both directions.

3. Thermodynamic non-equilibrium:
CPT guarantees equal masses for baryons and antibaryons; Chemical reactions would drive
the necessary reactions to correct for any developing asymmetry.
[In a stationary system (no time dependence at all), if the baryon number was zero initially,
it will stay zero forever]

Remarkably,
SM has all necessary ingredients!

e Baryon number is violated nonperturbatively

Baryon current:

Bt =gytq = {p,j} = Yo qfv7 11.39
o =" = {p.jt=1{ d'¢ a7} (11.39)

quark number density

is not conserved because of the anomaly

1 2 ~
auB'u = <3> 5 * colors * Sgenerations * # FﬁyFa’uV (11.40)
a —
SU(2) field strength
Similarly for lepton current
9 a7
a,uL'u = 3generations : WFSVFQ#V (1141)
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Anomaly cancellation implies that
0, (B“ _ L“) ~0 (11.42)

but B and L are not conserved separately.
If large gauge field fluctuations occur, such that

thin
2
_ 3. 9 a,
Q= / dt/d v B B £ (11.43)
tinit
one obtains?
tfin
Bigin — Binit = / dt / d*x 9,B" = / d3x BY(Z, tgn) — / d®x BY(Z, tinit) = 3Q (11.44)
tinit
and similar for three lepton families
Lo — Linit = 3Q (11.45)
In other words,
B — L conserved
B and L violated (11.46)

e How can B be violated if all terms in the Lagrangian conserve this symmetry?

o Consider massless fermions in a background field A(Z, ) (4p = 0, Coulomb gauge) such that

— —

A(Z,t - —o0) — vacuum A(Z,t — +00) — vacuum (11.47)

(This could be a quantum fluctuation)

Dirac equation

2%\11 = in07 - (0 — igA)U = Hpipac(t)U (11.48)

o Assume that A varies slowly in time; then fermions “sit” on energy levels of the Hamiltonian at
the given time

HDirac(t)\Iln - En(t>\1/n (1149)

o How do the eigenvalues behave in time?

Sone can show that Q is integer (winding number = topological charge)
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Dirac picture (Dirac sea) at A = 0: (t — %00)

} <— electrons

+
—_——
_._
+
—_— <— positron
_._
_._
+

(11.50)

Note that all eigenvalues come in pairs: +FE, and —FE, because of 75 symmetry of the D. equation:
If ¥, is a solution of H¥,, = E,V,,, then ¥/ = 5V is a solution of HV] = —F, ¥/ .

Time evolution of levels in special (topologically nontrivial) gauge fields @ # 0:

to ol
—
Example: Q = 2 ——F”f—’ﬂ : :—_x\\\‘_f )
+_/_,./*/,——-.- t ‘———-‘\“\_’_. t
P B -4 -t -4
[ ——® -
T T

left-handed fermions right-handed fermions.

The number of levels crossing zero equals (). The motion of levels shown in the left-hand panel
above corresponds to the case in which the initial state of the fermionic system is vacuum (no real
fermions or antifermions) whereas the final state contains Q = 2 real (left-handed) fermions.

Note that left-handed and right-handed levels move in opposite directions. In QCD (QED) left-
handed and right-handed fermions interact with gluons (photons) in the same way. As the result
B =Ny + Ny is conserved ouJ" =0

Q°> = Np — Ng  is violated " #0 (11.51)
If, however, only left-handed fermions interact (the case in SM for the SU(2) gauge field, then the
number of fermions of a given type is not conserved ~» baryon number not conserved.

o In order that this mechanism works, one needs large gauge field fluctuations with nonzero @
(topological charge). They are called instantons. However, at zero temperature a probability of
such a quantum fluctuation is suppressed by a factor

e~10m%/9* 107165 (11.52)
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so you should not worry, we are not going to decay any time soon. (Explanation goes beyond these
lectures).

At high temperatures, however, such fields can result from a thermal fluctuation (sphalerons) and
their probability becomes sufficiently large such that B-violation is rapid compared to cosmological
expansion. This happens at temperatures

T > = <¢>T (11.53)
—_————
Higgs VEV at temp. T

Thus, excitingly, there is a possibility to generate baryon asymmetry at electroweak epoch Ty ~
100 GeV. This scenario is known as electroweak baryogenesis.

Unfortunately, this does not seem to work. . .
1. CP-violation too weak

2. Universe expands too slowly — expansion time too large to have considerable deviations from
equilibrium. The only chance: 1-st order phase transition from the unbroken to the broken
phase. [EW symmetry is restored at hight T, (¢) = 0, just like a superconducting state
becomes normal at high T]

Ver(d) Verr (¢)

first order second order

— A 1-st order phase transition occurs from a supercooled state via spontaneous creation of
bubbles of a new (broken) phase — a “boiling Universe”, strongly out of equilibrium.

Unfortunately this does not happen in SM (would require higgs mass < 50 GeV).

3. B-violating processes do not switch off fast enough in broken phase ~~ B-asymmetry will be
washed out even if generated.

The (generally accepted) conclusion is that electroweak baryogenesis requires considerable extension
of the SM, and existence of relatively light new scalar particles (a supersymmetric partner of the
top quark, “stop”, would be a good candidate). This looks increasingly unlikely in view of LHC
results (do not see anything of this kind).

e A popular alternative: leptogenesis (Fukugita & Yanagida, 1986)

Basic idea: baryon asymmetry is generated not directly, but first lepton-antilepton asymmetry
occurs and then it is converted to baryon asymmetry via anomaly and sphaleron transitions (as
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explained above).

Typical (original) scenario: assume existence of a (very) heavy right-handed Mayorana neutrino
— Why right-handed: no SM gauge interactions (both U(1) and SU(2))

— Why Mayorana: do not need a left-handed counterpart

— “Seasaw” mechanism to explain very small (usual) neutrino mass pattern

that decays in leptons and a higgs boson. This decay breaks CP so one also gets an additional
source of CP, which is also welcome.

Typical Lagrangian (¢! = e, u, )
. . S S o o 1 o
L = ELidE} + enidely, + vhidvy + fijenELH + gijvnEL H — §M¢V}3V}.} + h.c. (11.54)

Note that the Mayorana mass term explicitly violates the lepton number. The vacuum expectation
value of the Higgs field generates charged lepton Dirac mass my matrix and Dirac neutrino mass
matrix m,(,D) in a usual way. In addition there is a Mayorana mass matrix M that can contain large
numbers, e.g., ~ 10'° GeV.

The mass matrices ml(,D) and M contain altogether 6 physical CP phases, which lead to CP

violating decays and scatterings. Diagonalizing the 6 X 6 neutrino mass matrix one obtains three
heavy and three light neutrino mass eigenstates.

Currently, there exist many concrete models based on these ideas.

12 Supersymmetry

Supersymmetry (SUSY) is a major new idea in comparison to “conventional” symmetries and an
important ingredient in practically all modern approaches to particle physics beyond SM. It also
has applications to condensed matter physics. SUSY has grown up to a very broad field and
a description pretending to be at least half-complete would take several semesters of dedicated
lectures. Here I will give an elementary introduction based on the QM example first discussed by
Witten in 1981. My presentation follows: M. Shifman, “Beginning Supersymmetry”, in: ITEP
Lectures on Particle Physics and Field Theory.

12.1 Supersymmetric Quantum Mechanics

e Consider a one-dimensional quantum system described by the Hamiltonian
(12.1)

Here:
o3 = third Pauli matrix
W (z) = arbitrary function

e The Hamiltonian looks peculiar; let us show, however, that it actually describes a one-dimensional
motion of an electron in a magnetic field of special type.
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Start with (cf. Sec. 11.2)

1 e
= (p—eA)?+—7-B
2m (p—ed)”+ 2m0
1, €t - - e - e2 - e ~
=—pP——V-A——A-p+—A —7-B 12.2
2mp 2mv m P 2m + QmG ( )
Choose
A=A, =0, A, = Y ) (12.3)
(& N——
only depends on x
Then
0 A, ~ B, (), B,=B.,=0 (12.4)

— only z-component of Bis nonzero, and it only depends on .

L] ] e

z

Y X

It is easy to see that in this way one arrives at the Hamiltonian in (12.1).

e A (nonrelativistic) electron wave function is a two-component spinor

¥(e) = (o) (g ) 4ol () (125

~—~— ~——
[1) )
e Note that
[H,03] =0 (12.6)

so that spin projection on the z-axis is conserved with time. We have two independent sets of
solutions with “spin-up” and “spin-down”.

In what follows let us give them new names (convention)

R ”Fermion state”

| d): ”Boson state” (12.7)

e The most important special property of the Hamiltonian in Eq. (12.1) is that it can be written
as a square of an operator called the supercharge.
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Supercharges:
! D (01 (0 —i
atilngmrer) s (o) ()
11 D
L2 £ 12.
QQ 9 <O’2\/a O'1W) ( 8)

Using these definitions it is easy to show that
° Q1 =Ql, Q2 = Q}, Q2 = —io3Q1
o H=21=20} (=20:Q] =22:0))
o %QIQ = —i[Q12,H] =0 (conserved charges) (12.9)
We can also summarize these relations as
{Qi,Q;} = 0i;H i,j=1,2
(Qi, H] =0 (12.10)

so that we have three operators: @1, Q2 and H, which form the so-called graded algebra (involves
commutators and anticommutators

Q1,2 are called odd elements of the algebra (fermion type)
H is called even element of the algebra (boson type)

Rationale for the names: Easy to check

Qil 1) ~ 1)
Qil 1) ~ 11 (12.11)

so that @; generically convert “fermions” in “bosons” and v.v. (unless they annihilate the state)

e Properties of this system

In what follows for simplicity assume
|W(z)| = o0 for z— +oo (12.12)

[only discrete energy levels, no continuous spectrum]

1. All energy eigenvalues are non-negative, £ > 0
Indeed

Via) B, = (a|Hla) = 2(a|Q|Q1]a) = 2(b]b) > 0 (12.13)

where |b) = Q1]a).
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2. Ground state energy is exactly zero, unless SUSY is spontaneously broken
Let |0) be the ground state. A symmetry is not broken (in general) if the generator of the
corresponding symmetry transformation annihilates the state (cf. derivation of Goldstone

theorem). In our case “unbroken SUSY” means that
@1|0) = Q2]0) =0 (12.14)

In this case, obviously Ey = 2(0|QIQ1|0> =0.
Alternatively, if

b) = Q1]0) # 0 (12.15)
then
HIb) = HQ1|0) = Q1H|0) = EyQ1(0) = Eo|b) (12.16)

so that there exist two degenerate vacuum (lowest energy) states (with equal positive energy),
as typical for spontaneous symmetry breaking.

3. Ground state wave function for unbroken SUSY
We have to solve

QiI0) = 0= - Wo(x) = ViV ()05 Wo(a) (12.17)

Therefore

Wo(x) = C - exp [ [ mvv(y)o—g] (1) orl ) (12.18)

0

Thus, formally we have two solutions but in order to have a probability interpretation of the
wave function we must require that the solution is normalized to

o0

/ dz|¥o(z)* = 1 (12.19)

—00

This can be achieved by changing the normalization of the WF, but only if the above integral
exists, i.e,, if it is finite. This is a certain condition on W (z).

It is possible (easy) to show that:

A normalizable solution exists if and only if

Sign W (300 = —Sign W (y)lyr—oc (12.20)

so that W(y) has to look like

V&) For example

/ W (y) = const - y
y W (y) = const - y(y* — a?)
etc. (12.21)
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The sign of the constant does not matter as we will see, it can be positive or negative.

Take W (y) = ay for illustration. Then

Wo(x) = C - exp {\/ma”; <é _Olﬂ % Ké) or <(1)>] (12.22)

~ always ONE normalizable solution:
| }) for a > 0 and | 1) for a < 0.

4. All excited states come in pairs with equal energy

Let
2
Wermi = EQl\Pbosonv where H Vyos0n = EWhoson (12-23)
Then

H\ijermi = E‘ljfermi (1224)

Follows from [H, Q] = 0 (as above) and Eq. (12.11). The factor \/2/E inserted to have the
same normalization of states.

Thus the energy spectrum of our system looks as follows:

bosons fermions

+— "vacuum”, £ =0
|9 |1 (12.25)
To summarize, basic properties of SUSY systems

e Energy of the ground state is exactly zero
+ in particular all corrections to Fg = 0 in pert. theory vanish!

e All particles (excites states) come in pairs: Boson + Fermion with equal masses
(if SUSY is not broken spontaneously)

How all corrections to Ey = 0 cancel?

Example:
Take

W(z) = vmwz (1 -Xz?), A<l (12.26)
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Remind
1p* 1, 1 dw
H=-Y 4+ _-w v
2om T3V W tasTm
—_——
+ !
bosonic part fermionic part of the potential (12.27)
1 9 351
§W (.Z') sol
25
20
bosonic part of the potential
151
10
051
) 2 2 §

Classically, the particle sits at one of the minima; all three with £ = 0. Let us consider small
oscillations around x = 0. Then

1 1 1
Bosonic part §W2(x) = Emwzxz(l — )% = imw2az2 —Amw?zt + O(\?)
—_——
oscillator
1 1 dWw 1
Fermionic part —o3——— = —o3w(l — 3\z? 12.28
ermionic par 503 T dz 203w( x%) ( )

Then for the ground state | |) in leading order A — 0

w w
Ey==-2=0 12.29
079 2 (12.29)

First order in pert. theory
T /
1/2 3
AE = (0|5 H|0) = A / dz <@> e—mWIQ{mMQx‘* + 2w:1:2} =0 (12.30)
T
B w0l (2)

and this cancellation of bosonic and fermionic contributions will continue to all orders in A (becomes
quite nontrivial in high orders).

12.2 Superspace and superfields

Questions:
e Are there other systems with similar properties?

e How can one construct them in a systematic way?
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e Symmetries are usually related to invariance of the action under certain trafos. In standard QM

5= /dt L), L= % @f)z —V(6) (12.31)

invariance under time translations
t—t+7 (12.32)
results in energy conservation. The generator of these transformations is the Hamiltonian
ot + 5t) — o(t) = i[H, ¢|(t) ot (12.33)
The major idea in SUSY is to extend
time t — supertime (t,0,0) (12.34)
where 6, 0 are (complex) Grassman variables, or, for a field theory
space time (t,#) — superspace(-time) (2,0, 04) (12.35)

where 6, 05 are two-component Grassman spinors.

SUSY transformations are defined as

6—6+C, 60+, t >t +i0C —ich (12.36)

e The first thing to check is that these trafos form a group, i.e. a combination of two such trafos
is a trafo of the same type. Consider

0% 0, -2 0, (12.37)

Then

O 0 =0+, O =01+ =0+ ((1+ (2) v
similarly 0y =0 + ({1 + (&)
O  te=t1 +ib (o —iC2bs
= (t+i00 —i¢i0) +i(0 + )G — (0 + )
=t+i0(C + Q) — (G + Q) +iGG — ikl v (12.38)

T, time translation

so that a superposition of two SUSY trafos is a SUSY trafo accompanied by a time translation.
This looks good.
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e The next step is to introduce functions on the superspace

variable  ¢(t) — supervariable ®(t, 6, 0)
[ﬁeld o(Z,t) — superfield  ®(2#, 0, 04)

Define the Real superfield

="
O(t,0,0) = ¢(t) + 01 (t) +(t)0 + D(t)60 (12.39)
It contains
o(t), D(t): real boson fields
B(t), P(t): real fermion fields (12.40)

We require that under SUSY transformations
O(t,0,0) — d(t', 0,0 (12.41)
What does this imply for component fields?
D = p(t) + 0(t) + ()0 + D(t)00 — ¢(t +i0C — iCO) + (6 + C)ab(t + i0C — iCh)

+ (t +i0C — iCA)(0 + C) + D(t + 0 — iCO)(6 + ) (6 + )
(12.42)

Keeping linear terms in ¢, ¢ only (quadratic terms give rise to extra time translations)
coo= (1) +i0CH(t) — iCO(t)
+ G (t) + 00 (t) — 060 + (1)8 — Cup(t) — 10004
+¢OD(t) + 6CD(t) + 00D(t)
= [0(t) + Co() + ()] +6[6() +iCo(t) + CD(2)]
+ [0) — icd(®) + ¢D|0 + [D(t) - i (1) + ic ] o6 (12.43)

Thus

B(t) — o(t) + Cp(t) + ()¢ =¢+0¢
P(t) = P(t) — iC(t) + ¢D =9+ 69
D(t) = P(t) +iCP(t) + (D(t) = + 07

D(t) = D(t) — ih(t)C + iC — D+6D (12.44)
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(!) Note that dD is a total (time) derivative (important later)

A field that transforms in this way under SUSY trafos is called a superfield.

e Take two superfields, ®; and ®,. Then

o ® =P, + Py is a superfield

o ® =, Py is a superfield
First statement is trivial, for the second one

¢ =01 02

Y =1 ¢+ by h1
Y=11d2+ 21

D = D1 ¢s+ Da¢1 + 12 + 2 ¢

and, e.g.,
0¢ = $10¢2 + 92001
= ¢1(Cta + ¥2C) + ¢2(Cth1 + ¥1()
= ((1v2 + doth1) + (Y12 + Y1) = (o + C

and similar for the other components.

e Further
0 .
o —®(t,0,0) is a superfield
ot
0 = .
o %q)(t, 0,0) is NOT a superfield

does not transform properly

e Covariant derivatives

Definition:
D= % + ié%
Dé—%—w;
Exercise: show that
(DD} = —2 7

154

(12.45)

(12.46)

(12.47)

(12.48)

(12.49)

(12.50)
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e Chiral (antichiral) time

A covariant derivative of ® can be written in a compact form introducing an (auxiliary) time shift:

D<I>:(8 —HHa) [6(t) + 0 (t) + (1) + D(t)60)]

00 ot
. ;00 oY
)0 +i0— +i00——
= B0 + D()0 + 057 + 00
[ z— + D) 9} (12.51)
t—i00
Define
tach L 100 antichiral time
ten Lt +i00 chiral time (12.52)
Useful properties:
L. Dty =0 Dty =0 (12.53)
Indeed, e.g.
(—;; - 20§t> (t +1i00) =i — i = 0 (12.54)
2. Under SUSY transformations (12.36)
(t —i00) — (t —i60) — 2i¢0 — i¢C (12.55)

so that SUSY variation of t4., only contains @, not #. Similarly, SUSY trafo of t., only
contains 6.

Look now at the SUSY trafo for D®:

D® = &(tach> + (’L% + D) (tach)é
= 7;( tach — 2Z<9) (Zgﬁ + D) (tach - 2269_) (9_ + E)

= P (tach) — 2zwi + (z%‘f + D) (taen)0 + (z%f + D) (taen)C

= [t (5 + D) ] + %5 + (12 + )]

(+ quadratic terms ~ (¢) (12.56)



12 SUPERSYMMETRY 156

where from

5¢::Qif4—D)c 5@2$+—D)::%§2f (12.57)

This agrees with (12.44) because, e.g.

6¢(t>=<w<t)+w>f} R 5(,(%

. L uD)=ich+ich v 12.58
OD(t) = =TI + iCe G P) i e

Thus

e D is a superfield (SF), as desired.
e D® contains less components compared to ® (effectively a superfield of a new type)

e Chiral superfields

Definition:
A= ¢(ten) + 00(ter) +—  chiral superfield
A= P(taen) + V(taen)0 <— antichiral superfield (12.59)
Equivalent definition:
A s called a antichiral S if DA =0
A is called a chiral S if DA =0 (12.60)
A covariant derivative of a real SF is an (anti)chiral SF because A = D® = DA = D?® = (0 and
similar A = D® = DA = D?® = 0.
12.3 SUSY action and Lagrangian

Now we have all necessary ingredients to define a SUSY theory:

_ 1 -
Ssusy = /dt dfdo |:2D(I) D — F(P) (12.61)

F(®) (arbitrary function) is called a superpotential
e Ssygy is invariant under SUSY transformations.

| 4
[ df do singles out the D-term of [...]. Under SUSY trafos

D s D —itp()C +iCe

so that §D is a time derivative. Thus the action is invariant !
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e In terms of the component fields:
First term:

/ dt dfd %D@ Do

tﬁ@wki/}ﬁd@w[¢4_(—ia¢—FD)4 {&+-@8¢4—D)4t

ot t+2i00 ot
B 1/9p\> 1, 0y
Second term:
/ dt d9d0 F (@) — / dt {F’(¢)D+F"(¢)W] (12.63)
t

Thus we end up with the SUSY Lagrangian

2
Lsusy = % <?9(f> + %DQ - z&%—f — F'(¢)D — F"(p)p ) (12.64)

e Note that the D-term enters without derivatives so that it can be eliminated using EOM:
oL

D=

so that we can rewrite our Lagrangian as

0 = D = F'(¢) (12.65)

1/0p\> 1, 9 -
e =1 (22)" - ey 2 e 0
e Equations of motion:
oL oy .,
doL 0L @__, -

This implies

d - d - - d -

V= (aw)w - w(%w) =0 (12.68)
so that )

q =1

is a conserved charge (fermion number).
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e To bring our discussion to a close, we want to recover our original QM model expression from
what we have now.

o(t) — x(t) = coordinate
P(t) =7 (12.69)

The inverse transformation from Schrodinger QM for fermions to anticommuting operators
is what is called second quantization. [cf. Bjorken, Drell, Ch. 13.2]
One introduces field operators that satisfy anticomm. relations

{d(t), (1)} =0, {v(t),v(t)} =0, {b(t), (1)} =1 (12.70)
as some time-dependent functions times creation or annihilation operators for which one can
take

- 01 00
AT = = = Q == = =
a" =1(0) (0 O> o4 a=(0) <1 0> o_ (12.71)
where
1 .
oy = 5(01 +i09), o4, 0_] =03 (12.72)

Note that with this definition

{0-6)0-0

so that if we interpret | |) as a state without fermions (vacuum), applying a' we obtain a
state with one fermion, just as we expect for the creation operator to do.
Taking into account the Grassmanian nature of 1, ¥ we can rewrite the last term as

_ 1 - 1 -
G = 51, 0] + S50} (1274)

and proceed from Lagrangian to the Hamiltonian:

oL . oL - : ;
P=95 ¢ % v op+v (12.75)
One gets
1 1 1
H=-p*+ =(F")? + Zo3F" (12.76)
2 2 2
(the term in dott) cancels out)
Now we can identify
F'(z) = W(x) (and m = 1) (12.77)

and get our starting expression.
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And the very last point. In this representation

=9y = %(1 + 03) (12.78)

q ((1)> =1 q (g) =0 (12.79)

which justifies the names “boson state” and “fermion state” that we have chosen at the

so that

beginning.



A COLLECTION OF FORMULAS

Appendices

A Collection of formulas

Dirac algebra in 4 Dimensions

Traces with even number of y-matrices
Tr{l} =4
Tr{yu v} = 49w
Tr{vu Y8} = 4l9uw9as + 9usIva — Guagus]

Traces with odd number of «-matrices

Tr{wﬂl"'vﬂ2k+l}:07 k:071727'--

Traces including a y5-matrix

Tr{ys} =0
Tr{y. 175} = 0
Tr{vu Y85} = 4i€uap
Te{Vp - Vugpn¥5y =0, k=0,1,2,...

Useful identities for products of v-matrices

YWt =4
MV = =27
MY V8" = 49as
VY8V = —20V8 Ve
YV Vv = GopVv + GorVu — GuvYa + 1€uavpV578
Useful identities for products of e-tensors
ea[gweaﬂ’“’ = —-24
€apuve”" = —6g5,
€apu€’ = —2[909% — 9%.95]
ea1a2a3a4661626364 = —det (ggf)

1

5 Eaﬁuuauy = io—aﬁ75

160
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1! We use definitions from Bjorken and Drell:

vs = iy 2P, €123 = +1 (A.19)

Be careful, some other (equally famous) books use different definitions:

0,1.2.3 0123 _

Y5 = 1y Y Y4y, —€p103 = +1 Itzykson, Zuber (A.20)

v = iromy2ys = =iy, M = —eprp3=+1  Okun (A.21)
This ambiguity is a standard source of sign errors!

Identities involving Dirac spinors

a*(p) v (p) = M (p) ¥ (p) = 0 (A.22)
i Py (p) = M)y (p) = 2pubax (A.23)
> [R@EE) - @) )] = 2mas = 2m(Tas (A.24)

up(p)u3(p) = (p+m)ag
A=£1/2
> @TP) = (p—mas (A.25)
A=£1/2

Hermitian and Charge conjugation

YAl =, (A.26)
C=ivy", C 'y C=-—l, C=-C'=-C'=-C" (A.27)

Integration in the 4 dimensional Euclidean space
Definitions:
ko — iky (A.28)
d*k = dk,d’k = id*kp (A.29)
k2 = k2 k= —(FP + k2 K2+ K2 = k% (A.30)
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Integration:

/ d"kpf(ky) = / dQD dkgky ' f (k) (A.31)
D
T2 /g 1 9

it / Ak (k)% 1K) (A32)

(3) 0

Dimensional Regularization (D = 4 — 2¢)

Definitions:

/d4k - /de (A.33)

D

eo — e’ 2 (A.34)

Dirac algebra in D Dimensions

Defining the e-tensor and 5 in D dimensions involves subtleties that would require a detailed
explanation; we will leave out the corresponding formulas.

Y =D (A.35)
MYV = (2= D)7a (A.36)
VuYa V8" = 49as + (D — V870 (A.37)
TV V8V = —=27p78%a + (4 = D)va¥87%p (A.38)
Feynman parameter integrals for products of propagators:
1
A.39
0/ [zA + 1—x)B]2 (4.39)
r b
= / dedyz® Pt 6(1 —x — y)—(a i )a+b
/ [zA+yB]
/ r b
= /dm 2% N1 —z)P 7t (a+b) - (A.40)
) [zA+ (1 — z)B]*"
This representation can be generalized to an arbitrary number of the denominators, e.g.,
1
L(a)I'()I(c) / —1,b—1 c—1 Ila+b+c)
—————= = [ dedydzzx® 2Tl —z—y—2 A4l
Ae. Bb.Cc y y ( Y )[$A+yB+zC]“+b+c ( )

0
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Loop integrals in D Dimensions

/de [—k2 E(Z)_ ie® m?m (A.42)

/ "k 2 E(Z)_ o Rk = i (-2) [iia _Z_;(I__E )g, (A.43)
[

/ Do e _F(ao;)+ ety = _inDr2 (J%) [_FC(L(;;@ZZ]Z %;/21 (A.44)

Fourier integrals in D Dimensions

dP oy 14 F(Oé) — _7;7TD/22D7201 I‘(‘D/2 — Oé)
[—22 + ie]@ [—q% — i€]P/2
i I'(a) . _9q I'(D/2—a)
D iqx _ D/26D—2«a
/d ge TF i +ixP/?2 a3 4 DR (A.45)

B Feynman rules for QED

B.0.1 “standard” version

e Lines with arrows:

Charged particles are shown by solid lines with an arrow. The direction of the arrow shows
the flow of the negative charge. For example

means that the negative charge is
flowing from left to right; it can be an electron moving to the right, or positron to the left.

e External lines:

Electron in the initial state: = u*(p)
Electron in the final state: ?—T = ﬂ’\(p)
Positron in the initial state: 5‘—5 = T)’\(p)
Positron in the final state: ﬁ—;i = v/\(p)
Photon in the initial state: W/\’ = eu(p)

Photon in the final state: pPAMAN = e, (p) (B.1)
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e Propagators:
Dirac propagator -~ ="
propag P p? —m?+ie
Photon propagator (Feynman gauge): AAA LA JE- ;Zg“ z (B.2)
p p“ + e

Interaction vertex:

M

. 1
/g\ = —iey", e = y/4raqep > 0 QaQED ™ eV (B.3)

Integration over loop momenta:

d*p
) for each loop momentum (B.4)
T

e Energy-momentum conservation

(27)*6™ (sum of all ingoing minus outgoing momenta) (B.5)

Sign factors

a) Extra (-1) factor for each closed fermion loop
Extra (-1) between the diagrams that differ only by the exchange of two
b) identical external fermion lines. This applies not only to the exchange of (B.6)

identical particles in the final state but also, for example, the exchange
of initial particle and final antiparticle.

B.0.2 Alternative possibility (used e.g. in my QED lectures)

The differences are the following;:

e Propagators:

S +m
Dirac propagator — = 2(}’5 5 ) .
» m? — p? — ie
Photon propagator (Feynman gauge): VLY v (B.7)
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e Interaction vertex:

M

1
/g\ = —eyH, e = \/4maqrp >0 QaQED ™ 137 (B.8)

e Integration over loop momenta:

dp
W for each loop momentum (B.9)
)4

that is, each propagator has an extra factor i, each momentum integral 1/i and each vertex 1/i.
This set of rules is equivalent to the standard one because of the Euler’s formula: For each Feynman
diagram the following relation holds:

L=1-V+1
where
L = the number of loops
I = the number of internal lines (number of propagators)
V = the number of interaction vertices (B.10)

Thus, for an arbitrary Feynman diagram, replacing the “standard” expressions by the “nonstan-
dard” ones one obtains an extra factor

INL N1 /1Y I-V-L
<> (Z> () - (@) = —i. (B.11)
i i
Since this factor is the same for all diagrams, it can be absorbed in the definition of the Green func-
tions and is at the end irrelevant (because physical observables are written in terms of |amplitude|?)



