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1 THE QUARK MODEL 1

1 The Quark Model

1.1 Historic overview
Known before 1932:
e Photon v m, =0
e Electron e~ m, ~ 0.5 MeV
e Proton p mp ~ 938 MeV
Then:
e 1932: Discovery of the neutron (Chadwick) m,, ~ 940 MeV

e 1932: Isospin formalism (Heisenberg)

1935: Prediction of the m-meson as carrier (mediator) of strong forces (Yukawa)

1938: Extension of the isospin formalism to 7-mesons, prediction of the 7° (Kemmer)
e 1947: Discovery of charged 7t and 7~ (Lattes),  m = ~ 140 MeV
e 1950: Discovery of the neutral 7° m_ o ~ 135 MeV
The picture seemed to be converging, however
e 1947(7): Observation of new long-living particles in cosmic rays (V-particles); first signatures

of new “strange” particles in accelerator experiments (K-mesons, A-hyperons)

1.1.1 Isospin formalism

0

One observes that p,n and also 77, 7", 7~ have almost the same masses, why?

Recall the Hydrogen atom: the states |n, ¢, m) with m = —¢,..., ¢ have the same energies (are
degenerate) because of the rotational symmetry of the Hamiltonian

? Hidden Symmetry ‘Internal Symmetry

Analogy with spin:
p); In) < [ 1), 1)
Spin-rotations:
[ 1) = a1+ 8L
[ = A1) +46) (1.1)
Isospin-rotations:
lp) = alp) + b|n)
|ny — c|p) + d|n) (1.2)
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Symmetry group SU(2):

U= (") o v=(%"). wvut=1, detU=1.
v 6 cd

! Isospin: Abstract transformation in Hilbert space of the quantum states
Following this line of reasoning we introduce

Nucleon = <p>
n

is a particle with isospin 1/2; It has two states with isospin projection +1/2 and —1/2.

For small isospin transformations

3
U=1+1 Z 5(]5@% , 7o = Pauli matrices
a=1

Isospin operators:

R 1 . 1

1, = 37 (cf.: S, = iaa)

P=R+E+1 (cf.: §% =57+ 82 +52)
Then
Plp(n)) = IT+Dp(n)),  I=1/2
. 1 A 1
I3lp) = +§|p>, Isin) = —§|n>

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

The operator I?is fully equivalent (mathematically) to the operator of angular momentum; possible

eigenvalues are therefore (follows from group theory)
1=0,1/2,1,3/2,...

Kemmer postulated that m-mesons form a system with isospin I = 1:

at 13:+1
7= | =" I3= 0
™ I3 =—-1

< This was a prediction for 7% !

Isospin summation (cf. spin-summation):
N N-states:

isospin 1/2 ® isospin 1/2 = isospin 1 + isospin 0

(1.10)



1 THE QUARK MODEL 3

Is=+1 pp
I=1: Is3= 0 %(pn + np) triplet
I3y =-1 nn
I=0: Is= 0 %(pn — np) singlet (deuteron) (1.11)
mN-states:
isospin 1 ® isospin 1/2 = isospin 1/2 + isospin 3/2 (1.12)

+ predictions for 7N — 7N scattering etc.

1.1.2 Strange particles and the “8-fold way”

Before 1953 “strange” V-particles were only seen in cosmic rays but eventually could be observed
in also in accelerator experiments that allowed for their detailed study. For example

T +p— K4 A (1.13)
for B, ~ 1.5 GeV one has measured, e.g.
o(m"p— K°A) ~ 1mb =10 cm?,
oot (M~ p — hadrons) ~ 40mb (1.14)
These cross sections correspond (roughly) to geometric cross sections of hadrons
R? ~ (1fm)? = 1072 cm? (1.15)

hence K and A are produced via strong interaction.
“Strange” particles decay, e.g.

A—=p+n, n+n (1.16)
A natural life time for decays induced by strong interaction would be
Tetrong ~ R/c ~ 1072 em/3- 101 cms™ ~ 107% s (1.17)
The experimentally measured life time is, however
A ~2.63-1071%% (1.18)

hence this is a weak decay, similar to n — pe~v.
It seems that strong and electromagnetic decays of these particles are forbidden, why?

< New quantum number — “strangeness”
pon,at, 70 7 S=0
AT 20 8- S =-1
=08 S=-2
K% K+ S =+1

K% K~ =1 (1.19)
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assume that strangeness is conserved in strong and electromagnetic interactions, e.g.

7 +p— K+ A 0+0—+4+1—1 (allowed)

K 4+p— K'4+2° ~140— +1—-2 (allowed) (1.20)
In addition we have a conserved electric charge ) and baryon number B:

Baryons: B = +1
Antibaryons: B = —1
Mesons: B= 0 (1.21)

Gell-Mann and Nishijima observed that for all observed particles the following relation holds:
1
Q = I3+§(S+B)7
Y=5+8B: Hypercharge (1.22)

The breakthrough: Gell-Mann, Neeman 1961,1964: The “8-fold way” (< Mahajana-Buddhismus)

‘S’U(Q) (isospin) = SU(3) (isospin—l—hypercharge)‘ (1.23)
Mesons:
k¢ 1Y gt
Y;=+1
— 0 + —~ +
T T T T Oi\n
— VAR L. Y;=0
K K’
Baryons:
++
0.94 GeV 1.23 GeV
Y
119 Gev I, 1.39GeV
1.12 GeV
1.32 GeV 1.53 GeV
1.67 GeV

e > Prediction for Q~ with mass ca. 1670 MeV and J* = %Jr!

L2
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e Symmetry is approximate: different states are not exactly degenerate: splitting appr. 150
MeV

mp —m

Hypercharge symmetry breaking : P~ 20% (1.24)

mp

It was possible to classify all known hadrons in irreducible representations of the SU(3) group
(later) and predict the existence of 7. However, no hadrons could be matched with the represen-
tation of the lowest dimension — the fundamental representation of SU(3).

Example: isospin group SU(2) I=0,1/2,1,3/2,...

Fundamenental representation

N = <p> L I=1/2 I3=++1/2 (1.25)
n
Adjoint representation
T
= x|, I=1 I3=-1,0,1 (1.26)
-

ete.
For the case of the SU(3) classification the analogue of p and n was missing.

Gell-Mann, Zweig 1964

Quarks [ I3 Y S B Q
1
u 1/2 +4+1/2 1/3 0 1/3 2/3 Q=IL+-Y
d /2 -1/2 1/3 0 1/3 -1/3 2
S 0 0 -2/3 -1 1/3 -1/3

Quarks u,d, s and antiquarks @,d, 5 transform according the three-dimensional fundamental
representations of the SU(3), called [3] and [3]:

Y
Y 5 Y=2/3
d u
Y=1/3 Tﬁ
-12 +172 -1 12
+ I3 o I3 Y=-113
Y=-2/3 S u d

3] 3]
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The SU(3) transformations:

u U1 U2 Uss U
q=|d| = | U Ux Uss d|, UUT =1, detU=1
s Us1 Uszz Uss s

Mesons are built from a quark and antiquark:

Identify:

1 - 1 -
70 = E(uﬂ—dd), n® = \ﬁ(uﬂ—kdd),
n? = \}6(uu + dd + s5) (singlet under SU(3))

Three different quarks u, d, s are usually called “flavors”.

1.1.3 The quark model and color

Baryons, in turn, are built of three quarks: The quark model

My, ~ Mg ~ 300 MeV
ms ~ 450 MeV

N=

(1.27)

(1.28)

(1.29)
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e Problem 1:
There exist apparently no free quarks in nature — no particles with electric charge +2/3 or
-1/3
+ Quark confinement
e Problem 2:

Q7 (s =3/2,s3 = 3/2) is built of three strange quarks:
O =sTslst (1.30)

For the ground state, one expects that the wave function describing space distribution of the
three quarks in the nucleon is symmetric, ¥(x1, 9, x3) = ¥(x9, 1, x3), etc.

Hence a totally symmetric wave function for a spin-3/2 particle — contradiction with Pauli
principle?

Gell-Mann (1972), Fritzsch (1973): a new degree of freedom:

— Each quark exists in three versions (states), called “colors”

U1 d1 S1
u=\|u|, d= dg s sSs=1S821], (1.31)
us d3 S3

I' A totally antisymmetric wave function can be built as
27(3/2,3/2) = 525%82604’37\11(1‘1, x9,x3) (1.32)

! This state is invariant under rotations in the color space:

3
Go = Y Uapgs; a=123  q=(ud,s)]
B=1

UUT =1, detU =1 (1.33)
— again a SU(3)-group.
color-SU(3) # flavor-SU(3)

The color-SU(3) symmetry plays a fundamental role in QCD; the flavor—-SU(3) is (as we know
now) rather accidental.

Postulate:
Only SU (3)-invariant (“colorless”) states exist in nature.

e Baryons:

QQQBQVEQ67 = UaarUpp Uy Eaﬁv‘]a’Qﬁ’Q’y’ = det U e 7" o' qp' 4~ (1.34)
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e Mesons:
Qa9a — Qo Ul/aUaB’QB’ = Qo' Qo (1'35)

Confinement: only colorless particles exist.

A big question: are quarks mathematical constructs only, or they indeed exist materially inside
hadrons?

e 1969: Crucial evidence:
Scattering of electrons from protons with large momentum transfer (at large angle)  (Bjorken)

e (k1) + N — e (k2) + X(+ any hadron state) (1.36)

! Nucleons contain quasi-free point-like particles inside them (“partons”)

L3

e 1973: Gross, Wilczek, Politzer: “Asymptotic freedom”
— Theory of quark-gluon interactions

Quantum Chromodynamics

— a “nonabelian gauge theory”:

QED gauge transformations U(1) e — e®@e <« photons
QCD gauge transformations SU(3) ¢ — Uq < gluons

QCD (color) charge (coupling constant) is small at small distances and becomes large at hadronic
scales.

World summary, see [S. Bethke, arXiv:1210.0325]
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0.5

April 2012
a{Q) v T decaysnsLo)
® Lattice QCD(NNLO)
04l a DIS jets(NLO)
o Heavy QuarkoniauLo)
o €'e jets & shapeges. NNLO)
e Z pole fit(N3LO)
pp —> jetINLO)
0.3+
02+t
01t
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1 100

Y o[Gev]

1.2 Elements of group theory: The SU(3) group
Consider a three-dimensional abstract Hilbert space with orthonormal basis vectors
1), 12), 13 (i|k) = 0ix

these could be e.g. [1,2,3) = |u), |d), |d) or |1,2,3) = |u1), |u2), |us)
The SU(3) group:

Uliy=|))U;;  UU =1, detU=1

Infinitesimal transformations
U=1+1id¢H, dpeR
Then
(I+id¢p H)I—idp H) = 1
det (1+i6¢p H) = T InIH00H) — 1 4 j5¢Tr H = 1
yields
H=H"', TrH =0

i.e. H is a hermitian 3 x 3 matrix with Tr= 0.
A suitable basis (Gell-Mann matrices)

010 020 100 001
AM=(100 A=1700 A3=10-10 AM=1000

000 000 000 100

00 —¢ 000 000 1 100
A5=100 0 =001 A7=100 —¢ Add=—7=(010

10 0 010 07 0 \/300—2

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)
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Normalization convention

Tr (AaXs) = 204p, ab=1,2,...

Each infinitesimal SU(3) transformation can be written as
A
U=1I+ i5¢>a?a

The matrices 1
4= -\
2

are called generators of the SU(3) transformations.
They satisfy the following (canonical) commutation relations:

‘ [tm tb} = Z‘fobbctc ‘

The fupe symbols are called structure constants of the SU(3).
Multiply by t¢ and take the trace; since Tr (t.tg) = (1/2)60q ©

ifabc =2Tr ([tm tb]tc)

From this representation one can easily see that f,;. are totally antisymmetric and real.

An anticommutator of two t* matrices:
{tm tb} = Cab I+ dabctc

Taking the trace:

1
Tr ({ta, tb}) =2 5(5,11, = capIr (H) =3cep =

also

dape = 2Tr ({ta, tp}te)

Hence dgp. symbols are real and totally symmetric in indices.

,8

btain

Cab = 5

10

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

Using trace folmulas and explicit expressions for A, matrices one can calculate fup. and dgpe

explicitly; these expressions are, however, rarely needed (cf.: Dirac matrices)

Useful identities:

fabrf?“cs + fbcrfras + fcarfrbs =0
fabrdrcs + fcbrdras = dacrfrbs
farsfbrs = 35ab

doap = 0 < summation over ”a

5
dars dbrs = géab

implied

(1.51)
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Very useful identities:
3
Fapet " = Zit®
2
4
199 = _1
3
1
140 = —Etb (1.52)
A very powerful identity:

a a 1 1
(t )aﬁ(t )0/,3’ = 55046/60/5 — 6604550/,3’ (]_53)

1.2.1 Representations of the SU(3) group

e A unitary representation of the SU(3) group is a homomorphism
U— D(U)
of the 3 x 3 matrices U onto unitary n x n matrices D,
D(U)D(U) =1

(in general of other dimension), which respects the group multiplication:

DU)D(V) = D(UV) (1.54)
D(U) can also be viewed (more generally) as linear operators acting on the representation
space
D(U) n . .
R —' R R=C |a) € R n-dimensional vectors (1.55)

e A representation is called reducible if it is block-diagonal in a certain basis

D(u) = <D1(§U> DQ(ZU)> - %Z; ni+ng=n (1.56)

Otherwise it is called irreducible

A necessary and sufficient condition:
Represention D(U) is irreducible if and only if

V|a) € R linear combinations of D(U)|a) span the whole space (1.57)
e Two representations D and Dy are called equivalent if

35 YU  S7'Dy(U)S = Dy(U) (1.58)

e Simplest representations:

-U—1 [1] < trivial representation

-U—=U [3] <+— fundamental representation
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- U—U* 3]
e Adjoint representation [8]:
Representation space:
R=C8 c={c1,...cs} c€e€C a=1,...,8
Let
C = ¢,t° +— a complex 3 x 3 matrix with Tr =0
Define
D)

c =5 uvcut

or, equivalently
1
Tr (Ct%) — T (UCUTt?) = 50 = caTr (UteUTed)

Infinitesimal transformations:
U=1+1id¢t®* — DU)=1+1id¢p,T"

Lie algebra:
[tm tb] = Z'fabctC — [Taa Tb] = Z‘fabcTC

(The generators in all representations obey the same commutation relations)
In our case (adjoint representation)

¢y — 2T [(1 4+ i6¢et®)t* (1 — it )] cq
= 2T [t"")cq + 2i0¢.{ Tr (t°t*t") — Tr (t*¢°¢") }
= [0ab + 160 foad) Ca
= [(Mpa +i6¢e(T%)pa) ca

It follows

‘ (Tc)ba - _ifcba

< generators in the adjoint representation

Example: Classification of the gq states under SU(3)-flavor

Let

<
=
Il
N
RS
[}
Il
S8

g3 =S

and assume
3] la)  —  1g;)Uji, UeSU(@)

3] @) —  1a)Uj;

12

(1.59)

(1.60)

(1.61)

(1.62)

(1.63)

(1.64)

(1.65)

(1.66)

L4
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Now consider quark-antiquark states. Representation space is 9-dimensional R :
D(U)(l4:)|q;)) = lain)q;1)UsiUss;
This representation is reducible:

e SU(3)-invariant state:

m=%mm=%@w+wwmm>
Check
1y = D)) =

@) UiiUss; = Mgy )UsiU},

o L
\/gql \/gql

1 B
= %!%’H%")@"ﬂ = 1)

e An arbitrary orthogonal state
1C) = Cijla)|q;) Cij = 3 x 3 matrix with TrC' =0
Check SU(3) transformation:
IC") = D(U)|C) = Cijlain)|gy ) UiUs; = (UCUT)ivjlqir)| ;e

Thus
¢'=vcut
I This is precisely the transformation rule of the adjoint representation

Result:

3 ®[3] = [1]+8]]

Example II: Classification of three-quark states:

Start with the first pair:

ijklai)|ae)  laidlaw) + lax)la:)
Add the third quark:
Bl [3] = [1] + 8]
[6] ® [3] = [8] + [10]
¢

|gi)|gj)qr) + permutations

13

|4:)1a5)
(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)

(1.73)

(1.74)
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Symmetry in quantum mechanics:

[H,T*] =0 (1.75)
Example: Angular momentum
PR A oA 1 A
[H,L] =0, [Li, L] = 5 €ijk L (1.76)
~~
i}

structure constants of SU(2) ~ SO(3)
Hence one additive quantum number:
L,|¥) =m|¥), [Lz, L]0 [Ly, L;]#0 (1.77)

< SO(3) group has rank one.
For SU(3):
[T5,7g) =0 < group has rank two (1.78)

therefore can require that simultaneously
T3 W) = t3|0),  Tx|¥) = tg|W) (1.79)

< two quantum numbers, ¥ = WU(t3, tg).
Following Gell-Mann we identify (for SU(3)-flavor)

I = ty, Iy = ty, I3 = t3, (isospin)
2

Y = —¢t hypercharge 1.80
Ve (hyp ge) (1.80)

The eigenvalues of I3 and Y that occur in a given representation can be shown as points in the
isospin-hypercharge plane, for example

V®A | .

2 Nonabelian quantum field theories

2.1 Geometry of gauge invariance

Weil (1923): gauge invariance

P(x) — Y(x) =
A

(2) s () = Ay(z) -~ 10y } = Laep(¥, 4) = Lamp(¥/, 4) (21)
1%
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[A, transformations introduced by Maxwell; Weil added /]
Modern interpretation:

Let ¥(z) — ¢ () = e*®)q)(x) and require L(¥) = L(v))

What is the most general form of Lagrange density consistent with this symmetry?

e Simple:
mapp )2, ... all allowed

e Complicated: derivatives

n*o,(z) == lim 1 [1/1(36 +en) — (x)

e—0 €

— lim E [eio‘(z+€")¢(x +en) — eia(x)w(x)] bad

e—0 €

General solution (differential geometry)

15

(2.2)

(2.3)

In addition to ¥ (x), consider a function of two variables U(y, ) with transformation property

Uy, z) — U'(y,z) = WU (y,z)e )
U(x,z) = 1

Its utility is that ¥ (y) and U(y, x)¥(x) have the same transformation laws.

Define covariant derivative:

n*Dyp(z) = lim E Y(z+en) — U(x + en, x)(z)

e—0 €
Simplest choice:
UUt =1, Uy, z) = e*W?)
Then
U(m+en,x):1+ien“£ (y,x) +...
oyt y=z
=1 —deent|eA,(x) e = arbitrary constant

I' A new vector function A,(x) — a vector field

Math termonology: U is called a comparator of local symmetry transformations
A, is called a connection, it appears in a local limit of U *

*Remark: One can choose

1
Uy,z) = Pexp{ / du(y — x)*Ap(uz + (1 — u)y)} + additional vector fields
0

(2.4)

(2.8)
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Thus

Dyp(x) := (0, + ieA,)Y(x)

From the transformation law
1 —ienf'eA,(x) — 1 —iente Al (z) = eiv(@ten) [1- ien“eAu(w)]e_ia(m)

follows

so that
Ds(z) —> D (z)
= [0+ ie(Ay — ~0u0) ] i(a)
= D,y (x)

Thus we are allowed to have in £ terms like

&ww I QEDMDluw ) etc.
What else?
T + €€y x + €(e1 + €2)
T T+ €€}

W(z) =U(x,x + €€2)U(x + €€a, x + €€] + ea)U(x + €€ + €€a, x + €€1)U(x + €€, x)
A straightforward calculation for ¢ — 0
W@ﬁﬂek%Pﬁﬂ@—®mm)+O@)
W(z) = invariant —  F,, = J,A, —0,A, = invariant
(W) = W(z) = Fj, = Flu]
Alternatively, consider

[Dps Dot = [0, 0,116 + e ([0 A] = 100, A )10 = X[ Ay, A0

16

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

L5
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The first and the last terms obviously vanish. The other two:

[8m Ay = 8/1(Au¢) — A0 = (8#14,,(3:)) P(z)
———

derivative only acts on Al (2.17)
Hence
Dy, Dy = ie <8uAy(x) - ayAM(a:)>w(:c) (D, D) = ieF, (2.18)
Summing up, the QED Lagrangian
Lqep = $(iP) — mypy) — %FWF“” (2.19)

e need a real function with mass dimension four

e could add
R cew,aﬁF”VFo‘B parity conservation = ¢ =0 (2.20)
e could add
.+ es0D*) + (YY) ... e not renormalizable
! ! (2.21)
® C5 ,C5 .
Ay A2UV

QED Lagrangian is defined (almost) uniquely by the requirements
e relativistic (Lorentz) invariance
e local gauge symmetry U(1)

! Photon exists “because” we require local gauge symmetry !

A very powerful idea: construct physical theories starting with geometric symmetry principles.

2.2 The Yang-Mills Lagrangian
Let

= @1 (l‘)) (2.22)

Global SU(2) transformations:
P —s ) = eiak%kw; o, = Pauli matrices (2.23)

for example isospin — original motivation for YM
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Local SU(2) transformations (YM):
() — W(x) = eiak(x)%kw(x); o), = Pauli matrices

Y&M asked: how to built a theory (Lagrangian) invariant under these trafos?

Main difference to QED: the symmetry is nonabelian:
el P = ¢if . ia but el Bt +* Bt gl
Comparator of local SU(2) transformations
Uly,z) = 2 x 2 matrix, vUut =1
Uly,x) — V(y)U(y, 2)V'(z)

with

It follows

k
U(x+en,x) =1+ igen“Aﬁ% + O(é%)

where ¢ (arbitrary constant) will be called “coupling”.
Covariant derivative

. kO'k . kO'k
D,=0,— ngM? =0, 1- 19‘4#?

Transformation rule for AZ follows from

k" k0" k"
I+ igen“AM? — I+ igen“(AQ'; =V(z +en) (]I + igen“Au?)VT(w)

where we have to expand everything to O(e).
First term:

V(z+en)Viz) = <[1 + enugiu + 0(62)} V(:c)) Vi(z)

=T+ en# <£MV(33)) Vi(z) + O(e?)

=1 — en”V(x) <62#VT($)> + O(e?)

Therefore, comparing terms in ~ igen*

k k :
A’;% V() <A’f"2 + ;au> Vi)

18

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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For small transformations

this becomes

Check transformation for the covariant derivative:

k
D — Dy’ = (9~ ia(a} G )

2

. O'k . Uk
= (1 + zak2> (@L — 1gA22> v+ 0O

As a consequence

k k E g
~ (0ot G i@ 4o | TG ]) (1400t

[Dyu, DuJt(z) — V(2)[Dyy, DyJ(x) = V(2)[Dy, D)V () V(2)0()

°
2
I
=
=
S
=
=
+
S
Q
2

-~

Define a nonabelian field strength tensor (Feldstérke) as

k k

g o

? )

[Dl“ DV] = _igF/]fV

k
o
mﬁnavum$5Wm

Inserting explicit expression for the covariant derivative this becomes
k k
kO _ kO

Fumy =0nory =

Use

multiply by oP and take the trace:

Fl, = 0,AL — 0,AF + gt Al Al

! F;lfu is not yet SU(2) invariant, but this is easy to repair:

k
1
Tr [(Fﬁy%)g] = §Fl’fVF“”’k = invariant

kO' . kU - g
W%2ﬂ4%2ﬂ%]

19

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)



2 NONABELIAN QUANTUM FIELD THEORIES

Thus, a possible Lagrangian invariant under local SU(2) is (Yang-Mills)

Lyv = V(D —m)yp — %(F;lfu)Q

! Very simple and very similar to QED

Euler-Lagrange equations:

e “Dirac”:
(i) —m)yY =0 I field hidden inside D
e “Maxwell”:
aupﬁy + gfkﬂA]’“F[w = —gy,— = j¥, [« the SU(2)-charge curent]
— 2

I non-linear equation: terms ~ A%, A3

Generalization to SU(3), [and SU(4), ...SU(N)] is trivial:

Y1(x)
Y= | ¢2(x)
P3(x)
Local SU(3) transformations:
V(@) — V()b ()
V(z) =1+ ia(z)t* + O(a?), a=12...,8
so that
% — t* = o) Gell-Mann matrices
ok oI i o
T kit a 4b) _ ; pabcye
2,2] i€ 2—>[t,t] if*t
It follows

Y — (14 ia)
Al — A%+ ;8“04“ M e
and further
[Dy, Dy] = —igF,t*
Ff, = 0,A% — 0,A% + gf* A A
Dy = 0, —igAjt"

20

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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Remark: Sign of g is a convention, differs in various textbooks

and finally

1 -
Lqcp = Lsys) = —Z(FZVV + Y D — my)y (2.50)

Y=u,d,s,...

L6

2.3 Quantization and Feynman rules

Assume that QCD can be quantized in the same way as QED (will have some surprises).

Generic Green functions:

(OIT{ (1)1 (21) (Ap)2 (@2) (1) (x3) . .. €] o £1@ )
(O|T{e!/ T £1@ o)

(T {4l (1) A% (2)i) (3) ... }|2) =
(2.51)
Here
. 1/3 ...on the Lh.s. are Heisenberg operators
e |Q2) on the Lh.s. is the exact vacuum (ground state)
e All operators on the r.h.s. are written in the interaction representation

e |0) on the r.h.s. is the “perturbative” vacuum (ground state if interactions are switched off)

Then:
Propagators:
O (@0 =7 [ Lt (L
B (2m)% m—p—ic) ,
d4/€ ; 1 k. k
“(x) A} — gob k(g L[ Kuky
OT AL ) AL HO) = 07 [ e g — ] (252)

L=Ly+L;

7 1 c C AV
L1 = ghAL Y — g M (Ba A AP AP — g (FALA) (f AR A (2.53)



2 NONABELIAN QUANTUM FIELD THEORIES 22

Vertices:
a, 1
= 1gy,t?
a,u
k|, )
b a = gf"[g" (k= p)” + 9" (0 — D" + 9" (¢ — )"]
7 N
b,v c, p
a, b,v

s — —ig2 [fabefcde (gupgua _ g,u,agllp)
>’<\i + fee frre (g 9P — g7 g"?) (2.54)
+ fadefbce (guugpa _ g,upgya)]

For example:

(QUT (AL (2) A5 () A] ()} 2 =
=i [ wOT (T {AL @) A5 0) AL ()1 ()}

= i/d4W<0|T{Ai(w)A%(y)A§(Z)[—gf“bc(apAZ(w))A"’b(w)A“’c(w)]}\0>

X

ky
w
Py ARl
y z
d'p d'q d'k —ikz—ipy—iqz
- /(277)4 / (2m)* / (27r)4e Kot (2m) 18 (p + g + k)
x 9;;’ gﬁf’ % - (Vertex)§ 7 (2.55)

Note 9, — —ik, if the momentum points into the diagram (Einlaufender Impuls).

Set of Feynman rules defines a quantum theory, but is it selfconsistent?
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2.4 Faddeev-Popov ghost fields

e In QED, selfconsistency requires that the amplitudes satisfy Ward identities

k pi
k- =0 (2.56)

for arbitrary photon momenta and for electrons on mass shell p? = m?.

—> electromagnetic charge is conserved in quantum theory
—> photon remains massless
— results of calculations do not depend on gauge parameter, etc.

e In QCD, gluons are charged, so maybe we have to impose a condition k? = 0 but otherwise
we expect that Ward identities must hold true.

2.4.1 Reminder: Photon polarization vectors

Consider a real photon k2 = 0. Let
k, ={k,0,0, k} (2.57)
The four-vector A, (k) of a real photon can be decomposed in the basis

el ={0,1,0,0} ¢ ={0,0,1,0}
1 _ 1
e = {1001} ) = —5{1,0.0.-1} (2.58)

Only first two possibilities (transverse polarizations) are physical because the other two can be
disposed of by the choice of gauge:

e Lorentz gauge
A, () =0 = k'A,(k)=0

= Au(k) =e[JA_(k) not allowed [k"e(~) = 2] (2.59)
e For the special case k? = 0 Lorentz condition does not specify the gauge uniquely

0 = kP A, (k) = kAL (k) = k(A + kA (k)

= Auk) = el(f)AJr(k:) ~ k,, can be gauged away (2.60)

Thus, emission of “plus” or “minus” photons cannot influence any observable quantities
Note: it does not mean that we always take Lorentz gauge.
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2.4.2 Reminder: Current conservation and Ward Identity in QED

e U(1) gauge symmetry = conserved current (Noether theorem)

3 (@) = —ep(x)y"P(z),  Ouj*(z) =0

1 =/ . .
Lopp = = Fuw B + (i — m)p — ju(z) A () (2.61)
e Photon emission in QED:
ke iM (k) = iM"(k)e, (k)
o . ~
) = [atset i@l (26
e Ward Identity = Current conservation in quantum theory:
4 > . 0 ikx - 4,. ikx > -
0=k M (k) = [ &'z (flj"(@)0) | —ig 7 |e™ =i [ dwe™ (f|0u"(2)]i) (2.63)
e Unitarity (conservation of probability) in quantum mechanics:
d 3 2 e o
o7 A’z |V (z,t)]* =0 <= Hamiltonian is a hermitian operator (2.64)

e Unitarity in QED: unphysical photons cannot be produced in collisions of “physical” particles

Total cross section for photon emission:

o~ D MP =Y e e MEM = M+ | MR (2.65)
phys. phys.
polar. polar.
However
kyMF =0 = koM —ksM® =0 = M°=M? (2.66)

Therefore can write also

Z 68),* ,(j)\)MuMV,* _ ‘M1’2 + ’M2‘2 + |M3‘2 - ‘M0’2 _ —QWM“M”* _ Z 6/(LA)7*€1(/A)MMMV7*

phys. all
polar. polar.

(2.67)

i.e. the sum over transverse polarizations is equal to the sum over all polarizations.
Accepted terminology: The QED S-matrix is unitary

L7



2 NONABELIAN QUANTUM FIELD THEORIES 25

2.4.3 Quark-antiquark annihilation into a pair of gluons

Let us check what happens in QCD on a simple example:

(1 2) 3)

qa(p) +a(0') = g* (k1) + g"(k2) (2.68)
e The first two diagrams together:
iM{'ye, (k1)e, (k2) = e (k1)e; (ko)
x (ig)*v(p') {’Y“ta b 4 ’y”tbi'y“ta} u(p)  (2.69)
fy—p —m
Replace
€, (k2) — kay (2.70)
Obtain
ML ), = 6 ) i o) {1

_ki_m;éztb + frat” ’Y“ta} u(p)  (2.71)

y g —

Thanks to Dirac equation can replace
(p — mu(p) =0, in the first term byu(p) = (ky — p+ m)u(p)
6(p')(p’ +m) =0, in the second term o(pVky = 0(p") (e — p' —m) (2.72)
The propagators cancel and we get
iMYS e (= i) (i9)*0(){ = i [t%, '] bu(p)
= —g e (k0)o(p )" ulp) f4¢ (2.73)
e The third diagram:

iMé‘”eZ(kl)ei(k‘g) =¢,,(k1)e, (k2) (2.74)

s\ = c —i abc v 1%
x (ig)v(p')ypt U(p)?gf b [g“ (k2 — k1)? + g"P (k3 — ko)l + g™ (k1 — k3)
3
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now replace €, (k2) — kay
and use k1 +kys+ks=0—ky=—k; — ks
Then
€ (ko) [* * %] — Koy [ * %]

= kb (kg — k1) + k5 (ks — ko) + ¢" (k1 — k3) - ko

= (—k1 — k3)"(—=2k1 — k3)? + (=K1 — k3)?(2ks + k)" + g™ (k1 — k3) - (k1 —

= 0PI — KK — g A
Hence

. v ox * © N = c —1 abe
MY e (ko = €, (k) (i9)0(0 )7t w(p) 7 0. | 97K5 — KRS — g™kt + K{kY
3

Assume k? = 0 (on-shell) and e (k1)kY' = 0 (physical polarization). Then:

e the last two terms vanish
e the second term vanishes as well:

(=k) (P )vpulp) = o(p)[(p +m) + (p — m)]u(p) = 0

e the first term gives:
iMEY e, (k1)kay :EZ(kl)g%(p’)fy“u(p)fabctc

and exactly cancels the contribution of the first two diagrams!

Happy end? — No! — a disaster in loop diagrams (true quantum effects)

N\, all polarizations in intermediate state

Gluons with unphysical polarizations can be produced — unitarity is broken:

/ / d (phase space) >-m€i

2

2.4.4 Faddeev-Popov ghosts

Solution: Faddeev, Popov (1967):
Modify QCD Lagrangian

Locp — Locp + Ea(x)< - aﬂpg’;)cb(x)

Dzb =0, + fabCAZ covariant derivative in adjoint representation

26

(2.75)

ks)
(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)
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ghost field  ¢%(x): e spin-0 field (scalar)
e a=12..8
(adjoint representation, like gluon)
e Fermi-statistics (!7)

{e(@,t),e(g,1)} = 0
(new) Feynman rules:

. b _ idab
""" DR  p24ie
b, L
. § = —gf%p, (2.82)
a c

Derivation uses path integral formalism = QFT lectures in SS

The role of ghosts is to subtract “wrong” gluon polarizations, hence “wrong” spin-statistics
relation

Ward identities are modified by terms including ghosts = Slavnov-Taylor identities

We will see how this works in practical calculations (exercises)

3 Asymptotic freedom

3.1 Reminder: Renormalization and regularization in QED

This is only a reminder, see QED lectures for more.

e The idea of renormalization is to rewrite everything in terms of physical parameters instead
of “bare” parameters that appear in the Lagrangian

e In QED the bare parameters are electron mass mg and electric charge eg and we want to write
everything in terms of electron mass m = 0.511... MeV and the coupling a = e?/(47) =
1/137...

3.1.1 Exact electron propagator

d'p.

QAT D) = [ e S() (31)

S(p) = + s, SN, s s,

(3.2)
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Electron self energy is defined as the sum of all 1PI diagrams with amputated legs:

X(p) = ,&, + ., S, + = >> (3.3)

We rewrite
129
S(p) = = 7,8 3.4
where
m—mo+ X(m) =0 = m = m(mo,ep) [pole position]

S0 (p) = Zo[(p) ~ T(m) - (p = m)=(m)|

Zy = 1—|—El(m) (3.5)
e m is called a renormalized mass
e 75 is called a field renormalization constant
o 5 (p) is called a renormalized propagator
Note that
5O ) =" o (p - m)?) (3.6)

Therefore for slow electrons p'< 0.5 MeV/c

- / dpodgﬁefip(w*y) 122
o >Y0 (27'(')4 p —m

(QUT{w(x) ()}

d3p - L - .
= E ——=— [/ Zyu(p, s)e  EpTot e Zotu(p, s)e'=rvotry
- /(277)32Ep[ ] [ j
W7, 0) .1 (3.7)

Note:
e E,=/p?+ m?, i.e m is the physical mass in Einstein formula
e correct normalization of the free electron wave function  (« role of Z3)

3.1.2 Exact photon propagator

d*k

—ik(x—
We ( y)DW(k‘)

@A LN = [

L8



3 ASYMPTOTIC FREEDOM

where II(k?) is called photon self energy:

We rewrite:
Z3
D, (k y = ZsD") (k
H ( ) u kQ[l_H(r)(k,Q)] 3 HV( )
where
Zy= . IOG) = 2 [1(2) - 11(0)]
1—T11(0)

e photon mass is not renormalized because of local U(1) symmetry

3.1.3 Exact interaction vertex

29

(3.9)

(3.10)

(3.11)

The interaction vertex is usually defined as the the sum of all 1PI diagrams with amputated legs

—ieol', (p1,p2) = —ieg [’Yu + Au(P1,P2)]

:_'». :_'». ;
= . + 1 + .=

It is possible to show [QED lectures] that

Au(plaPQ) poom = ’YuA(mv m)
p2—>m
We define
—ieolyu(p1, p2) = —ieoZ; " [w + A (pl,pQ)] = Z7'T0 (p1, p2)
where
1
71 =
T A(m,m)

A = Z3 [ A (pr, p2) = 3k (m,m)]

(3.12)

(3.13)

(3.14)

(3.15)



3 ASYMPTOTIC FREEDOM 30

3.1.4 Effective charge
Consider electron-electron scattering at small angles

e(pr) +e(p2) > e(p)) +e@y), =@ —p)* =0 (Km)

We expect to find a Coulomb law. In this limit

€o

Vi A Vg

«/\/\O\/\m = Dy, = ZsD{f)

iM = (3.16)
T, =Z7'Ty

7 V7,
N\

€

[For these diagrams M ~ 1/q?, all others at most M ~ In(1/q¢?)]
Collecting Z-factors can rewrite the result as the diagram made of renormalized propagators and
the renormalized or effective charge:

el
)

— : —1 e? 1

= D) e=eyZaZy \Z3, == 13 (3.17)
\eﬁﬁ

e is the “correct” electric charge as known from Coulomb law
e Renormalization:

mo, g —> m = m(mg,eq), €= e(mg,ep) ‘ (3.18)

e casy to generalize to the general case:
all Feynman diagrams can be rewritten in terms of renormalized electron mass and charge

e in QED

Iy =2y = e=ep\/ L3 [« Ward-Takahashi Identity] (3.19)

3.1.5 UV divergences and renormalizability

A quantum field theory is always defined with an UV cutoff: |k < A.
In particular

QED = {Lggp(mo,e0), A} (3.20)

e old argument (math):
— integrals over loop momenta diverge for large k,, (UV-divergences)
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e new argument (phys):
— we know nothing about interactions at very small distances / very large momenta,;
even if the integrals were finite, the contribution of very large k is most likely wrong

How such a theory make sense? Let
Theory 1 = {Lgrp(mo,eo), A}
Theory 2 = {Lorp(mj, ep), '} (3.21)
and require that the parameters are adjusted such that
m(eg, mo, A) = m(ep, mg, A)
e(eg, mo, A) = e(eh, mg, A) (3.22)
This means that the bare mass and charge depend on the cutoftf:
eo = eo(A), mo = mo(A) (3.23)

Accepted terminology “The theory is defined at the scale A”

A theory in which such tuning is possible is called “a renormalizable theory”

QED is renormalizable:

{Z1,22,73} = {Z1, Z2, Z3}(eg, mp, A) [« depend on bare parameters and the cutoff]

but
(=), D/(j;,), I‘/(f)} = {x, Dl(f;,), I‘g)}(m, e) [« depend on physical parameters only] (3.24)

Thus, the dependence on A disappears in the predictions for physical observables
e Regularization should not destroy gauge and Lorentz invariance

e If the dependence on A disappears, each mathematically consistent regularization possible.
— Dimensional regularization:

/d%; — /d%, D=4—¢ (3.25)

3.2 Renormalization group (QED)

An explicit calculation gives (QED lectures)
Photon self energy, one loop:

1) =222 [ duur —w) P (3.26)
0

For large momenta

mi < |k?| < Ay, (3.27)
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this expression simplifies to logarithmic accuracy to

AQ 2
(k) = — %1 +O1), ag= j—o
7

3r —k2 —ie

Let us clarify the meaning of renormalization procedure on this simple example.

Start with
_D = gy,y 1 = gMV 1
k2 +ie 1 — TI(K2) k2+7;€1_|_%?_1n%
and rewrite
1 B 1
14+ %A% 14 d g0, =k
B 1 " 1
1+5%In 1’%—22 32 ln:nfkgg
1+§—21n;}1—22
B Z3 B Z3
1- 2382z 1-2m=k
where
Zs = Zy(A,m) !
3=243(Am) = ———5
and I used that
e =+/Zdseg = a = Z3qq
Thus we obtain
Dy = Z3 D)
1
D — Guv
Wil - Em
s m
° D;([u) = Dl([y) (e,m) as we want
e This is a good approximation so far as

« —k? 1

—In— <« 1, = —

37 m2 “T 137

Question:
What to do if @ << 1 but ozln_m—"g2 ~ 17
— [In QED of academic interest, in QCD (agcp ~ 0.3) important]

— One can show that two-loop diagrams produce a?In? _m—k;, three-loop o In

We can try to reorganize the perturbation theory:

32

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

L9
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e Fixed-order perturbation theory (usual):

1-st order: «
2-nd order: o2, etc.

e Resummed perturbation theory:

k> k> k?
LO (Leading Order) : aln -l o?1n? oo RRRRERE (aln W)”
k2 k2 k2
NLO (next-to-LO) : a?In sl o3 In? o RRRE ,a(aln m)" (3.35)

but would need to calculate leading (subleading etc.) parts of Feynman diagrams to all orders.
A very powerful approach — the renormalization group

3.2.1 The running coupling, S-function

The idea:
Renormalization procedure is, basically, splitting the large logarithms in two parts:
—k? —k? m?
111 ﬁ = hl W —+ hl F
N—— N——
Ve N\
11", n) A Z — factors (3.36)

What we achieve by doing this:

1. Dependence on A disappears from physical observables; only enters e = e(eq, mg, A)
2. Renormalized e, m are the charge and mass for free electrons, as measured in low-energy expts.

Renormalized I, £ A are zero for free particles

— Renormalized propagators = free propagators for k? = 0, p?> = m?.

Note that property (1.) is crucial, (2.) is convenient

Let us change the prescription of how we renormalize:

—k‘2 —k‘2 M2
ln A2 = ln W =+ ln F
v ¢

) n) A Z — factors (3.37)

where M is an arbitrary mass parameter. For simplicity we will assume
m<<M<KA (3.38)
In other words

11" (k%) := (k) — II(k? = 0)
—
1" (k%) = I(k?) — IL(—k*> = M?) (3.39)
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and similar
A (p1,p2) == Au(pr, p2) — MAu(pf = p3 = (p1 — p2)* = —M?)
£ (p) == T (p) = S(p = M) — (p - M)E'((p = M) (3.40)
What happens in this situation?
e We must always specify the value of M explicitly, i.e.
" =110 (K2, M2, e(M), m(M)) ete.

e The first property remains valid
e The second property is lost; replaced by

Renormalized propagators (vertices) = free propagators (vertices) for —k% = M?, —p? = M?

< Accepted terminology: “the theory is renormalized on the scale M”
We can overtake all results with a simple substitution m — M:

1

Z3s(A, M, ap) = —— = Z3(M
3( 0) Ty 3(M)
M? g 1
H(T)(k):_glni D(Q(k):ﬂ—
smo ok S L
o
Oé(M) = aioAz = Z3(M) Qg , QCoulomb = Oé(M = m) (341)
1+ 32In 45

e | If we choose M ~ |k| there are no large logs in the renormalized propagator
— Problem solved? Not quite: we do not know the value of o(M) for large M
— What happens when we change M7 — M>s?

Consider
« «
a(M) = L a(My) = ——2>— (3.42)
420, A 420, A
iU O =
3m Mf 3m ]\422
e both expressions are valid if ln(AQ/MﬁQ) < 1/
Idea: eliminate ap:
o7y} oQ 1
M) = = X
Oé( 2) 1+Oé01 A2 +O[0 M12 1+O[01 A2 (7)) M12
—In— +—In— —1In— —In—=
37 M12 37 M22 37 M12 1 37 M22
14+ 204 A®
n——
3 M12
= (M) (3.43)
1+ OJ(MI) M12

3T nﬁg
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e this relation is valid if In(M?/M3) < 1/a; A can be arbitrary as it falls out

What to do if M?Z < M2?
— Split the interval in smaller ones, M12 < M% < ,u% <...< M22
— Apply the above relation for each smaller intervall

An intelligent way to do this: a differential equation

d 1 1 d 2
M— = — M—~a(M) = —— 3.44
dM a(M) — a2(M) dMO‘( )= 5 (344)
or
M-La(dr) = +2a2(M) (3.45)
dM 37 '
A very important concept:
Beta-function (Gell-Mann-Low function)
d
M ——a(M) = B(a(M)) = Boa® (M) + Bra(M) + B (M) + ... (3.46)
We have calculated
2
QED
= — 4
o 3 >0 (3.47)

Terminology: the running coupling
Interpretation: QED charge increases at small distances/large scales due to vacuum polarization

- S
=Y @%%

3.2.2 Electron propagator at large momenta; Callan-Symanzik and renormalization
group equations

| | -

M, M,

Consider electron propagator for p > m

B iZ

S(p) = pEi(0®) + mEa(p?), PP =y (3.48)
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In this calculation we can neglect the electron mass m — 0, thus

First order:

AQ
Eli)are(p) _ & — @m—Q [exercises]

4T —p
Renormalization:
M? o
S (p2, M) =5, (p%) — Sy(—p? = M2) = Ln = ~ 2]
1 (p?, M) =%1(p°) — X1(—p ) ye e Rl
Zo(M) = ——
i _1+a01 A®
7n7
47 M?

e Both expressions are valid to O(a?)

In general:

Sbare(p,A,ao) = ZQ(A,M, ao)Sren(p M,a(M))

Note that the 1.h.s. does not depend on M. Thus

d d ) d
=M—8bae — (M—Zy) ™ + Zy |M—— + | M—a(M
0=Mamr° ( dM 2) ST 2[ 8M+< ! )>
We define
M-t (M) = B(a) beta-functi
dMOé = (6 cla-runction
Lotz o) lous dimensi
22 dM 2 = Y & anomalous dlmension
Callan-Symanzik equation:
M—a +6(a)£+2 ()| S™*(p, M,a(M)) =0
8M aa ,‘Y p7 ) -

e this is an example; the CS equation can written for other objects (later)
e why 27v(«): the number of external fermion legs (convenient)

In perturbation theory

Bla) = Boa® + Brad + ...

v(a) =ya+me’+...

2
50—3?
1
Yo =-—

36

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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The self energy can depend on M through «(M), or dimensionless ratio p/M:

ST (p, M, o) = ! = ! 3.57
(AL P+ 2, M2 0)  p1+ ST (02 M2, Q) 397

This implies that if we rescale p,, — tp, and M — tM for fixed a:
ST (tp, tM, ) = t~1S™ (p, M, ) (3.58)

Euler’s Homogeneous Function Theorem:

9 0 ren __ ren

We can use this to convert partial derivatives in M into derivatives in p,! Obtain

Renormalization Group (RG) equation:

gy~ Bl) g +1=21(@)] 7. M. a(4) =0 (3.60)

e this is an example; the RG equation can written for other objects (later)
e this is a linear differential equation describing the momentum dependence

General solution:

i a(p) o
(0. 2.0(00) = £ S(ap) e {2 [ a2 }
S

(M)
S(a(p)) := S™(p = M, a(M)) boundary condition, only function of a(p)
(3.61)
where a(p) = a(M? = —p?) is the running coupling
Puralp) = Bo) (362)
M apu .
[insert in the equation and check that it is satisfied]
One-loop approximation:
Sap) =1, @) =wa,  Bla)=pFa’ (3.63)

Then

a(p)
_ ;% | Y, op)
exp{**} = exp {Q/Q(M) da 500/} = exp {2&) In a(M)}

) ()

L10
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so that

1 [ « 3/4
Sren(p’ M,(X(M)) = % (a((p]\g)>

If |p| is not very much different from M, can use

_ a(M)
"= L4 o), M
3 nfp2

In this case

( a(p) )2"/0//50 _ (1 N a(M) n ]\42) —2v0/Bo _ (1 . %Q(M) N ]\42) —2v0/Bo

a(M) 3T —p? —p
.2\42 M M2
=1 —'y()oz(M)ln_—p2 +0(@?In?(..)=1- O‘(W ) 1“_72

— in agreement with one-loop calculation

Our new result is also applicable for p? >> M?:
The difference:

e The one-loop result valid if

M2
a1, aln—2<<1
p

e The “RG-improved” result valid if

2

M

e At the end can choose M — m if desired.

For a better (NLO) approximation have to calculate three new constants:
Bla) = foa” + pra
(@) = yoa +m10?

S(a(p) = 1+ s1a(p)
— sum up all terms ~ a(aln M2/p*)k k=0,1,...

Last but not least:
In dimensional regularization

2
1
Zgzl—’)/()aolnm — 1—4_D’)/00é0

Therefore, formally

| A® — ! + t
—_— S E— cons
e i-D "

[Details — exercises]

38

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)
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3.3 QCD Beta—function

i Z3(1) 273 (1) Z5 () o ap = a¥

s

) = Bla) = fuod + Brad+ .. (3.73)

Difference to QED:

e Renormalization at k2 — 0, $ — m makes no sense because of confinement

e Z1+#Z3, therefore have to calculate everything:

o O Dr G -

Zo:

A
Zg(u) =1- (530[0 In ?

(3.74)
Let

A2
Za(pn) =1 — 0209 In ?

A2
Z1(p) =1—=d10pln ? (3.75)

Then

QD — 9(55 + 265 — 261) (3.76)

e (Calculation using explicit UV cutoff is at best inconvenient
—> Dimensional regularization

WQM = nyTe(t%) x @w
QCD

where ny is the number of existing quarks u, d, s, ..., Tr(t%?) = 1/259

The simplest case

(3.77)

QED,e——g
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Compare:
1) Calculation with a cutoff:

—a(l — a)k?

A2 -1

™

1 2
chtoff(kQ) — 20“)/ doo(l — @) [ln =
0

M2
= %? In Az + finite terms

_ 5QED M -
= ayl3 Dy + finite terms (3.78)

—> 03 is a coefficient of agln %

2) Calculation in dim. reg.:

1 2 2
. 2 m” —a(l —a)k
Hdlm.reg. k2 _2050/ d 1— — —In4 1
(1) =27 | dea(l=a) |=7—5 + e —Indr +1n 12

_x (2 -
=3 < e D) + finite terms (3.79)

—> 43 is a coeflicient of ag (—ﬁ)

In both cases we need a divergent part only, with the correspondence

T p & A%y, (3.80)

Explicit calculation (exercises) gives:

Iy a v,b
WOW = (k2" — kMEY)gab <-Z‘W : gnf> T2 - D/2)
% m m 2 v v\ sab as 5
o =R — kR (432 N, D2 = DJ2) (3.81)

47

1 1 2 .
(3.82)
so that
1 5 2
Next:

Ty S(pym=0) = %ch (2 - D/2) (3.84)
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where for SU(N,)

aga N2—-1 4
Zajtt = Cpl, Cr=—gr— >3 (Ne=3)
]. ao
S(p) = ag = Zy=1-CrT(2-D/2) +...
p(1+ECFF(2—D/2)>
1
— (52:70}7‘
47

Finally (exercises)

1
/&\ —— (51 = E(CF-FNC)

and we obtain (Gross, Wilczek, Politzer, 1973)

2 ) 2
8CD:2(53+252—251):I[—§ C+§7"Lf+ 20F _2CF_2NC
& ———— N N—,——
03 02 o1

e Results for individual J; in Feynman gauge, the sum is gauge-invariant

1712 11 2
(‘SCD:—[— - =N, <0 GED = 2= 5 g
27 L3 3 3
Asymptotic freedom:
0.5 April 2012
a{Q) v T decaysnsLo)
® Lattice QCD(NNLO)
041l a DIS jets(NLO)
o Heavy Quarkoni@uLo)
o €'¢ jets & shapeges. NNLO)
e Z pole fit(N3LO)
pp —> jetsNLO)
0.3+
0.2t
0.1t
==QCD as(Mz)=0.1184 + 0.0007
1 100

© QGev]

e Often a different definition is used:

41

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

L11



4 UNITARITY AND FEYNMAN DIAGRAMS

d 1 Og g\ 2
P =50, Ble)= by —bi (1)

47 47
11 2
b(] = gi\/c — gn‘f

e five terms in this expansion are known (five loops) [Baikov, Chetyrkin, Kihn, 2017
e A simple parametrization

7as — as = —7as :> —_— Y = — :> as = 7 1 7 i
o (1) = Bo o Fanas(w) = 2n (k) bo In(11/Aqep)

with Aqep ~ 200 — 250 MeV (not to be mixed with UV cutoff)

One can rewrite this relation as

AQCD — Me—zﬂ/(boas(u)) — AUVe—Qw/(bOaO)

! The scale parameter arises because a field theory “remembers” about the UV cutoff
This phenomenon is called dimensional transmutation.
I Note that e~1/(Boas(1) has zero perturbative expansion

4 Unitarity and Feynman diagrams

4.1 Optical Theorem

42

(3.90)

(3.91)

(3.92)

A transition amplitude (probability amplitude) to observe a particular state in a scattering ex-

periment can formally be thought of as a matrix element of the unitary operator in the Hilbert

space
(@1 qul Slhika) = Tim (g1 qule™ 17 ko)
Unitarity means
STS =1
i.e.
D RIS ar) (apl Slkika) = (K R5ISTS kika) = (2)°61) (ky — K7)6®) (ko — k)
af
We write
S :=14iT T-matrix
(AiT|B) = (2m)*6™ (pa — pp) iM(B — A) Amplitude

Unitarity of the S-matrix implies

STS =1 = (I—iTH([I+4T) =1

— | —i(T-T" =TT

(4.1)

(4.4)

(4.5)
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a) Take matrix element  (pipa|...|ki1k2)

e b) Insert a complete set of states TTT — qu TTqp){qr|T, e

(p1p2|TTT k1 k) = Z H/ 32E (p1pa2|T g1, - qn) (a1, - - au|Tlkak2)  (4.6)

One obtains:

—i[M(kle — pip2) — M*(pip2 — /€1k‘2)} (2m) 0™ (k1 + kg — p1 — po) =

d

X (27T)45(4)(k1 +hy =Y qp)(2m)* 6™ (ky + Ky — p1 — p2) (4.7)
f

where the energy-conservation J-functions can be cancelled on both sides.

An important special case is (k1, k2) = (p1,p2) (forward scattering)

d? 1
2Tm M (kika — kikg) = H/ qu T M (kiky = qp)2(2m)* 0@ (k1 + k2 = Y " q5) = 4v/5]Pem 0o
f
(4.8)
— The optical theorem
kz k2 ks ks
e ™~
2TIm = > /dnf (4.9)
f ™~ e
k’l ]{11 kl kl

e this is an exact relation
e valid in each order of perturbation theory separately

Example: hadron production in electron-positron annihilation

On the quark-gluon level, to leading order:

o
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This explains why we always had In(—k? — i¢): Imaginary part can only occur for k2 > 0 in which
case real decay processes are possible

To the first order in as we can have quark-antiquark or quark-antiquark-gluon final states:

e F e By P B

Very importantly, these rules are valid on a diagram-per-diagram level:

2

+ 0>?) (4.11)

Cut diagrams

Consider phase space integration over one particular fermion line:

i ;
m /(;iwz)??)?;pzM*(p"”)u(p’ s)u(p, s)M(p,...)
— /d4p5( 2 2)0( )M*( )( M( ) (4 13)
a (277)3 P m po Dy ¢+m) p,--- .
Note that
1 1 . ) )
i - Vg T —m) (4.14)
so that this can be written as
* m
- /(5754]\4*@, ) [ — 2Im M]H(pg)M(p, ) (4.15)

Similarly for a gluon (photon) line:

dSk 1 V% ()\) *()\) "
/(mzsz’ (k,...)eN (k)es™) (k) MH (, . ...)
A

&k, y )
N /(27r)35(k )0(ko) MY (k.. ) (—guw) MF (K, ...)

4 —
= / (;lwl;My*(k"”)[_ 2Im 2 T’;E O(po) M*(k,...) (4.16)

— Thus, expressions for [ dIl, M* M can be written similar to usual Feynman diagrams, adding
new rules for “cut” propagators — the “cut diagrams”
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— Thanks to the optical theorem, the sum over all cuts gives the total imaginary part for the
particular Feynman diagram contribution to the forward scattering amplitude.

— This statement is actually more general and applies to arbitrary Feynman diagram. The imag-
inary part of a Feynman diagram can be calculated using the following algorithm:

e Cut through the diagram in all possible ways such that cut propagators can simultaneously
be put on shell

e Use k? + ie prescription for all propagators to the left of the cut and k? — ie prescription to
the right of the cut

e Use usual vertices to the left and complex conjugated to the right of the cut

e For all cut propagators replace

1

and add positive energy conditions 6(pg) for all lines
e Sum the contributions of all cuts

These rules are often referred to as Cutkosky cutting rules (which they are not)

4.2 Singularities of Feynman diagrams

It is easy to convince oneself that various “i” factors in propagators and vertices combine in such

a way that the Feynman diagram is real unless the integrations become singular because the de-
nominators vanish.

e Vanishing of one denominator is not enough because the integration contour can be moved away

e Imaginary parts arise when two poles come together and trap the integration countour so it
cannot be moved

K o o x ® o
e This phenomenon is called “pinching”
Example: Scalar field theory with quartic interaction A¢*
K, k/2—q
2 4
k= k+k, iM:’\/dq = :
2 ) 2m)*[(k/2—q)%2 —m2?+i€][(k/2 + q)2 — m? + i€]
? k/2+q

(4.18)

L12
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— 1/2 is a symmetry factor for the diagram
— [d*q/[(2m)%] is real and positive after rotation to Euclidian space; thus M is naturally a real
function

Let k2 > 0, choose
kﬂ = (kl + kZ)H = (k07 0,0, 0) (419)

and consider integration over gy. The integrand has four poles located at

1 . 1 .
W= ks (B i), w=-shE(B i), E=V@rm? (420

q
K 2-F ky2-E, 9o
[ ]

&\ -k /2.+ Eq ko/.2 + Eq;

We choose to take the integral by closing the contour in the lower half-plane

— Thus have to sum the contributions of two poles at ¢y = —%ko +E,—ie and qo = —1—%]{0 +E,—ie
— Only ¢g = —%ko + E, — ie can contribute to the imaginary part, neglect the second
Why:

Since E, > 0, the only pair of poles that can pinch is
1 . 1 . .
51{:0 —Ey+ie & — 5]4:0 + E, — e, = pinch at E, = 2k (4.21)

the rest always stay apart.

Picking the contribution of this pole corresponds to the following replacement in the integral:

1
¢« = —2midy ((k/2 + q)* — m? 4.22
= O Gargrerg — e -m) (42)
This gives:
, A2 d37 1 1
M = 2w / (2m)1 2B, [(K0 — B,)? — E2 + id

1 1

= o> | 4E,E 4.23
9 (27r)4/m a qszq kolko — 2E, + ic] (4.23)

The imaginary part appears because of the singularity at kg = 2E, which is exactly the pinching
condition

1 1 .
To— 28, 7id = Vg —2m, ko —2E) (4.24)
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Taking ino account this delta-function contribution only, obtain

1 N2 4r [ 11
~ _(_ ; 2 _ 2 —4 _
M = = (=2mi) (27r)4/m dE,Eqy\/E2 —m 5 qko( im)o(ko — 2E,)

ix2 1

= k2 — 4m20(k? — 4m? 4.2
327Tk0 0 m ( 0 m ) ( 5)
or
22 4m?
ImM = /1 — ——0(k* — 4m? 4.2
m T 2 0(k m*) (4.26)

e note that the imaginary part must be positive (related to total cross section).
e This is consistent with +ie prescription in propagators (and can be used to derive it)

Note also that picking up the pole is equivalent to replacing the original propagator by a delta-
function
1

[(k/2 — q)? — m? + i€]

Going back to the original representation we can relabel the momenta in the loop as p; and ps and

— —2midy ((k/2 — q)? — m?) (4.27)

rewrite the momentum integration as

d*q d*py d*ps 4c(4
/ (2m)t / (2n) / @1 20 O o1 p2 — k) (4.28)
Then we can summarize our findings as
. A2 d4p d4p .
2t (k) = 5 [ G2 [ GERCm Y o 2 — (2w = )5 35— )
i [ dPpr 1 d*py 1 o a4
- 2/ (27)3 2B, / (2m)3 2E2’M(k’) |(2m)*6 ™) (p1 + p2 — k) (4.29)

where to our accuracy on the r.h.s. M (k) = A; factor 1/2 takes into account identity of particles
in the final state.

— the first line above gives a representation as a cut diagram
— the second line is an optical theorem

Last but not least:
Scattering amplitudes can be viewed as analytic functions of invariant energies. In our case

M(s =k* = (k1 + k2)?) = M(s + ie) (4.30)
has a cut in the complex s-plane:

S

% physical region

4m
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Two-point functions do not have other singularities apart from unitarity cuts (can be proven).

Landau has given a general classification for singularity structure of arbitrary Feynman diagrams,
hence arbitrary three-point, four-point etc. functions. [important topic, but too much for these
lectures]

5 Electron-Positron annihilation

5.1 Total cross section: Leading-order analysis
The best environment to study strong interactions: Electron-positron collisions at high energies
e (ky)+e (k_) — hadrons (5.1)

pro: initial state exactly known, small backgrounds etc.
contra: electrons are more difficult to accelerate as protons because of radiation losses

The simplest quantity:

otot(eTe” — hadrons)
orot(ete™ = p+p7)

R(s) =

where

Ao’
Tror(eTe” = ptp) = gs . a=1/137 (5.3)

is used for normalization

Heuristic discussion:

e The process involves two time scales (in CM system ¢ = k; +k_ = {qo,0,0,0}, s =¢?):
— quark-antiquark pair is produced at times ¢ ~ 1/qy (uncertainty principle)
— hadrons are produced when interaction becomes strong 7'~ 1/Aqcp ~ 1 fm

e If energy is large, T' > t, these two (sub)processes cannot have any quantum interference;
Probability to produce a given hadron state is a product of probabilities to produce a gg pair
times the probability to produce a particular hadronic state

e For a total cross section it suffices to know that when g and ¢ fly apart, some hadronic state
will be produced with probability one

e Thus expect
Utot(6+€7 — hadrons) ~ atot(eﬂg* — qq)

or

R(s) ~ N, ei+e§—|—e§+...}, ew =2/3, eq=—1/3, etc.

quarks with mass < /s/2 (5.4)

L13
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1 O BES m Crystal Ball
B === exclusive data W2 A PLUTO
L L
0.5 1 15 2 25 3 35 4 4.5 5
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x 3f -
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[Figure taken from: Davier et al., Fur.Phys.J. C27:497-521,2003)

e A strong argument for N, = 3

We can make the two-time-scales argument more precise using optical theorem:

1
owi(eTe” — hadrons) = —Im M(eTe™ — eTe™) (5.5)
s

[exact expression contains 1/(2+/S$pem), reduces to 1/s for large energies]

= calk ) o(ke) M) S ok )y u(k)  (56)

where
Wy (q) = i/d4$ QT {ju(2)5 (0}Q) = (quay — Cg) (),  s=¢° (5.7)

and

1
e = — =y e = Vira (5.8)

W N

ju = Z eq&q'}’;ﬂ/}q ) €y =

q

Note that both momenta and spins of the e™ and e~ must coincide in initial and final state.

Neglecting the electron mass and averaging over spin directions obtain

1 I . ,
5 ’ 5 U(k_, S)’}/‘u’(}(k_,_, S/) U(k-i-a S/)fy U(k}_, 8) [QMQV - Sg;w] H(S)

8,8’

= I T ] = Gl A ki) = 20 (5:9)
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where I used s = (k_ + k)2 ~2k_ - k.
Obtain therefore
L 1, et 1 9
otot(eTe” — hadrons) = —s”Imll(s)— = —(4ra) ImII(s)
s s s

and

‘R(S) = 127TIIHH(S)‘

e Let us check this relation in leading order

If quark masses can be neglected, calculations often become easier in coordinate space.

I choose the present example to illustrate this technique

Massless quark propagator

(OIT {4 () (0)}]0) = 69 / d'p e Wi #

Then, ignoring electric charges

| —

M, (q) = i / dha 69 (O[T ()30 (2) $(0)715(0)}0)

— N i 2 d4 iqur ¢ ‘¢
= WNelgm) [ Awe I amga

—iN, el
= 47r4c d*z - -4[2x#a:,, — gu,,xQ]
Fourier integral:
T R o ﬁ In 7”2 2.0 + PP 9]
(—22+ie)t 48 —p? — i€ Hev m
Thus
—iNgim? P
H;w(‘]) = 47T4c 48 n qu 4 [2(2Q,u%/ + q2g,uz/) - 69#1/(]2]
N 2
= 55l _”—qQ (40t — 9o
Finally
T o~ 0@  —  TmIl(s) = —<6(s)
min——5——+ = mll(s) = s
—q? — ie T 127

thus, up to quark electric charges

R(s) = No[1+0(a,)] @

(2#)46 p? +ie 272 (—a? +ide)?

50

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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o1

Corrections are due to radiation of “hard” gluons at small times ~ 1/qp, so it should be possible

to calculate them in perturbation theory

e the possibility to use perturbation theory at ¢> — +o0 is not obvious; we will develop a more

rigorous approach later

5.2 Gluon Bremsstrahlung and jets

5.2.1 Soft and Collinear emission

p+q p p g
+q+m
*(A) ppm a( #(A) o 1t
‘ ~ )My
. Iz Iz (p+q)2—m2
Assume that a gluon with small energy is emitted at small angle:
pu = {p0,0,0,p} po=E>m  ppt=m’
qu = {qo,qsin0,0,qcos b} p=w<k qug" = A2 7gluon mass”
02
) 0~1——
0 p cos 5

\a\/ 0 <<1 ’p|’1E(1—2mE22)

)\2
ol =~ w(1-55)

To this accuracy

9 m2 )\2
2pq = 2Ew —2|p||q|cosf = FEw (0 +E2+w2>
€ -p = Esinf = Ef
and therefore
OV O S 0
" 2pq + A\? w92+%§+:\7§+%

The corresponding cross section is

3 d 02d6>
do ~ |6*M|227‘—’ ~ | MPwdwdds ~ &
q0

2
Y|+ E

One can consider two cases:
1) 2<%
E

~In—In—
o~ In—+In-—

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

L14
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E
JN/ e v mE (5.24)
\ )

do ~ — — (5.25)

— soft and collinear emission

What is the meaning of the divergence at w — 0 (called IR-divergence)?

— What is the total number of gluons

e Wrong question: emitted at a certain angle?

— What is the total energy of gluons

o Correct questions: emitted at a certain angle?

— What is the total number of gluons

with energy w > wp (e.g. experimental resolution)
emitted at a certain angle?

5.2.2 Total cross section to NLO
Continue our discussion of the ete™ annihilation

Our LO result can/will be modified by gluon emission at short distances ~ 1/gp. To O(a) accuracy
there are two effects (cf. Section 4.1):
1) interaction between the outgoing quark and antiquark

oo o
.

Explicit calculation gives (for my =0), Q =

2) gluon production

4 g 7 w2
Tete s = "0+"°3W[ wFramy -+ 5]
4as Q Q 5
Oete~—gqg = 3 T |: 2In 2>\31n>\+26:| (5.26)

Both expressions do not makes sense:
— what is A?
— gluons do not exist as free particles
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... but the total cross section is well defined:

«a ag\2
Otot = Octe=—qq T Octe—qqg = 00 [1 + f + 0 (f) ] (5.27)
The cancellation of IR divergencies in the sum of contributions of real and virtual emission is
referred to as the “Bloch-Nordsieck cancellation”

5.2.3 Sterman—Weinberg jets

— IR divergencies in QED signal that the question must be put in a more precise way
— IR divergencies in QCD signal that the quantity of interest recieves large contributions at long
distances and cannot be calculated in perturbation theory at all; what to do?

1. Improve the theory...
2. Find a class of observables that are not sensitive to contributions of large distances and can
be calculated within the theory that we have at present

Infrared-safe observables, that do not suffer from IR divergences, have a chance to be calculable.

Why did IR divergences cancel in the total cross section of e*e™ annihilation?
— because for the total cross section it does not matter if the emitted gluon recombines with the
quark at large distances or flies away:

QW
O
%

Sterman and Weinberg formulated a simple criterium for such cancellations:

“To be or not to be” ...

(gluon)

Large (potenitally divergent) contributions come from emission of soft gluons (small energy) or
collinear gluons (small angles), therefore:

Observables that do not change if:

a) a “soft” gluon is emitted (with w — 0)
b) a “collinear” gluon is emitted (with 6 — 0)

are IR safe and have a chance to be calculable

A jet: Collection of particles (spray, bundle,...) flying in more or less the same direction
(inside a given solid angle 02, called jet cone)

Jets are IR-stable because if a collinear particle is emitted it remains inside the jet cone, if a soft
particle is emitted, the energy of the jet does not change.

A two-jet event:

Almost all energy in the c.m. frame ¢, = (Q,0,0,0) is deposited in two narrow cones
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2
5]
g
=
3

Jet cones

A three-jet event:

Almost all energy in the c.m. frame ¢, = (Q,0,0,0) is deposited in three narrow cones

Jet cross sections for given §6 and JF can be calculated in QCD:

2

Oete——3jets ™ % + % (528)
6>60¢
E<eQ

One obtains

4o 1 1 1 7 2
Oete——3jets — O'Og?s |:41H00 ln; + 3111?0 _ 1 + ?
Oete——2jets — Otot = Oete——3jets (5.29)

Rurevent 1190 1363 Dot 01115 Time 162518 Ctri{Me 25 Sumps 11.4) EcoiNe 43 SumE= 20.8) Hea(Na13
fbeam 45.765 Evis 41.0 Emiss 505 Vix (0.7, hhn‘-‘s))mom‘:g
$015 _Thrust )

An example of real data collected
from the OPAL detector on the
Large Electron-Positron (LEP) col-
lider at CERN, which ran between
1989 and 2000. Here a Z0 particle
is produced in the collision between
an electron and positron that then
decays into a quark-antiquark pair.
The quark pair is seen as a pair of
hadron jets in the detector.
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e Unphysical IR regulators (gluon mass) substituted by physical parameters of concrete experiment
e Observations of three-jet events (DESY, ca. 1983) gave direct evidence for existence of gluons

Similar:
Jet production in proton-antiproton collisions (Fermilab)

jet 1

3

jet 2

e Need to know quark distributions in protons — later

5.3 Unstable particles

Most of the existing hadrons decay:

Weak decays n — peve 7 ~ 900s [life time]
A—pr™ 7~ 10705
Strong decays p— T 7~ 10785

The life time 7 is defined through the decay rate [half-life = 71n 2]
T=1/T

where

_ Number of decays per unit time

Number of particles present

The decay rate can be calculated as (in the rest frame of the decaying particle A)

1 d3
a = 5 —|M(A = {prh)P 1;[ Grag; | G Pa =3

For comparison:

1 1

do =
o 2E42Ep |vg — vp|

(5.30)

(5.31)

(5.32)

(5.33)

IM(A+B = {p )P [ [] _Dry (2m)*6™W (Pa+ Pp = py)
f

L15
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In the following I use a shorthand notation
d®p
dHf — H (7f (271')45(4) (Pinitial - Pﬁnal)

How can one describe unstable particles in quantum field theory?
— Consider a scalar particle as example

The propagator:

1
p2 _m(2)+2(p2) “ee

The pole (renormalized) mass:

Renormalized propagator:
i i
Pt | mE SR - )

1

(p?2 — m2)[1 4+ X'(m?)] + [2(p?) — Z(m?2) — (p? — m?)X/(m?)]

17
72— m? = S0 ()

Here we tacitly assumed that ¥(m?) is a real number. Is this always the case?
Optical theorem:

2Im(p?) = Y _dlly |[M(P — {ps})|”
7

¢* — theory /‘\
\./ 9m?
2,

QED/QCD ]
m?
Y 2
my
_d n . n T l
5~ decay o » -
T
- < m
P A N T |

(mp + me)? < m,‘)l

2

P

>

p — meson — —— |

56

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)
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For unstable particles
Y(m?) = ReX(m?) + iImX(m?)
One defines the pole mass as
m? —m3 +ReX(m?) = 0
In this case

? 1

p2—mi+2(p?)  p?—m2+ ReX(p?) — ReX(m?) +ilm X(p?)

p2—m? VA ,
= p? —m? +iZIm¥X(m?)’ Z=1/(1+ ReX(m))

We define
ZIm%(m?) = ml

The renormalized propagator close to p> = m? is therefore

1
p2 —m?2+iml o 3T/2

effectively
m — m —il'/2

(mass acquires a negative imaginary part)

Note that our I' is indeed the decay rate:
1
ml = ZIm % (m?) = 5 Z/dnf |M(P — {ps})?
f

in agreement with the definition
[extra Z-factor corresponds to v/Z - v/Z for external legs (LSZ formula)]

e Why a negative imaginary part (in the mass) corresponds to a decay?

Wayve function of a free particle is a plane wave

Bp{E ) ~ et ilmi TS

NGY

Total probability to find a particle is then

d
7 o(Z,t) ~ e 1t = decay

/ d37 ¢* (Z,1)i

57

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
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Production cross section:

1
s —m2+4iml

(5.49)
This shape is called a Breit-Wigner resonance
This is a good approximation if I' < m; in general case I' — I'(s)
In the review by the Particle Data Group one finds for JF¢ = 17:
p(770) : m, = 775 MeV , ' =149 MeV p — mr(~ 100%)
w(782) : my, = 783 MeV | I' =8.49 MeV w — mrm(~ 90%)
¢(1020) : mg = 1019 MeV ' =4.26 MeV ¢ — K K(~ 85%) (5.50)

w does not decay in two pions because it has negative G-parity I = 0~ compared to I¢ = 1% for
p-Meson.

6 Operator Product Expansion

Motivation:
Find a generalization of the Taylor series for operator products of the type

2 1
T{p(0)p(z)} = > Ty 0y (0) 9y - B 6(0) (6.1)
or, more generally

T} £ Y00 (6.2

where O(0) are local operators built of fields and derivatives and C(x) are some functions, i.e. for
any states

(A[T{j(0)j(x)}|B) = ZC 2){A|0n(0)|B) (6.3)

This is useful if the sum can be truncated after a few terms:
— z-dependence is “universal” for all matrix elements
— can use RG methods (later)

A naive Taylor expansion does not work because the point x = 0 is singular:

¢(0) ¢()

T T 4 (p|T{p(0)p(z)}|p) ~ 1+ aX’Inz?p® + ..., acR (6.4)
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The trick is to introduce a factorization scale

2
Inz?p? = Inz?u% +1In /% ’ 1/a? > pg > p® (6.5)
F

[Note obvious similarity with renormalization scale] and rewrite

1+ aNInz’p* +... = <1+aA21nx2u%) <1+a)\21np2/u%> +...

coef. function operator matrix element (6.6)

Thus, we envisage an expansion of the type

T{j(0)j(z)} = Y C™(w, up)[0n](0) (6.7)

where the coefficient functions C™ (z, ) contain all z-dependence and thus all singularities at
x — 0, and the operators’ matrix elements have to be calculated with an UV cutoff ur (or other
regulator)

e The result must be independent on ur = RG machinery: Callan-Symanzik equation etc.

6.1 Example: scalar field theory in 6 dimensions

It turns out that the structure of loop integrals in scalar theory in D=6 dimensions is similar to
QED/QCD integrals in physical D=4 dimensions. We consider this theory as a toy model:

L= %(am(a%) - %m%ﬁ — 56 amu={w=ct3}, F={o,..2}  (68)
One-particle states
p) = a'P)|0),  (Pp) = 2E,(2m)°6O) (7 - ) (6.9)
Feynman rules are as usual in scalar theory.

In leading order we have two terms:

3 0e” <@l (610)

(W1 6(0)6(2) p) = o

(

— this is a disconnected contribution, neglect it

#(0) o(z) $(0) o(z)

T T + ®><® W] 6(0)6(x): [p) = P 4 P (6.11)

<. This follows from ¢(z)|p) = ¢(z)al(p)|0) = ==
The expansion

. 1
e = 1 —ipx + 5(—z'pa:)2 +... (6.12)

L16
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exactly corresponds to the expansion of the operator
1
¢(0)¢(z) = $(0)$(0) + 246(0)0"¢(0) + 52,2,¢(0)00"$(0) + ... (6.13)

because PN = 10, is the momentum operator, ]5#|p> = pu|p).
Thus 0,¢(0)|p) = 0/02" ¢(2)|p)|e—>0 = 0/0x"e™P" = (—ipy,)e” 7.

For simplicity assume p’ = p; in this case the matrix element of the operator with one derivative
vanishes

Local operators can be classified by dimension and spin. Let:

Of" = 9(0)0"0"6(0) — 4" $(0)F5(0)
03 = 6(0)0%6(0) (614)

In six dimensions, [¢] = 2, therefore O; has dimension 4 and O, 3 have dimension 6; operator O
has spin two, the other two are scalars.

Thus, to leading order we have

(DI T{6(0)¢(2) }P)esmnectea = C1 (PlOLDYC + O35, (plOL” [p) 7 + C5 (pl Os[p)° + ... (6.15)

with
CILO =1, <p’01|p>LO =2,
LO 1 wv | \LO 0w, v 1 pv, 2
Gy = STy, (p|Oy” [p)™~ = =2|p"p” — gg"m
1
O30 = -5, (p|Osp)*© = —2m?, (6.16)

This is nothing but the Taylor expansion. Note that operators of higher dimension are multiplied
by increasing powers of x. Thus if |z,| — 0 only a few operators are important.

Perturbation theory in g¢® theory is conveniently organized in terms of the coupling

g2

(4m)?

a =

(6.17)

We write

(I T{6(0)6 ()} p) = (PIT{6(0)¢(2)}p)" + alp|T{$(0)d(x)}p) " + ...

(pl[O1] ¥ |p) = (p[[01] W) |p)EC + a(p|[O1] ) |p)NEO 4 (6.18)
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etce.
The conjectured OPE has the form

(I T{6(0)d(x)}|p) = (pIT{d(0)¢(x)}[p) " + alp| T{(0)d(x)}|p) "

= |1+ aC 0. u) | [ GlIO 19} + afpl[01))[p) N

1 6% (6%
+ | 52aws + aCHES (o, ur) || (PIIOSP107|p) 0 + alpl[05 7)) p) V2O

+ [ = e+ aCY 0, u)| (BI040 + afpl 0300 |p)VE) 4.
(6.19)

Comparing terms O(a) on the Lh.s and r.h.s.

(I T{6(0)(2)}Ip)MC = OO, pup) % 2 + 1 x (p|[0y] ) p) VEO

1 1
+ Coas (@, 1ur) X (2p“p + 3ga5m2> + 5%as X (p|[OSP ) |pYNLO

1
+ CYEO (2, up) x (—2m?) + (—12:62> x (p|[O5) P |p)NEO 4 .
(6.20)

Thus in order to calculate the coefficient functions C{YQLO I need to do two calculations:

e Calculate the amplitude (p|T{¢(0)¢(z)}|p) to one-loop accuracy
e Calculate the (renormalized) operator matrix elements (p|[0,]*F)|p) to one-loop accuracy
e Identify different structures and subtract

Let us follow this procedure for the simplest example.

Step 1: In first order in g? we have the following diagram:

¢(0) ()
—+  crossed (6.21)
Explicit calculation gives u=1—u
1
BITO0@H 0 =2 [ dua [ + ] Ko rB 0w +ie))  (622)
0
Expanding this result for |x| — 0 obtain
PIT{O0@) P 0 =[ ~ n(—am?) + ] — 2 (pe)? [ - n(-a*m?) +
+ %(—x2m2) [~ n(a?m?) - d] + .. (6.23)
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where e.g.
di=——— 42— 2yp+2In2
V3
do = V31 + %7 —2vg +2In2
etc.

Step 2: In first order in g? we have the following diagram:

On(0)

By explicit calculation in dimensional regularization g — gui:D/ 2

2

I s
<p|01|p>NLO = m —YE +1n47r+lnm—1; — % + 2
-
2
WP | \NLO _ 1 PE T o
<pHOl} |p> nmg \/g +

and therefore
1
C (e, ur) = —§1D(—902M%) — e +In2

Similar

1 1 1 i 17
uv  N\NLO _ _ ~ wov T ouv, 2 . In4 In HE _ 1
{p|O"[p) 3<pp 9 m>[3D/2 7 +Indr +In \/§7T+6]

leading to

1 1
C’é\g}o(m, Up) = 16 Enty [ —5 In(—22p%) — v +1n 2}

Collecting everything we obtain

IT{6O0@ ) ={1+a] - Sin(—da2d) — 7] ..} 0 )

a

62

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

1 1 v
+ 57ars{1+ 7| = 5 In(~4e%ud) — 5| +... | GIOS T p) + ...

4

= Ci(@, ur) (pl[01)#F)|p) + Coap(, ) (P[0 |p) + ...

The calculation can be continued iteratively to each order of perturbation theory

(6.30)
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The main statement is that the coefficient functions are universal and do not depend on the par-
ticular matrix element (p|...|p) that I have taken for this calculation. Thus we have a relation
between operators

T{(0)()} ={1+a[ ~ 3 m(—402d) — ] + ... [0
+ %ajaxﬁ{l + % [ — %ln(—éLxQu%) — 'yE} +... } (055 kr) 4
= Ci(z, pur) [01) W) + Cy op(a, pr) [057) ) 4 (6.31)

which means that it is valid for arbitrary matrix elements.

What is the use of this expansion?

e Separation of scales (Factorization):
— By construction, contributions of large momenta |k| > pp are included in coefficient
functions (CF's), contributions of small momenta |k| < pp are absorbed in matrix elements
(MEs)
— In QCD, this means that CFs can be calculated in PT

e Universality: The same CF's for arbitrary MEs. — Can calculate CF's using simplest possible
ME (quark state) and use for complicated MEs (nucleon state)

e Universality: The same MEs appear in the OPE of different correlation functions (physical
amplitudes)

Example:
T{¢?(0)¢" ()} =Co(2) L+ Cu(w, pr) [O1)HF) + Co (. ) [0 )47 + .. (6.32)

The unity operator: contributes for vacuum ME (0[I|0) = 1:

Do
A== ER

Expansion of the propagator

dPk . i [ APk g (i im?
enP’ Eamz ) @npt T T

_ 1 m2
A3zt 16mw3x2

The rest:

+ O(In z?) [everything for D=6!] (6.35)

L17
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Then
Co(x) 1 [1 + coa(p?® = 1/2%) + .. }
8768
A 1 2 2
Cy(z) =534 [1 +craln(—z*uy) + .. } (6.36)
ete.

In QCD applications, CFs depend on the process and can be calculated; operator MEs are typically
unknown, but can be introduced as free parameters and their values determined from a dedicated
experiment. They can be used afterwards to describe other experiments.

6.2 Renormalization of composite operators and renormalization group

CF's of composite operators have the generic structure
C(z, pf) ~ 1+ 7g° In(—2”p3) + ... (6.37)

If |z| — 0, the logarithms eventually become large. If g> < 1 but g?In(—z?u%) ~ O(1) one has
to account the whole series of contributions ~ [g2In(—221%)]* but can still neglect terms with

~ ¢*[g* In(—a?pz)]".
This is the same situation as we had with the polarization operator or electron propagator in QED,
so we can treat this problem using the same methods.

For a generic operator O we can write

O(A, o0) = Zo(A, p, o) [O]W
0 v N\

UV-cutoff  ren.const ren.operator (6.38)

Renormalized operator is defined through the renormalization condition.

Typical requirement: MEs of the renormalized operator coincide with the MEs of the same operator
in the free theory at a certain scale.

Since the Lh.s. of this equation does not depend on u, we obtain

d d 0 d 0
—O(A) = ~(Zz W 4z il D (n) _ '
P OW) =0 = i (Z0) [0 + o[uau+<udua> 6@] 0]®) =0 (6.39)
Define
4 (1) =B(e) = Boa” +

,udlua,u—a—oa

L L 20 =1(a) = Afa + (6.40)

Zo'ud,u o= () =vga+... .

— C(allan-Symanzik equation

0

{uaﬂ + Bla) 2 70<a>}[<9]<”> 0 (6.41)




6 OPERATOR PRODUCT EXPANSION 65

The solution of this equation is, as we have seen

=18 /Bo
[0]m) = (ZEZ;) i (0] (2) (6.42)

The operator product expansion can be formulated as the following

Theorem (K. Wilson)

Let [01]®™ and [O]™ be renormalized operators. Then

[01]5) (2)[03) ¥ 2012 z, 11)[0,]"(0) (6.43)

where the sum goes over the complete set of renormalized operators [©,,]) with suitable quantum
numbers and Cy(x, 1) are (complex valued) functions.

Each of the operators in the OPE satisfies its own Callan-Symanzik equation:

{ug + 8 z0 + a0l =0

)

{ —+/D’( )*+%}{O](“) =0 (6.44)

Since the p-dependence of the two sides of the OPE must agree, the CFs have to satisfy a similar
equation:

g+ B(@) 3+ 1+ 22 = 0} Chyfa ) = 0 (6.45)

Let dy, ds and d,, be the dimensions of the operators [01,2,11](”)’ respectively. Since dimensions in
all terms in the OPE must be the same, the CFs have to be of the form

di+do—d,, B
Oy 1) = (1) Oe ) (6.46)

|z
where C is a dimensionless function that depends on the product xp only.

The general solution (cf. electron propagator)

|\ )
Chen = () Chlatt/)ex (/) dal s [nle) = (@) = (@)
N i ditde—dn _ a(1/|z)) (& =5=3)/Bo
() () (047

Special case: It can happen that S(a) = 0 or at least f(a*) = 0 for a particularly chosen o* (critical
point, e.g. point of phase transition in condensed matter). In this case the solution is

_ 1 D1+Do D = dl + ’)’1(06*)
Cia(z) = CTy <’3«"‘> ; Do = dy + 72(a*) (6.48)
D, = d, +~"(a")

This explains why 4™ are called anomalous dimensions
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7 Electron-Positron annihilation II

7.1 OPE analysis and QCD sum rules

We have found that

te~ s h
R(s) = Jelele” = hadrons) o b ) (7.1)
oor(ete” = p+p)

where
I (q) = i/d493 T {,u(2) 30 (0)}Q) = (guay — P9)N(@®),  5=¢ (7.2)

Our program is now:
1. Find a way to relate II(s) at large s to T'{j,(z)j,(0)} at small |z|

2. Study T'{j.(x);j,(0)} using OPE

7.1.1 Disperion relations
Causality = I1(¢?) is an analytic function of ¢® with a cut at positive real ¢> = s > 4m2.

It is easy to see that the expansion of T'{j,(x);j,(0)} in powers of |z| produces a series in 1/q after
the Fourier transform, but convergence properties of this series can depend on the direction in the
complex ¢? plane.

There are reasons to suspect that convergence becomes bad (no uniform convergence) for ¢? ap-
proaching the cut at real positive values.

Example 1: (extreme)
Assume II(¢?) has a contribution

M(g?) = ...+ ¢ (7.3)
For ¢? < 0 it is exponentially suppressed, will not be seen in OPE in any finite order, but it explodes
at ¢> >0

Example 2: (more realistic)
Assume I1(¢?) has a contribution

(¢%) = ...+ Ko(/—q2 — ie)
—1/4
¢ — —oc0: Ko(v/—q?) ~ const. x <12) eV

—-q

1\-/4 .
@ — +o0: Ko(v/—q?) ~ const. x <2> iV @ in/4 (7.4)
q

For ¢?> < 0 it is exponentially suppressed, will not be seen in OPE in any finite order, but produces
an oscillating correction ~ 1/4/¢? at ¢> > 0

Thus, it is believed that the OPE has to work at ¢> — —oo (called Euclidian region) but there
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might be subtleties for ¢> — 400 which so far nobody was able to quantify.

The trick is to connect these two regions using dispersion relations

a* a*

—_— @ (7.5)
If the integral over the large circle can be neglected
[ d
1 1 ]
(%) = — ¢ ds €) — (s — i
(") 27T2'7§ s —q? m/s—q (s + ic) (s —i€)
0
2i ImTI(s) (7.6)
so that
1T d [ d
1 s
(g%) = = ® ImI(s)= —— [ ——R 7.7
(@)= [T mIe) = o [ S5 RG) (7)
0

— a dispersion relation.

Unfortunately it does not work that way, because for large ¢® we derived I1(¢?) ~ In(¢?). A simple
estimate shows that in this case the large circle contribution does not vanish.

A possible way out: do the same for the derivative:

d o0
310 = 1 [ S RO 75
0
or write a dispersion relation with a subtraction:
oo
1 ds 1

I(¢*) = 11(0) + ¢

Tt | - s R(s) (7.9)
0

How to use this:
e Choose large Q?> = —¢?, much larger than hadron masses
e Calculate the r.h.s. inserting exp. data and integrating numerically
e Calculate the Lh.s. in QCD using PT and/or OPE

e Compare and draw conclusions

L18
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7.1.2 Operator product expansion
We want to write
(QT{ju(2)7,(0)}|€2) = Z ,(Q]0n ) (7.10)
Which operators can contribute? <= Gauge and Lorentz invariance
Only gauge-invariant scalar operators can have nonzero vacuum expectation value (VEV):
1
1) Unity Operator I =0, dj=3 = (1~ —
x
_ 1
2) Quark Condensate (Qy|Q) dppy =3, dj=3 = Cpy ~ s
. 1
3) Gluon Condensate (|G, G* Q) deg =4, dj=3 = Coc~ —
x
_ 1
4) Mixed Condensate Qg0 G* 1) dpgy =5 = Cyay ™~ puy
5) (Q)(4T)?|Q) ()2 = 6 = Clpp2 ~Inz
ete. (7.11)
After Fourier trafo
/d4m e Cy(x) ~ ¢ = (quav — ©9) - 0(¢°) (7.12)
so that the corresponding contribution to II(¢?) is O(¢") [In reality it is In ¢ /pu?]
Similar
, 1
/d4x ' Cag(r) ~ -, etc. (7.13)
q
Therefore OPE takes the form
~ My ~ —_ 1~
(%) = Cp +—2C; + —Cac(G?) +
(a°) I . ¢¢<@W’> 7 cc(G7)
\ pert. theory (7.14)
where C; are dimensionless functions (may contain In ¢2/2)
Explicit calculation (Shifman, Vainstein, Zakharov 1979)
1 u? as(—q?) My + My, —
M) = 5ty 1+ R
1 jog g\ 224 o
.- 1
+12q< G>+81 s - ()2 + (7.15)

e in NLO, all coefficient functions receive corrections in as(|¢?|)

e Perturbation theory is correct to O(1/ q4) accuracy: There exist no gauge-invariant operators
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with dimension two.

e Leading corrections beyond perturbation theory involve two parameters
(P)) ~ —(250 MeV)?
<%G2> ~ 0.012 — 0.020 GeV* (7.16)

e Interpretation: (background field)
Separate formally all field operators in “fast” and “slow” components:

3 3 ) .
o(x) = / (2332&+ / (%‘;3’;& dT(k)em+d(k¢)e”kx] = Ptast(7) + dslow(z) (7.17)

k[>p |kl<p

so for quarks and gluons

(@) =Vt (2) + Giton () A (x) = Al () + Al (2) (7.18)

Fast and slow components can be viewed as independent fields in the Lagrangian. One can, for
example, consider “slow” fields as given external fields (think of a magnet in a lab) and develop
a Feynman diagram technique for calculation of fast field propagation in the background of given
slow fields (think of an electron propagating and emitting photons inside a magnet)

By this reason, fast and slow fields are often referred to as “quantum” and “classical”

Integrations over the fast (“quantum”) fields in QCD can be done in perturbation theory; they
correspond to the coefficient functions in the OPE (by construction, see scalar examples) and the
result is expressed in terms of slow (“classical”) fields in the vacuum, which cannot be described
perturbatively.

Vacuum condensates are parametrizations of average properties of nonperturbative vacuum fields
— a variant of the mean field aproach adapted for QFT.

7.1.3 QCD sum rules

R(s)

Experiment:

s

| 0.8 1.5 GeV

where the peak corresponds to the p-meson. Let us calculate this contribution.
) = [ a0 GO

=/d4$6m [9(950)<Qlju($)|p><plju(0)}\ﬂ>+9(—1’0)<Qlju(0)lp><plju($)}\9> (7.19)
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Define

(Q5u0)pMp) = mi—=d,  A=1,23,  Ppr=0

Note that a p-meson can have three polarizations, two transverse ones and one longitudinal

The contribution of interest corresponds to a simple Feynman diagram

2 1 2
p _ Zm2£€m L ove2 V2

P 2 _
A gP mp q

g,

The sum over polarizations can be done using

X P
Obtain
4 H P 2
P23 9 Iz 2 2 m2 — g2 pyie AR
9pMp — 4 mp 9p Mp—4
2m/2) 1 9 .
=t (_guvq + quq,,) + term ~ g,, without the pole
9p Mp—4

?7 Is this extra term in contradiction with gauge invariance
— no, it will be cancelled by contributions of other states

Thus

2
H( 2) _ Qmp 1
q 2 2 2
p—meson gp mp q €

and therefore

22m5 2
R,(s) = 12nImIl(s) = 127 g—Q(S(s—mp)
p

In this derivation we assumed that p is a stable state (for simplicity);

taking into account decays p — mm will modify the §-function to a Breit-Wigner resonance.

Idea: (Shifman, Vainstein, Zakharov)

Consider a simplified model of the spectrum

R(s) R(s)

! !
0.8 1.5 GeV m] \So

with free parameters m?), gp and sq

70

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

L19
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Then on the one hand
2 MQ

7
1 d 2mg 1 1 d
Hmodel(qQ) _ o / - _sq2 RmOdel(S) _ P + / S - N,

and on the other hand

N, 2 1 /a 224 -
[ACD(g2) = ¢ ) <—5G2> 222 24 ..
(a°) 1272 n —2 + 1244 \ 7 + q s - () +

The sum rule:

rmedel(g2) ~ 1P (42) for moderately large negative ¢*

Why moderatively large:
For small ¢% need many terms in the OPE, for large ¢® loose sensitivity to resonance

First trick: The pert. term in the OPE can be written as (u? > ¢?)

I so  p?
N, 2 N, / ds / /
In = = | +
1272 7 —¢2 1272 | s—¢q2
0 0 £l

2
Subtracting the f:) part from the both sides obtain

S0
om?2 1 N, ds 1 /a 224 -
£ - <*S 2> 87}605 7T<¢¢>2

g2 m2—q? T2 ) s— q% + 12¢* \

p 0

This must work for ¢ ~ —(1 — 2) GeV?, = three parameters m%, gp and sg
Second trick: Borel transformation ¢> — M? = Borel parameter
1 1 2 /072
Bl|l—— = —m*/M
[mz - QQ} Mz
1 1 1
Bl— - =
[(W] (n—1)! 1%

Why:

71

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

— Contributions of higher mass states are suppressed exponentially e5/M? instead of 1 /(s —q?)

— Higher-order 1/¢*" terms in the OPE are suppressed by 1/(n — 1)! factors

= SVZ sum rule

50

12M4 \ 7 -~ 81M6

2m? 1 N, 1 s 112 _
M gmmi/M? 2 /dse_S/M2 + <a G2> - m{h)?

92 M? 1272 M2
0

(7.32)
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A numerical analysis:

0.04

0031 lhs = solid
Pl rhs = dashed

mf) ~ 0.5 — 0.6 GeV?
gi~28+2
sp~ 1.5+ 0.5 GeV?

0.00 h L L L L L L
0.0 05 10 15 20 25 30 35

in fair agreement with experiment.

e A large subfield of research inside QCD
e Original SVZ paper is one of the most cited in HEP,
has 5607 citations as of 30.11.2022

1989

7.2 71—decay and duality

Heavy 7-lepton: (e, p, 7) m,; = 1.777 GeV
The Standard Model:

T Vr T Vr T Vr
Wt v WY i w1 a
< Vud< Vs <
e d s
. 1 1
my = 80.4GeV > m.,, hence for low energies 5 5~ —
myy —4q myy

— Effective four-fermion interaction (Fermi)

_Gr

T — eVsle - ﬁeff = \ﬁ [57#(1 - ’75)7/6] [57-’7“(1 - '75)7—]
7 — hadrons : Lepp = — Vud?/g (A" (1 = s )u] [Ty (1 = 95)7] + ...

Explicit calculation yields (exercises):

GEm?
19273

(1 — ev 1) =

We expect, qualitatively

I'(7 — hadrons)
D(1 — ev; )

R, = ~ (|Vyal® + [Vas|?) - Ne

72

(7.33)

(7.34)

(7.35)

(7.36)
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This quantity can be measured very precisely, let us try to calculate it in QCD.
For simplicity set V,q — 1, Vs — 0 and neglect quark masses m,, 4 — 0

Using unitarity (optical theorem)

v, Vr
T !
I'(r — hadrons) ~ T ®@ ~ 2Im (7.37)

where the shaded blob is given by
I, = i/d4f€ QI T {d(x) (1 — 75 )u(x) a(0) 7, (1 — 75)d(0)}|€)

= (qHQV - guuQQ)HT(q2) (7.38)
[transversality holds for m, = mgq =0, add an extra ~ g, function otherwise]

Explicit calculation yields (exercises):

2
] s 2s -

T

° \ 4310

which can be compared with eTe™ annihilation cross section

R+ (s) = 127 Im I+, (s) (7.40)
The extra s-integration corresponds to neutrino energy in the final state L20
The trick:
write
20 ImII7 (s) = II" (s + i€) — IT" (s — ie) (7.41)

and transform the integration contour to a circle of radius m? in the complex plane:

Im s

2
msz

Res

Thus

12 [ ds s \? 2s -

T T T
C

In this form
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e Integration contour is far away from s = 0, |s| = m2 > A2Q0D5 thus perturbation theory (+
OPE corrections) can be used, apart from possibly a small region close to the real axis

e Luck: The contribution from the dangerous region s — m2 suppressed by the factor
2
(1—s/m2)

e Luck: The LO contributioon ofthe gluon condensate ~ 1/s% = 1/¢* vanishes upon integra-
tion (accident)

= a very accurate prediction possible

OPE:
_ 1 s 2 3 L jas
Ii(s) = e In . [1 + aras(s) + ago(s) + agas(s)} + [1 + b1as(s)} 19a <?G >
+ [co + clas(s)} Tas(Prp)? (7.43)
Experiment:

R; = 3.4771 £ 0.0084 HFAG, http://www.slac.stanford.edu/xorg/hfag/ (7.44)

as(IME)

Thiswork (CIPT)
—_— Thiswork (FOPT)
—_— Abbaset a. '12 ..
. Recent «, determinations from -
——— Pich'11 ; . .
—_— Caprini and Fischer '11 decays using different hypothesises
— Cveticetd.'10 for the resummation of high or-
—— Menke '09 d . bati h T
Narison ‘09 ers In perturbation theory. a-
—_— Maltman and Y avin '08 ble taken from: D.Boito et al.
— Beneke-Jamin 08 [arXiv:1212.0091]
p—— Davier et al.'08
—_— Baikov et a.'08
e World Average (Bethke) '11
L L L L L L L L L L L L L L L L |
0.30 0.35 0.40 0.45

The trick that we used here is rather general.

Let II(s) be a certain two-point correlation function. Then R(s) ~ ImII(s) for small s ~ A%CD
cannot be calculated in perturbation theory, but the integral

/050 dsw(s) ImTI(s) (7.45)

where w(s) is a smooth function is often calulable (or at least can be estimated).

E.g. for the total cross section of eTe™ annihilation

R(s)

0.8 1.5 GeV

< the area is the same

s

Accepted terminology: A resonance is “dual” to the gg pair in the “interval of duality” sq
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8 Deep—Inelastic Lepton—Nucleon Scattering

8.1 Elastic Lepton—Nucleon Scattering

Elastic scattering of electrons from protons (neutrons):
e(k) + N(p) = e(K') + N(p')

Differential cross section for unpolarized particles (Rosenbluth)

do s 1 o @ 20 ¢ 200
4 _ F2 ) Z_ (F F) 71 81
dQ 4F?2 Sin4 g 14+ (2E/m) sin2 g ( 1 4m2 9 | COS m 1+ L2 sSin 9 (8 )

where

E : electron energy in the lab frame

m : nucleon mass

0 : scattering angle in the lab frame

q=k—Fk =p —p: momentum transfer; Q*>=—¢*= 4E23in2g

and (definition):
NGO OING) = 10!) [1uF(@) + o @) (o) (82)

The functions F1(Q?) and F5(Q?) are called Dirac and Pauli form factors, respectively

FP(0) =1, F'(0) =0, electric charge

FP(0) = 2.792847 uy F3(0) = —1.913043 un magnetic moment ‘,uN =eh/2my ‘
(8.3)

In a non-relativistic theory form factor is a Fourier transform of the charge/current distribution:
F@) = [ doc® (@) (5.4

Hence a deviation from F(Q?) = const signals that a particle has internal structure

For Q2 <1 GeV? (Hofstadter)

1
Flo~ [ with Q2 ~ 0.71 GeV? (8.5)

1+ Q%/Q3)?
<= corresponds to the proton radius ca. R, ~ 0.85 fm

Studies of form factors at large Q? > 1 GeV? is an active research topic (theory complicated)
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Recent results from Jefferson Laboratory: [Arrington et al., arXiv:1102.2463]

15 i T J 4
1.6 T T
A sl
1.4 F o Bartel 3 1.0 — llﬁi} l, l, P
o Walker E.’E [ 1 :|“
a L x Pri 4
o 12 rice S "
20— e 8B _ ] O, LI ]
N 1.0 Yﬁﬁaﬁ 3:' 4 Puckett iiE 1
Ay iz W Gayou 1 I
w 08 !Z | @ Punjabi |
JH 0.0 Iy T
0.6 F ] @ qatten
04 X Paclone
B 0 T 05 I I I I I
10 120 2 10 0.0 20 4.0 6.0 80 100
Q? [GeV?] Q* (GeV?)

8.2 Deep-Inelastic Scattering and Bjorken scaling

In 1968 J. Bjorken proposed a different type of experiment: Sum over all hadronic final states

e(k) + N(p) — e(K') + X(p')

<= the Deep-Inelastic Lepton-Hadron Scattering (DIS)

e “Sum over all states” in practice means that hadrons are not identified (measured);
the only detected particle is the scattered electron in the final state

— one measures its scattering angle 6 and energy E’
L21
Kinematic variables

o m: the nucleon mass
o = %k: beam electron energy (in L.S. p, = {m,0,0,0})
e F' = %c’: scattered electron energy (in L.S.)
e 0 electron scattering angle (in L.S.)
g =k—k =9p—p sz—q2:4EE'sin2g
o =1 energy transfer to the hadronic system (in L.S.)

y=v/E: energy transfer/maximum energy transfer (in L.S.)

W?=(p+q?* invariant mass squared of the hadronic system
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e Ip= gfq = 2%21/ Bjorken’s scaling variable

Kinematic bound:
W2:m2+2mu—Q22m2 = zp <1
Elastic scattering corresponds to g = 1 in which case 2mv = Q?

The Bjorken limit

2

W — oo, Q> = such that rp = %00 const.
Pq

The transition amplitude for a given final state is
. - -1, .
iM(eN — eX) = (—ie)u(k’, N')v"u(k, /\)?(le)<X(p’)lju(0)|N(p)> (8.6)

where

Ju(x) = equ(x)yu(z) + edJ(m)%d(:n) + ... (8.7)
The cross section summed over hadronic states is then

1 &K 1
Mx|iM(eN — eX 2454 —p .
do = 5 %32%,,2;;%:# SM(EN = X)) 'S0 +a-p)  (68)

N As usual, we sum over spins of final state electrons and average over spins of initial electrons.
This corresponds to the simplest experimental setup where spin is not measured

Thus

do 1 1 1 et

=g = —ogarr s O Ak, Ny u(k, N)ak, X )y ulk, )\)Q4

25 (2m)32/k'] 2 & 2m)Wu (p, @) (8.9)

where
2Woulr.0) =3 [ AN @O X N WO N ) 25 o+ g~ ) (3.10)
Using the optical theorem

1
W;w(pa Q) = ; Im T,uu(p7 Q) (8'11)

where
Ty =i/d4ﬂc (N (p)| T {ju(2)5.,(0)[} N (p)) (8.12)

is called the forward Compton amplitude:

iM(YN — yN) = e?c;(q)e, (q)TH =0 (8.13)
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We will use this representation later

Conservation of the electromagnetic current (Ward identity) implies

"W (0, q) = "W (p,q) =0 (8.14)

Therefore W, (p, ¢) must have the form
quqv bq pq
W (p,q) = (—g,w + ’:]2) Wi(pq, Q%) + (pu — quq2> (pu — qu2> Wa(pq, Q%)

+ i€ P’ Ws(pg, Q) (8.15)
Parity conservation in strong and electromagnetic interactions == W3(v, Q%) =0

The scalar functions Wi 5 depend on the invariants W (pq, Q?) or equivalently W (x g, Q?)
They are called structure functions

Further we have

& STl Ayl N[ Ny ulk, 3] = T K] = 204K 4 KR (kR (8.16)
AN

and
&K = |K[dK|dpdcosd = (E"2dE'dSY (8.17)

so that after some algebra

m 2 2

do  8rwaZ,E” { 1

.90 m 0
dE'dcos®  Q* Wi (v, Q%) sin® 5 + S Wa (v, Q) cos® } (8.18)

Thus W1 (v, Q%) and Wa(v, Q?) can be measured experimentally from the E’, § of scattered electrons

A more convenient representation

(E',cosl) — (xp,y) (8.19)
Since
2pq  E—-F AEFE' sin? ¢
= 2 ~ —_ - - — — 72 '2
s=(p+k)"~2mkE 2k z B om(E B (8.20)
obtain
20 =By Oxpy) _ 2B 2F 5.21)
2 s 1—y O(E',cosl) 2m(E—FE') ys :
and neglecting terms O(m/FE)
do Ta2,s 9 ) )
o = ot [2eB0P WA, Q%)+ y(1 — )W, @) (8.22)
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The prediction by Bjorken was that in the synchronous high-energy and high-@Q? limit
Wi, Q%) = Fi(zp) + 0(1/Q%)
1
1vsWa(1, Q) = Fy(xp) + 0(1/Q%) (8.23)

— the Bjorken scaling
confusing notation: Structure functions F} and F5 are not Dirac F; and Pauli F5 form factors !!

As we will see, this behaviour indicates the existence of free pointlike charged particles in hadrons

8.3 The Parton Model

The physical picture of DIS becomes more transparent in a special reference frame, the Breit frame:

We choose
0 ST
du = 8 by = 8 (8.24)
-Q p-

e Since gg = 0, electron has the same energy before and after the collision (in this frame)
e Since pg = Qp. and x5 = Q?/(2pq) it follows that p, = Q/(2x5) — oo in the Bjorken limit

Assume that nucleon is a bound states of pointlike (small-size) constitients — partons

(e.g. quarks and gluons).

— In nonrelativistic QM such a state would be described by a wave function ¥(z1,...,x,).

— In a relativistic theory this description is lost, in general, because the number of partons is not
conserved

time
—_—

/

%
il

2 partons 4 partons 2 partons

Z-graphs: |

However, in a fast moving hadron all longitudinal distances are contracted and all processes are

slowed down by the Lorentz factor v = 1/4/1 — v2/c?
e For an observer in the Breit frame the proton “looks” like a pancake Q — O

e An interaction between partons in the proton rest frame requires time 79 ~ R/¢;
it becomes t ~ TO%Z — oo in Breit frame — partons do not have time to “talk” to each other

Thus: L22

e A fast-moving hadron can be viewed as a collection of partons which fly in the same direction
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e Since the partons have no time to interact, each of them can be considered as free and carrying

a fixed momentum fraction of the proton

e A “hard” external probe (virtual photon) can only interact with one parton (unless parton

density is very large)

e Scattering processes on different partons do not interfere quantum-mechanically; the cross

section is given by a sum of cross sections on individual partons

The overall picture that arises in this way has become known as the QCD parton model

In our case (DIS)

ct ,
/
p l
7*(q)
14
€
O — -
electron
z
parton (quark) momentum in the proton:
E/L = (§p27 07 07 Epz)
parton momentum after the collision:
EL = éu +q=(£p2,0,0,¢p. — Q)
parton remains to be on-shell:
Q
0= £,2 = (fpz)2 - (gpz - Q)2 = 2€sz - Q2 = 5 = 2
z

since p, = Q/(2xp) (see above) we obtain

=g =sotn =

— parton momentum fraction is equal to the Bjorken variable

The parton content of the nucleon is described by parton distributions. Let

Fy(§)dg f=a¢ay9

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

be the number of quark, antiquark and gluon partons with momentum fractions in the interval

between & and & + d€
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The deep-inelastic cross section from a proton (in the parton model) is given by the incoherent sum
of the DIS cross sections from the partons:

1
Te(R)N(p)—e(k)X = D /0 d€ Fr (&) Oe(r) f(€p)—re(k) f (€p+a) (8.30)
f

This formula can be illustrated by the following picture:

electron — quark
cross section

|
|
I
— I |
I
|
I
I

= Z |

Quantum-mechanical intepretation:

Transition amplitide between two states is proportional to the overlap between the wave functions:

3,. ,—iqT * 3,. ,—iqT dgp dgp/ ipx—ip’x (1
Fj\1>—>|2) (q) = d’ze \1’1(13)\1’2(17) = d’ze (27’(‘)3 (27‘{‘)36 \Ijl(p)\I’Q(p)

3 . _
B /(27:;”‘111(1?)‘1’2(1?+Q) ~ 1/lgl* or ~ e 4 forlarge q (8.31)

If we sum over the final states this suppression disappears:

2 dgp * dgp, *( / /
S 1 Fysm @ =Y [ —=5m)¥p+q) 0T () W2’ +q)
2 5 27 (2m)
d3p d3p/ *( 1 3¢3 /
- [ a5 | G o) o5 —p) =1 (5:32)
where I used the completeness condition
> Wip+ @) Wa(p' +q) = (27)*8 (p — 1) (8.33)

12)

Thus the cross section becomes much larger and, crucially, we can calculate it without any knowl-
edge of the “true” eigenstates of the Hamiltonian:

> Fosp@P = Y. [Fysp@f (8.34)

|2):eigenstates of H |2):plane waves

Example: photodisintegration cross section for deuteron

In our context: we can neglect interaction of hit quark with the remnant partons in the final state
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Electron-quark scattering

— a close analogue to electron-muon scattering (QED):

do 1 2 =

Ao GanZs!

where
ly~Epy quark four-momentum
P =0*=0 P=kK"=0

Mandelstam variables for the electron-quark scattering;:

>
I

t = (K —k)?=-@Q*

o= (k—0)?=—-5-1, = S+t+a=
In the physical region for the electron-quark scattering
8> |1 = £s > Q?

In the CM system:

0

82

2.2 » -
a€q82+u2

25 {2

(k+0)? = (k + &p)* = 26(kp) + p ~ E(k + p)* = Es

(8.35)

(8.36)

- 1
dQom = dé d cos Ocm t= —§§(1 — cos Ocom) (8.37)

Therefore

2.2 .
do 2

a‘e; § 4 42 2rate; §2 44

W | DN

= = (27)-
~—

dt 25 {2 Q¢

Jdo
The last factor can be rewritten as (8% 4+ 42)/8* =1+ [(—§ — f)/§]2
It follows that

doP1S 5 2’

1 dO.DIS
= dxp ——
/0 P G pdQ?
Since £ = zp this means that

2 (12

Q4

dO'DIS

_ 2
dopdQe = 2 CTFr)

f

(8.38)

1 ﬁ,2
—F5 = Z d§ Fr(§es— |1+ = 0(¢és — Q%)
dQ 7 0 Q S

(8.39)

[1 + Z?] O(zps — Q%) (8.40)
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It remains to express everything in terms of z g,y variables:

C2%q  2p(k—K) € 2k-K) s+a

Y00k T T 2k € 2k 3
U
21—
= ;=-10-y
2pq  2pk B
) dQ?
—  dxpdQ* = d—da:de = zpsdrpdy
Y
dO‘DIS dO.DIS
= — 8.41
degdy 7% degdQ? (841)
We obtain
doP1S 9 2ma’s 9
e Zf:efxBFf(xB) T[l +(1-y) } (8.42)
On the other hand, we derived before
doP1s a2, s
_ em® |9 2 2 1— 2 } 4
Toeds = O 278V, @%) +y(1 — y)sWa(v, Q) (8.43)
so that for Fy = Wy, Fy = (ys/4)W,
FQ(SCB) :l'BFl(Cl?B) = Ze?chFf(CCB) (8.44)
f
e The structure functions F; and F» do not depend on y (or Q?) (Bjorken scaling)
o Let
u(zp) : u-quark momentum fraction distribution
d(zp) : d-quark momentum fraction distribution
(8.45)

The structure function F} is given by the sum of quark distributions weighted with electric
charges squared:

Fi(es) = %u(mB) + %d(mB) 4o (8.46)

e The structure function F5 is expressed in terms of Fj through the Callan-Gross relation

FQ(I'B) = xBFl(.CCB) (847)
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Let
Fy(xp) —rpFi(zp)
R(zp) = 8.48
(25) i (5.49)
One can show (exercise) that in the parton model
Riz) - 0, if all charged partons have spin 1/2 (8.49)
1, if all charged partons have spin zero

— Experimental confirmation that partons have spin 1/2 (quarks)

Typical values: Shown: new ZEUS F7, (a) and R (b) measurements (solid points) in compar-
ison with H1 measurements (open points) and NNLO HERAPDF

ZEUS
2 g M AT
I3 A ST
 oaf T - ;
i3 TR ﬁ
| T 1|
:;: - ZEUS (overall R) :

10 10? 10°
Q2 (GeV?)

[Figure taken from: Zhiging Zhang, for the H1, ZEUS Collaborations, arXiv:1412.6328|

The power of the parton model is that it is applicable for many reactions. Example:
L23

The Drell-Yan Process

N(p1) + N(p2) = p* (k1) +p~ (k) + X
N(p1) + N(p2) — Higgs(M) + X (8.50)
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Bjorken limit:

Higgs )
== 5= (p1+p2)° = o0,
= (k1+k2)2 — 00,
M?/s = const

— Two “pancakes” approach each other at larger velocity and collide

In the parton model

do 1 ! _ _
dMQ(NN%M po+X) = Zq:/o dleéV(fl)/O déy F)Y (ﬁz)dMg(qq—HﬁM + X)

2

8ra? 1 1 u
- 97;\;‘4 Zq:ei /0 ¢y F)Y (&) /0 dés Fy' (€2)0 (glgz— 8> (8.51)

Most importantly, F 0. (§) are the same functions as in DIS, so that e.g. Higgs cross section can be
predicted

9 Factorization and Parton Distributions

Aim of this section is to provide a QCD derivation of the parton model and go beyond it.
Let us summarize what we know about DIS

T = i/d4$ (N (p)| T {ju(@)3u (0)[}IN (p))

1
W;w(pv Q) = ; Im T;w(pu q)

where
(2m) W (p, q Z/dﬂx P)3u(0)| X () (X (0)]5,(0)[N(p)) (2m)*6* (p + g — 1) (9.1)
can be expressed in terms of the structure functions (observable quantities)

Qulv 2
W (p,q) = <—gW + ‘;2> Fi(zp,Q%) + (pu - qu];fj> (pu - q/;?) ]7qF2($B7Q2) (9.2)
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Parton model suggests that we can separate (factorize) the DIS cross section in two subprocesses:

|
|
I
| ' electron-quark cross section

N\, quark momentum fraction distribution

QCD quarks interact by exchanging gluons; we will have more complicated Feynman diagrams like

Where to draw the line?
— The first possibility: gluon is just an “other” parton in the nucleon, part of “X”
— The second possiblity: gluon exchange is a correction to the electron-quark cross section

The guiding principle is whether the gluon is emitted at short distances or long time ago, as part
of the preparation of the parton wave function. It is easy to see, however, that the integral over
gluon momenta is logarithmic

q

Q atk
~043/ —  ~ 045111@2/m2

k

Logarithmic integrals are specific in that there is no dominant integration region — the answer
comes from contributions of all momenta, both large (~ @) and small (~ m).

This situation is similar to what we have seen in the operator product expansion.
Thus we need to make an explicit separation by introducing an intermediate factorization scale,
schematically

2 Q2

s = oot ln Q* > pf > m® (Ajep) (9:3)
F

and rewrite, in the sum with the LO diagram

2 2 2
1+aasan—2+ (1—|—aasan2>(1—!—&045111#—1;)—1—...
m 02 m

e~ q cross section parton distribution (9.4)
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In this way, the space-time picture of the parton model is recovered at the cost that the parton
cross sections and parton distributions become scale dependent:

1
oo =3 [ de Fy(6 ur) dory (o) (9.5)
f 0
or

0?
Fia(zp,Q Zef/dﬁcm xBafa 2 VEf (& 1y) (9.6)
Ky

The scale-dependence of parton distributions can be studied using renormalization group.
After this is done, we can choose ,u?c = Q? so that the coefficient functions will be calculable as a
series in ag(Q?) without large logarithms.

To the leading order we will obtain e.g.
4 1
Fi(zp,Q%) = §u($B7 Q%) + §d($87 Q) +... (9.7)
Thus we will develop a systematic approach:
e We predict that Bjorken scaling is violated by (small) logarithmic effects

e We can calculate the Q? dependence of the structure functions to arbitrary accuracy in
perturbation theory (in principle)

e We can generalize this method to other processes, e.g. Drell-Yan or Higgs production

9.1 Leading-order calculation

As I discussed already in connection with vacuum condensates, the scale separation can be intro-
duced at the level of quantum fields in the Lagrangian:

Separate formally all field operators in “fast” and “slow” components:

3 3 . .
¢($) = / (2733];&6 + / (27:;3];&{ [&T(k)edw + CAL(]{Z)G_Z}W - Qbfast (:E) + @bslow(x) (98)
k|>p |kl <p

so for quarks and gluons

¢(90) :wfast(x) + wslow(x) ) A¥ ( ) A?ast( ) + Aslow( ) (9'9>

Fast and slow fields are often referred to as “quantum” and “classical” and can be viewed as
independent fields in the Lagrangian:

wq(x) = zbfast(l') ) wc(x) = wslow(x) (9'10)

For gauge fields one requires

Ag(az) — V(.%‘)AZL(I)VT (x)

AR(z) — V(2) (Ag(a:) + ;au> Vi(a) (9.11)

under gauge transformations. This has two advantages:
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e Renormalization is simplified because A} transforms homogeneously
(— gAj is not renormalized)

e If the integrals over all “quantum” fields are taken (loops), the result must be gauge-invariant
under the transformations of “classical” fields. Hence one can use different gauge conditions
for “quantum” and “classical” fields.

Propagators of quantum fields are formally defined with an IR cutoff, e.g. in Feynman gauge
d*k o gt
T {A¥(x)AY = ik 12
O T AN = [ et (912)

&[>

but the cutoff dependence only matters if the integrals are IR divergent (and in this case can be
regularized dimensionally)

Classical and quantum fields are orthogonal:

(0] T {AG(x)AL(0)}[0) =0 (9.13)
and all interaction vertices must contain at least two quantum fields

A=A A A A

Let us do the leading-order calculation using this logic (we expect to reproduce the parton model).

L24

T =i / d'z e (N| T {p(2) ()9 (0)7 1 (0) [}V

_ / d 69 (N| T {1, ()70 (2)8 (0) e (0)) [}V

L / €9 (N T {3y (2)1uthe(2) 0o (0) 7109 (0)) [} V)

”/ a4 € (N| T (g (@) yutby () g (0)vsthg (O) V) + ... (9.14)

C C

(massless) quark propagator in coordinate space:

4 7 i
O T @b, 040 = [ et = ot (9.15)

K| >p
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Thus to LO

T = iy [ b S (V1 [l nel0) = BoOF sty bela)]|IN) (9.16)

v =1
272 T

In what follows we will omit the subscript “classical”; just remember that all matrix elements
include small frequencies, less than p.

e First, use
YtV = TV + TV — Gt + t€upet? 157 (9.17)
The matrix element of y5v? must be a pseudovector
(N|(z)y577(0)|N) ~ SP [nucleon spin vector]

For unpolarized nucleons
1

such matrix elements vanish

e Second, the relevant matrix elements have the following general structure:
(N[ (@)7"0(0)|N) ~ p° fi(pz,2®) + 27 fa(pe, %) (9.18)

If Q?> — oo (Bjorken limit) the second structure and also terms in the expansion of fi(pz,z?) in
powers of x? produce corrections ~ 1/Q? and can be neglected

Indeed, one can easily derive

eiq.t
/d4x — Ty = 27r2q—a
x4

2
q
g € 290 2
/d T —5 T = 87— +— note extral/q (9.19)
€z q

If 22 = 0 the MEs are functions of one variable (pz) and can be written in the form of a Fourier
integral

1
= 2p‘7/ du e™P* F(u)
z2=0 -1

(N[(z)y79(0)|N)

1
(N19(0)y7 4 (2)|N) = (N[(=2)77(0)|N) = 229"/ due™"PTF(u)  (9.20)

xz2=0 z2=0 _1

[why f_lldu: the function F'(u) vanishs outside of u € (—1,1); will motivate later; formal proof
complicated]
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We obtain:

1

T;U'V - _ﬁ2

1
d*x , , » .
T [ {ewpxﬂqz [+ 2B = ] = P 2y — g }
el

1
= -2 /1du F(u){(qwiw [(q + up) by + (¢ + up)vpy — G - (g + up)}

- ((]—M91)2‘|'i€ [(q — up)upy + (¢ — up)vPy — Gup - (4 — up)} } (9.21)

Let p? = m%\, — 0, then

(g +up)? = ¢* + 2ugp = —Q* + 2ugp = 2qp(u — =)

(¢ —up)® = 2qp(—u — zp) (9.22)
so that
1
1 1
Tw = —2% du F(u){u—mB—kie [(q + up)upy + (¢ + up)vpu — QWPQ}
el
1
- m [(q - Up)upu + (¢ — up)l,pu - QHVPQ} (9.23)
Next
I ! 5(u— ) T ! 5(u+ o) (9.24)
m——mm=—70\u—x m-————m= —70\u s .
u—xTp + i€ B/ —u— xR + i€ B
so that
1 1
;Im T = p F(zp) [(q +xBp)upy + (¢ + 2BD) vy — g;wqp]
— F(-p) [(q +Bp)upy + (¢ + TBP)upy — g,wqp} } (9.25)
Finally, we can rewrite
(@4 2P)upv + (¢ + 28D)obp — Gurap = P | —gur + 222} 4 225 (pu + . pu+qyL
n T 1 e R v %75
(9.26)

and thus

1 quqv 215]3 1 1
- v = — F(— ] —Yuv £ v v
7TImTM F(zp) (—zp) {( G + 7 >+ - (p,ﬂrqu%B) (p +4q 2353)}
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or
Fi(2p,Q%) = F(zp) — F(—p)
Fy(zp,Q%) = zpFi(zp,Q?%) (9.28)
thus reproducing the parton model, with the identification
F(zp) = Fy(xp): quark distribution
—F(—zp) = Fy(zp): antiquark distribution (9.29)
Thus:
e We are on the right track, but:
e Our definition of parton distributions is not gauge invariant. Result gauge dependent?

e We used free quark propagator in this calculation. In reality the quark propagates inside the
nucleon and could interact with “clasical” fields theerein. Can we neglect this interaction or

Hi

= o >

Note that this is a reformulation of the question whether we can neglect the final state

not?

interaction

ikt

9.2 Light-cone expansion of the quark propagator in the background field

Quark propagator in the background field

e

Light-cone expansion:

1

1
S(z) = ?31(1’,14“) + ?sz(m,Au) +Inaz?S3(x, Ay) + ... (9.30)
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Only the most singular term ~ 1/z% is relevant in the present context

=ig (2)2/&% MAH(Z)’)/“% a=1-u

I'(4)
[(z — ux)? + uax?)*

) 1
- _ % duu(l — ) /d4z Au(2)(# — V"¢
0

4 I
Since there is no dependence on z -z in the denominator, the expansion of the field L25
Az +ux) = Ap(ux) + 2"0, A, (ux) + ... (9.32)

will produce subleading terms that are less singular at z? — 0.
We need
I'(4) .9 1
4 _ 2
/d 2[32+A]4 T a2

T(4) (1 1
4 R = — 2 — —_—
/d 2[22 +A]4ZQZB i (29a5> 1 (9.33)

After some algebra one obtains

/ { “A ux)¢——[8o‘Aﬁ(ux)(u’ya'm¢ u¢757a)+33§uu¢8214§(u:v)]}—l—(’)(ln$2)

(9.34)
Here we only need the first term:
.¢ 1
+ = ¢
o3 A [1 + zg/du qu“(ux)] (9.35)
0
The leading contributions are easy to calculate to all orders in the field. One obtains
. 1
— { .
+ E + E E oo = ?fxd‘Pexp [zg/du a:NA”(ux)] (9.36)
0

where

u

1 1
Pexp [* *] =1+ ig/duqu“(ux) + (ig)Q/du/dv z A (ux)z, AY (ve) + . .. (9.37)
0 0 0
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The fields cannot be interchanged because

)\CL
Ay = Ajtt = AZ? 3 x 3matrix in color space (9.38)

[full analogy with time-ordered exponent in QM time-dependent perturbation theory]

A convenient shorthand notation:
1
[x,y] = Pexp [ig / du (z — y), A* (uz + ﬂy)] i=1-u (9.39)
0

Thus we obtain the quark propagator in the background gluon field (Gross, Treiman '71)

S(a) = bl (0) = 5talen 0l +0 (55 (9.40)

9.3 Parton model revisited

Now go back to the calculation of the DIS cross section. The first contribution becomes

 E—

T = i [ a0 € (N| TG, (0)00 20, O1 0O} IN) ..

g elaw _
= Zﬁ d4$ F<N|¢c(x)7u¢%/[xa 0]c¢c(0)|N> (9'41)
The calculation remains the same, but the operators become decorated with a gauge-link factor
(called Wilson line) connecting the quark fields. Thus a better definition of the parton distribution

is

1

(V@I W OINGD| , = 27 [ ducPla) (942)

Let us check that the operator on the lLh.s. is gauge invariant. For simplicity I consider abelian
gauge trafos (like in QED):

&(x)’yoeigfol dum“A“(uz)l/J(O) N %Z;(:E)fygefm(;p)eigf(} dua:#(AN(uz)+§8Ma(um))em(o)w(o) (943)

Thus the extra term under the exponent is

1
—io(x) +ia(0) + 4 / du zH O, 0(ux) (9.44)
0

Euler’s Homogeneous Function Theorem implies

x“%a(uw} = u%a(ux) (9.45)
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Therefore

1
/duz“@ua ux) /duw“
0

and all a-dependent terms cancel as they should

1

sa(ur) = / du %udia(ux) ~ a(z) — a(0) (9.46)

U
0

Another possibility to see gauge invariance: Let x — 0 (all components); then

la) = BO)[1+a# 9y +..]
1
[z,0] = 1+ z'g/ dux, A (ux) + ... =1+1igx, A" (0) + ... (9.47)
0
Thus to first order

()T, 00(0) = D(O)T(0) + 2#D(O)T[D,, +igAuJ(0) = H(O)T(0) + 2 $(0)T Dy (0) (9.48)

— the expansion of nonlocal operators with Wilson lines goes over covariant derivatives. This is
true to all orders:

P, 006(0) = 30y, 2 SO Dy, .- Dy (0) (9.49)

The parton model is largerly based on intuition that fast moving hadrons are Lorentz-contracted,
similar to what we know about rigid bodies. But is it really obvious?

S-1

Example I:  Assume that a proton can be modelled as a point-like charge which is a source of a
scalar potential (Yukawa with mass zero)

o(%) = € +— for proton at rest (9.50)

The field is certainly spherically symmetric in this frame.
Making a Lorentz transformation (boost along the x3-direction) we obtain

., q 2 2 2
Y R (20

where v = 1/v/1 —v%. As v — oo the field vanishes as 1/ except for a narrow strip (pancake)
around z§ >~ vt’, as expected.

Example II: A Coulomb potential in Eigenkoordinatensystem (QED)

J
Au(@) = 200 +— for proton at rest (9.52)

—

7]
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Then

A () = qr
0( ) [le_,_,YQ(vt/_xg)Q]l/z

A () = —quy
3(z') [xi +2(vt! — x)2]/2

A (2) =0 (9.53)

In this case for v — oo both Aj(z') and A5(a’) ~ const(?!) Where is my pancake???
The resolution of this paradox is that
for v — o0 A (2') ~ qdy In(vt" — x3)

— can be removed by a gauge transformation. Thus, although the four-potential is not Lorentz-
contracted, the electric and magnetic fields are contracted to a pancake, e.g.

—qy(vt" — x3)

Ej(2)) = 7 2ot — o) (9.54)
The parton model is recovered in a certain gauge where the Wilson line can be neglected
M Ay (ux) =0 (9.55)
where x# is the 4-vector in the direction of the outgoing (struck) quark.
light-cone gauge ntA,(x) =0, n?=0
Fock-Schwinger gauge atAy(x) =0, Au(0)=0 (9.56)
9.4 The DGLAP Evolution equation
9.4.1 Preliminary remarks
Let us look at our definition of the parton distribution more closely. We have
NI 0OV, = 27 [ e (9,57

where I restored the subscript “classical” and added the argument u to F'(u, ) to remind that only
low-frequency part of the fields is included. The role of the cutoff is that it allows the limit 22 — 0
to be taken.

Consider the similar matrix element with “full” fields and finite z2:
1

(N()b(2)7 [, 0 OING)| . = 2p° / du €7 F (u,22) (9.58)
rep K1 -1

The only UV divergences in this ME are due to field and coupling renormalization: adding v/ Z5

for each quark field and expressing the result in terms of the renormalized coupling the result is

finite. However, the limit 22> — 0 cannot be taken. Schematically

(V@) 0WOINGN|, ,  ~ 1+ casln s+ . (9.59)

L26
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The role of the cutoff in the fields is that it regularizes additional UV divergences that appear in
the 22 — 0 limit:

2
(NOIGe()r” e, 0 OIN )|, ~ 1+ cashn s .. (9.60)

<=0

The dependence on p will be compensated by the similar dependence of the Feynman diagrams for
T}, in higher orders:

[ -

These diagrams (for quark legs on-shell) would be IR divergent if we forget that only frequencies
above p are included in “quantum” fields. The sum is schematically

e

2
1+ cas an—2 (9.61)
1

1 .
1+ casln—— Fourier
wrx
In order to avoid large logarithms in the coefficient functions we should set the scale u ~ Q.
Therefore our leading-order result to the structure functions actually involves parton distributions
at the scale ~ @

(2,Q) + ...
(9.62)

©\>J>
©\H

Fl(xBaQQ) :F(IEB,;L:Q) _F(_xBaM:Q) = gu(va)+ (l’ Q)+ d(l‘ Q)

and we expect that Bjorken scaling will be violated by logarithmic corrections corresponding to the
scale-dependence of parton distributions.

To calculate this dependence, split “slow” fields that appear in the operator matrix elements in
— “moderately slow” , with frequencies pp < |k| < p

— “very slow”,  with frequencies |k| < pg

We can treat “moderately slow” fields as “quantum”, that is involved the loops and “very slow” as
“classical” external fields

L e p |

Integrating over the “moderately slow” fields we obtain operator matrix elements of “very slow”

P i):

operators corresponding to parton distributions at the scale ug:

[operator at the scale | ~ (1 + caIn ﬁ) [operator at the scale pg] (9.63)
Ho

and obtain the finite-difference equation

[operator at the scale u] — [operator at the scale ug] ~ casIn L [operator at the scale pg] (9.64)
Ho
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which we will rewrite as a differential renormalization group equation which is our goal.

A technicality:
as we know, a calculation with momentum cutoffs is very awkward. One scale can be introduced
via the dimensional regularization but for the second scale we need another regulator.

A convenient choice: use

— finite 22 as a substitute for u? ~ 1/|2?| (larger scale);

— dimensional regularization for uZ (smaller scale, thus an IR divergence) and, simultaneously,
the remaining UV divergences (coupling and field renormalization)

[One can prove that both IR and UV divergences can be regularized dimensionally]

9.4.2 One-loop calculation

To avoid an open vector index consider the operator multiplied by extra x? so that

1
(N (p)lY(x)¢]z, 0] (0)|N(p)) = 2(pz) / ) du P F (u) + O(2?) (9.65)
Let us calculate the diagram corresponding to gluon emission from the Pexp.
We write
Al(z) = Al (2) + Al (2) (9.66)
and consider the first term in the expansion of Pexp]...] in the “quantum” gluon field
1
[x,0] = —|—zg/d z, uz]ez, Al (uz) [ux, 0] (9.67)
0
We choose
Ay Feynman gauge
Ak Fock-Schwinger gauge [z,0]. = [z, ux]. = [uz,0]. =1 (9.68)
1 ¥—¥
zg/du xﬂA“ ux ;éwq zg/ A2, (2 )A (z)wc(z)] (9.69)
0
Use
— i, T/

¢a(z)wb(0) = dab 27Td/27‘é[ 22 —I—Ze]d/2

A B 1 rd/2-1)
A (ux)A) (2) = —0aBGuw 42 [ (uz — 2)2 + ie] /21

(9.70)
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leading to

1 .
= (ig)? / du / ddZ&c(x)af%Z/z 4;;/2#“(—%) [E%j}?[ (uxd/ 2) 5 d)/2 SftMe(z)  (9.71)
0

Next, combine the propagators

1
I'(d/2 I'(d/2 -1 o _d/9— I'(d—1
[_(Zggd/z [_(u; Z z)?]d)/Q—l - /dv oty [—(z — uvx()Q - x)2u2vv]d—1 (6.72)

and shift the integration variable z — 2z + uvx to obtain

i / /
— Cp/du/dv/d z VAT )wc( V£ (£ + uwog)fe(z +uvz)  (9.73)

8l —22 — z2u2ov]d-1

We are looking for the contributions of the type

1 I'(d/2-2) 2, 2 4-d
2 2p2de-z R

(9.74)

Note:
e do not need terms with positive powers of 22 = can expand the field

Ye(z + uvx) = P(uve) + 2,0 (uve) + . ..

e argument of the Gamma-function: I'(d/2 — 2) stands for IR divergence, I'(2 — d/2) stands for
UV divergence.

Why:
/ d%k: 9 . choose d < 4 to suppress the large-k region (UV) (9.75)
k choose d > 4 to suppress the small-k region (IR)
One can regularize IR or UV divergence “by hand” so that only the other one remains:
dek 42— d/2) _
/ m =17 m ﬁnlte ford <4
d o I'(d/2 -2
A 2ika _jpa2 D42 =2) g ford > 4 (9.76)

L4 [—a2]d/2-2
In general situation the identification — UV or IR, — is not simple, one needs to consider each case
separately.

Using generic integrals

[ )

2 _ CLQ]O‘ [7a2]a7d/2

/dz[_zr(a)zuzy — /2 (—9“—”> F[(O‘_d/Q_l) (9.77)

2 g2 2 —q?)e—d/2-1
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obtain

1 1
_ —ig? ind/2) d/2—2-d/2—1) 2 = I'(d/2-1)
= g T COr( /du/dvv v {1: umj}c(x);éwc(uvx)—[_IEQuZUﬁ]d/zil
0o 0

+ e(@)EVutOuthe(uve) (_gﬂ) [_EEZ/Z i%;gQ }

1 1
’C - I'd/2—1) . 1 T(d/2
= gﬂd/};/ d“/ d“”c(x){ [_(x/z‘]d/z—z?“?’ d¢+2[§52/2]d/2)2¢7u¢”a”}1/’c(wx) (9.78)
0

0
The first term:

d
/ % . finite ford < 4 = UV divergence atu — 0 (9.79)
U

0
—> contributes to coupling/field renormalization, irrelevant for us
In the second term can replace
1
SHndO" = #(20) + O)

so it becomes

1 1
2 — —_
gﬂgf; /du/dv vmwc@)ﬂx@)wc(umﬁ) (9.80)
0

0

The familiar trick:

1 d 1d

Ye(uvx) = %u@@bc(uvx) = ——(uve) (9.81)

(x0)Ye(uvx) = a2t —

0
O(uvzh)

]d/2 2

The dependence on u in [—2%u can be neglected to logarithmic accuracy (In1/(x?u?)+ const)

leaving us with

1
/ du %wc(uvx) — (vz) — (0 (9.82)
0

Thus the result is

1
2 - or- _
gﬂ_g/l; [_I‘;.(QCZ;R]d/QJ_Q /d’U ; [¢C($)¢wc(v$) - wc($)¢¢c(0)] (9.83)
0

L27
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where I restored the IR scale 7z dependence coming from g2 — g%ut—.

Other contributions:

1
2 - V- -
gﬂgf; [—I;;(Qi/;R]d/?—Q /dv % [¢C(U$)¢¢C(O) - ¢C($)¢¢c(0)
0

1 u
g*Cr T(d/2 —2) _
QI 87rd/§ 222422 /du/dec(um)qéwc(vx)
0o 0

<— only UV divergences, coupling renormalization in Pexp

§ + —  \/Zy-+\/Zy field renormalization |z%| — u3p
(9.84)
The final result:

g*Cr T(d/2—2)
]7d/2 [_xQ'UJ%R]d/Q—Q

1 u
/du/dv K (u,v) Ye(uz) e (vr) (9.85)

0

»(@)f(0) = Pe(@)f1be(0) +

where

K(uo) = 6@) 7] +6) [2] +1- %5(@1)5(@) (9.86)

The “plus-distribution”:

1 o L5
[ [Z] s = [ avtipe - o)

1 u E u
| 2], s = [ auZire - s (9.87)

It remains a little bit of cosmetics.

e We are only interested in matrix elements between the states with the same momenta. In
this case

(N(p)|$(uz)f(vx)IN(p)) = (N(p)|et PP ((u — v)a)p(0)e P*7 N (p))
— (N(0)[((u— v)2)(0)| N (p)) (9.88)
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where P is the momentum operator: P,|N(p)) = p,|N(p))
Thus e.g.

u

[u [ avit= o) = [au [ aaten)poo = [ - odeo) o)
0 0 0

0 0

u

e Expanding at d =4 — ¢

2
g 2 2 1 as

1
————— + const. 9.90
8d/2 €  —x?uip 2 (9:90)

—x2u2,
Remember that the goal of the calculation was to change the definition of the “classical” field
from the cutoff p? =1/ — 2? ~ Q? to a lower cutoff p3 = p?, < pi. Thus we get, for 22 = 0

a,Cr

GOz = [B@)F6(0)], +

1
ﬁ u K (u) [ (ux 9
hy%!ﬁ K@) a0,z (9.9

with
Kw=2[2] +a- %5@) (9.92)

This relation is valid if )

as(p2) In 'L% <1
Ha
e The last step, we have to take the matrix element (N|...|N). Consider quark contribution:

(N (P)I[(2)#[z, 0] (0)] 42| N (p)) = 2(1956)/O dg e PTF (€, i) (9.93)

We obtain

1 2 ; 1
iEpa 2\ o] _ aCr H1 iuépx 2
2] [ dec [Fie. ) - Fie.sd)] = %5 i iy [ I 207 | deeernrie. i

(9.94)
Next, insert

1
1= [ dvo(v—u)
/

in the integral on the r.h.s.:

1 1

/1 du K (u) /0 1dg‘c,ﬂ'ufpﬂﬂF(g) - / dv (v —uf) = / dv e'P* /1 du K (u) /0 1 dE F(€)6(v — uf)
0 0 0 0

1F<B> O(u—v)

u u

1

_ /Idveiva/%‘K(u)F(Z) (9.95)
0

v
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and finally
/ du
,u v
Fy(v, ) = Fyv ) = §Comn’y [ K F(20) (9.96)
or
d as(p) du v
2 % 2y . Ss\H) ou v 9
W pabalo?) = S50 [ TR W) BT 0) (9.97)

— the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation

Accepted notation:

u2
[11 ju]+ + 25(1 - u)} (9.98)

Pq_,q(u) = CFK(U) = CF [

e We could consider antiquarks instead of quarks, replacing fol dEe™PTF(€) — f_ol dEePTF(€).
To this order in perturbation theory there will be no difference:

Prsgu) = Pysy(w) (9.99)
— quarks and antiquarks have autonomous (and the same) scale dependence to leading order.

9.5 Solution of the DGLAP equation

The DGLAP equation can be solved by numerical integration, but a better approach is to consider
moments:

/ drp 'y ' Fy(rp, Q%) (9.100)
Taking moments
p 1 () 1 1 p
as(p _ U v
Qd/ oNTUE, (v, p?) = 5 /dvUN 1/quq(u)Fq<u,u2>
0 0 v
1
_ as(p) N-1 dv (7)N—1 (3 2)
27 /dquq(u)u u \u A\t
0 0
) 1 1
as(p _ _ v
= 2o /dquq(u)uN l/dttN 1Fq(t,,u2>; t = =(p.101)
0 0
Thus we obtain J )
2 N/ 2y _ Qs\H) N 3rN/ 2

where

L28
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1 1
_ _ U 1
Toa = —/dquq(u)uN 1:_CF/dUUN 1{2 [u]++u—26(u)}
0 0

1
__ U N1 Lt \_1
=—Cp 2/duu(u 1)+(N N+1> 5 (9.103)
0
The remaining integral:
1 . 1 1 LN
/dul_ (uN—u):/dul_ (uN—l—l—l—u):—/du __uu 1
0 0 0
1 N 4 N
= —/du(1+u+...+uN—1)+1 =Y+ l==) = (9.104)
q =17 =2
We obtain
1. &1 1 1
N : )
Yoq = {2 E - } Gross, Wilczek '73 (9.105)
s34 NIV+1) 2
The solution of Eq. (9.102) is then
2 2'7(%/17 11 2
MV Q2 = (@) MN(2): b= "N,— % 9.106
q (Q ) (Oés(,u%) q (IU’O)’ 3 3nf ( )
Check:
L@ - — L D@L a@d o
dQs s ()P T b T Q" |
The S-function:
Do) = Blow) = — 5-ba? + 0o
Md Qs(\p) = PlGs o Qs Qs
d 1 _d
QQdT.QQ = §Qm +—  extra factor 1/2 (9.108)
Thus we obtain
N /b
d 1 a,(Q2)\ 7/
@y (@) = —5alien@)- (S5 ) M6
MN(Q?) (9.109)

Since a(Q?) decreases with Q?, the moments Mév (Q?) decrease as well: the quark looses momen-
tum because of gluon radiation
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The parton distributions can be reconstructed from the moments using inverse Mellin transform

1/24i00
1
Fylw) = 5 / ANz VMY (9.110)
1/2—ioco

The example below shows the so-called valence u-quark distribution

zuy (2, Q%) = :c[u(ac,Q2) —a(x,Qz)] (9.111)

r ases
09 [ Qux2= 2 GeVix2
[ __ upv GRV98lo

xf(x,Q2)

[ |oataboses
09 [ Q2= 1000 GeVax2
[ —_ upv GRVO8Io

06 |-

This is, however, not the end of the story. ..

[Y(2)#¢(0)],2 = [(2)#(0)] 2

1
] o 2 & 5 o 12 _
T %%j 1 ( T@ T +ecrmt O/ du K gy (u) [t (uz) f10(0)] .2

1

+ ;L;CF In Zg / du Kqg(u) 2”2 [Fu (uz) F,(0)] 2 (9.112)
0
— our calculation is not complete
9.6 Gluon parton distribution
The definition:
1
at'z" (N (p)|[Gie () [2, 0] 4G L (0)],2| N (p)) “=0 9 (par)? / du e PP uFy(u, 1% (9.113)
-1

e There exist no “antigluons”:

Fy(u) = Fy(—u) (9.114)
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e The gauge link is in adjoint representation:
1
[z,0] = Pexp{ig/ du x“Au(ua:)}
0

Ay = AT e, (T o =—ifapc  +— 8x8matrix (9.115)

Explicit calculation:

— Py
— Py
— Dy
— Py (9.116)

Obtain the system of coupled equations:

1
@) = S

aQ’

1
QngQFq(J?,QQ) - 04;(;2) /CS/{qu(y)Fq(;j,Q) +qu(y)Fg(z,Q)}
1
Q2dg22F(x,Q2) - az(f) /?{qu(y)Fq(sz) +qu(y)Fg(”;,Q)} (9.117)
where
2
Paq(y) {[11——'—5]4- + ;5(1 — y)]
— )2
Pyqe(y) = Cr {1—{_(11/ y) }
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e Gluons only couple to Fy(x) + Fz(x) (sum of quarks and antiquarks). Thus we obtain

— a separate equation for Fy(x) — Fgz(x) which is the same as we had before, and
— a coupled system of two equations for Fy(z) + Fg(x) and Fy(z)

For example for the moments

d as(Q)
2 d N _yN) — _ N N _ agN
Cae CARELY 3 an (M~ 017
o2 (MqN +]JVW§V> _ (@) <V% 7%) <M5V +J£‘45V) (9.119)
dQ? 2M, 21 \Ygq Vag 2M,

e A proton can be viewed as a collection of three “valence quarks” that carry the quantum numbers,
extra quark-antiquark pairs that are called “sea quarks(antiquarks)”, and gluons

valence quark

sea antiquark (](l’) = QU(:E) + s ($) ) (j(l‘) = CYS (':U) (9120)

sea quark

Then
Fo,(x) = Fy(z) — Fg(x) (9.121)

can be interpreted as the valence quark distribution.
(The number of valence quarks)/3 = baryon charge, so we expect that for any Q2

1

[ 170 - . @) =3 (9.122)

0

This is consistent with the evolution equation since

. as(Q)
2w

1 1
d _
szo/dx [Fq(%,Q2)—Fq(JJ,Q2)] = ’Yé\(;_lo/d$[Fq(£U,Q2)—Fq(I‘,Q2)]

1= 0! (9.123)
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Why is the gluon distribution so large for z — 07

Measured reaction rates (reduced cross sections)
for neutral current processes, as a function of
the scaling variable Q2 for different values of x,
the proton momentum fraction carried by the
partons. These results represent the combined
analysis of H1 and ZEUS. Scaling violations, i.e.
a Q2 - dependence of the rates, are clearly ob-
served.

Presented by V. Radescu at Int. Conference
DIS2009, April 2009, Madrid, Spain

Parton distribution functions of the proton as
obtained by the HERA Structure Functions
Working Group, at a scale of Q? = 10 GeV?.
The PDFs (solid lines) are shown separately for
the gluon (xg), the sea quarks (xS), (both scaled
down for visibility by a factor of 20), and the
valence quarks up xuv and down xdv. The un-
certainties are indicated by the coloured bands.

Presented by V. Radescu at Int. Conference
DIS2009, April 2009, Madrid, Spain

1
Pyy(y) ~ 2N~ (9.124)

Y

The DGLAP equation is not in danger since it involves a cutoff y > x, but this behavior implies

that

z—
Fy(z) >

0

8=

(9.125)
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so that the number of gluons in the proton is infinite:

1
/da: Fy(xz) = o0 (9.126)
0

Let us see why this happens. For Q? ~ Q32 and small x

3a3 2 rdyl
Fy(, Q) ~ Fy(, @) ~ 22 m 2 / VR (.G (9.127)
Qo )
Try an ansatz
F,(z,Q3) = const (9.128)
Then
3as 1 2
F, D= t (1 * —In 2L 9.129
(o) = comst (1422w 2L ) (9.129)
+— the gluon distribution cannot be “flat” at x — 0, our ansatz was bad.
Second try:
1
Fy(z,Q3) = const - —, or xF,(z,Q%) = const (9.130)
T
In this case obtain
3as g 3as 2
zF,(z,Q%) = const <1+ %1y ,1 g) ng(m,Qg)< %10 71 g) (9.131)
0 0

One can show that this structure is general: In the limit + — 0 and Q2 — oo each power of ay is
accompanied by two logarithms:

L@ @\’
1+ cao ln + co (a lnfln ) + ... 9.132
S .'B QO S QO ( )
It is possible to sum this series to all orders (the so-called double-log approximation)
(Qo) 1
zF,(z, Q? ~  exp ln In — 9.133

What to do if z — 0 but Q?/Q2% ~ 17
In higher orders

Qg 3a,

%ng(fﬂ)

x—0 ™

3 5
14 9¢(3) <O7‘: In ;) + %g@) <O7‘: In ;) +O

< this series is known to all orders +— BFKL equation

<O7‘: In ;)6” (9.134)

Resummation
> (aslnl/z)" wFy(x, Q%) ~ x 1225 (9.135)
k
Too strong! What stops this rise? — Active field of research
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10 Effective field theories

Remember the background field method:
Separate formally all field operators in “fast” and “slow” components:

3 3 ) .
gb(a:): / (27:53251’]@_}— / (27:23];15% dT(k)62km+d(k)€_lkm] = ¢fast(x)+¢slow($) (10'1)

kl>p |kl<p

so for quarks and gluons

1/)(33) :'Qbfast(x) + d}slow(x) y A'u(x) = Aé;st(@ + Aglow(x) (10.2)
The QCD Lagrangian
EQCD(‘bfast + Qbslow) = ﬁQCD(gbfast) + EQCD(qulOW) + 5£I (¢fast> ¢slow) (103)

where 0L1(Ptast, Psiow) describes interaction between fast and slow modes. This construction ia
useful if one asks the question: what happens if we change the UV cutoff in our theory Ayy —
M < Ayy such that we “integrate out” the fast fields. This terminology actually refers to the
path-integral formulation of a field theory (next semester). Schematically, all correlation functions
in the theory can be generated from the so-called generating functional

2(J) = / D exp [2 / e [L(6(2) + I (@) baow () (10.4)

where J(z) are some external sources that we assume only couple to slow fields. The statement
that fast and slow fields can be treated as independent means that

D(b = D¢slowD¢fast = D(bsp(bf

and we can formally integrate (take an average) over all fast fields leading to

Z(J) = /D¢sp¢f exXp |:Z/d4(£ [£(¢S) + ‘C(d)f) + 5‘C(¢57 (z)f) + J(x)¢s($)

= [ oo [ [ dislta() + I@on) (10.5)

where Leg(¢s) is called effective Lagrangian. In our previous discussion we tacitly assumed that
Lo (¢s) for QCD is just the usual QCD Langranqgian. This is not entirely correct: there are in fact
corrections suppressed as a power of p but these corrections are small if all external momenta are
Ip| < p and was sufficient for our purposes.

Can we say smth about Leg(¢s) without a calculation? Yes, if we have a reason to claim that
our effective theory (with smaller cutoff) has to have some symmetries. In particular in QCD case
if we require that the effective theory is gauge- and Lorentz invariant, the only terms that we might
add to the usual Lagrangian are scalar higher-dimensional gauge-invariant operators, say (gq)? or
F,, F"*FJ' that have to be accompanied by 1/ 12 by dimension counting reasons.

In what follows I will sketch some examples that are somewhat more general and the effective
theories are different of the original ones in essential way. The effective field theory (EFT) con-
struction has become the main technical tool in making advanced calculations in QFT and has also
changed our way of thinking of what is a “renormalizable” theory.
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10.1 Effective weak interactions

Weak interactions between quarks and leptons are mediated by very heavy particles so that their
propagators at small momenta can be expanded

1 1 P>

~ 1+ —i—]
m%,v—p2 m%v[ MI?V

and the leading terms give rize to local four-fermion interactions:

b u
\ﬁ\.<
£etr = VNALES - orer %) Jtv 10.6
weak — 2 M2 M( — G ) +... ( )
8M Mz,
where
T =Vt (1= 35)b + 071 = s)e + ..oy 7 = ()] (10.7)

Vi = 0.0035+? is the so-called CKM mixing angle and ¢?/8M3, = Gr/v?2 defines the Fermi
constant Gr = 1.16639 - 107> GeV 2. The corrections in 1/M5V are almost always too small to be
relevant but what happens if we switch on strong interactions (QCD)?

Consider a somewhat more interesting case b — ués that corresponds to e.g. the decay B? —
7T+D§ and add one gluon exchange, e.g.,

X=X

At tree level a minor difference
tree 4GF * m
Loeer = 7 e —V Vub(styucL)(uLfy bL) qr. = (1 —5)q, a,b < color (10.8)

but with a gluon it easy to see that the left diagram is finite whereas the right one is UV divergent.
Why so? Because

/d‘*pM%/l pgf(p)#MlVQV /d4p< + Mz +. >f(p) (10.9)

The difference arises because this expansion does not hold for large loop momentum p ~ Myy.
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The physical reason is that M%, acts as an UV regulator in the (box) diagram in the full theory
so that we have a familiar situation

_p2
—_———

M2 M2 2
1+asln—% = (1+aslnw) . (1+aslnu>
) 12

full theory C(p) effective theory (10.10)

where k is some external momentum.

The QCD coupling is small at large momenta and therefore C'(11) can be calculated in pertur-
bation theory. One obtains

e 4GF ., _ _ _ _
Liber ==z VeV |Cr()[Gereen) @ bu)u + Col[Grbr)@mar el (1041)
with
g, Bl (| My 11 2
Ci(p) =1+ N, ar <ln 5 5 + O(a3)
0()—0—3M 1nM—3V—E + O0(a?) (10.12)
2= ir PR “s '

— Note that at O(as) a new operator arises that was not present at tree level.

Can there be more operators? Yes! And the most interesting are the ones that lead to physical
processes that are forbidden at tree level - Flavor Changing Neutral Currents (FCNC).

Main principle: every operator that is not forbidden by symmetries will appear sooner or later

(in some order of PT). In addition to the above, we might have additional dimension-6 operators

(5.7ubL)(@RY"aR) (SLYuqr)(qrRY"bL)
9smpS10,GH' bR emy50,, F"br < photon (10.13)
and also more operators involving leptons. These are typical diagrams that give rize to such
contributions:

— “penguin” operators

In addition we will have a large amount of dimension 7,8,9...operators but they are sup-
pressed by powers of 1/Myy and usually irrelevant unless the corresponding process is forbidden

at dimension-6 level. This can be used to probe whether the Standard Model is the correct theory
at small distances.
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10.2 Heavy Quark Effective Theory

In the effective weak Lagrangian we were able to integrate out contributions of heavy W, Z bosons
because we tacitly assumed that they are not present in the initial and final state. If heavy particles
are present the above construction has to be modified. This is practically relevant for processes
involving B-mesons where mass of the b quark mp ~ 4.8 GeV > Aqcp and one can try an expansion
in Aqcp/my ~ 1/20 to make quantitative predictions.

Consider an ingoing heavy quark with the four momentum p, = mwv,, v, is a four-velocity
vector v2 = 1, that starts interacting with gluons with |k| << m such that its momentum changes
but not very strongly:

Pu =MV + Py s [Pl < m

The free propagator is then approximately

m+mp + p N<1+¢> 1 (10.14)

m2— (mv+p)?2—ie \ 2 ) —p-v-+ie
Note that
1+9 1—9
P, =— P.=— 10.15
+ 9 9 ( )
are projection operators:
P2 =pPT, P?=pP_, P,P_=0 (10.16)

and for the simplest choice v = (1,0,0,0) are simply the projections onto the two upper/lower
components of the Dirac bispinor (as can be expected).
The interaction is simplified as well because the vertex is always surrounded by two propagators

1+9 1+9 1+
= — 10.1
() (557) = (5 o)
so that effectively v, — v,,.

How to construct the corresponding effective theory framework? Let @ be the heavy quark
field, then QCD action can be written as

Sacp = [ a' {QUD ~ma)@ + £47 }

gluons+light quarks (10.18)
Define
Q4(w) = 51+ Q). Q-(r) = 51~ Ha) (10.19)

and also split the covariant derivative in contributions along and orthogonal to v:
1 1
D=9(v-D)+ D7, D" =" (g — vuvy) D” =g, D" (10.20)
Useful:
1 1 i
{9} =0, (D7, P} =D (10.21)



10 EFFECTIVE FIELD THEORIES 113

The heavy-quark part of the action then becomes
sty — [t {Quli(wD) - mqlQ - Qli(vD) + molQ- + Qi '1Q- + Q-liD"1Q- }
(10.22)
Field redefiniton — remove rapid oscillations (this is just a reparametrization)
Qi (x) = e hy, Q- (z) = e "Mt Hy | (10.23)
Then

Gheavy _ / dz {Bvi(vD)hU — H,[i(vD) + 2mq|H, + ho[i" | H, + H, [ill)ﬂlu} (10.24)

Suppose external sources only create h, or h,, that is the heavy quarks involved in the process
have large P, component. Then the H, fields can be integrated out:

Seft = / d*z {hyi(vD)h, — B[] <Z DT ;mQ - ie) iD" o}

_ / d'x {Ri(uD)hy + 2m1QKv - 272@21, +o(/my)} (10.25)
where
Ky = hy[iD"g,p,,iD"]hy < NR kinetic energy
Yo = %BUUWQG‘“’hv, < Pauli term (10.26)

Difference to the above: here we integrate out Z-graphs:

&

y S

Feynman rules:

4 ) - 00
Propagator:  hu(a)h(0) = [ Gize ™ot = [T st (e — s0) = 0(0n)a @)

Vertex: igt®y, — igthv, (10.27)

Matching to the full theory, heavy-light currents:

(-4 s <
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s _ =m 1 ST =m 1 _ . =m
quQ = <1 - Cf@) [Gvuho] "9 + QCF% [quaho]" 9 + GT [GyuiDhy, )"

S — =m 1 ST— =m 1 _ . =m
q1u15Q = (1 —cpt (;nQ)) [@vurshe] ™ = 5%% [quusho] =" + o— [qyunsi Dby |7

me
(10.28)
Anomalous dimensions:
Y0/2B0 11 2
iThy] ™ — (2(me) Thy] ™ -4, b=—N.—= 10.29
[q v] < Oés(ﬂ) [q v] ) Y0 ) g e 3nf ( )
How can one use this? — e.g. to compare decay constants for different heavy mesons
Oyl D) = iputLe v OaysblBE) = ipeZ= (10.30)
Vmp VmB
can be measured (difficult) in D~ — =7, and B~ — 77 ;. Neglecting terms 1/my, 1/m, we can
predict
6/25 B
R ) (0‘8(mc)> (1 +0.89425(me) O‘s(mb)) ~ 0.69 (10.31)
fp mp \ as(my) ™

Unfortunately c-quark is not sufficiently heavy so that this does not work very well.

Heavy-to-heavy transitions

E.g. B— Dev or B — D*ev: b — cev on quark level; Involves V,

w
—_—
b c

Note that each heavy quark with a different velocity gives rise to a new field in the effective

Lagrangian so that for such processes

heavy —

seff = /d%{hﬂ(vD)hv + Toyri(v' D) By + } (10.32)

Soft gluons cannot change quark velocity so that h, cannot turn to h,s unless there is some external
force that enforces this transition (weak decay!). One finds

[ Th )™ = (ZEZS

Cusp anomalous dimension (Polyakov, 1980)

Peusp(6; @) = “Cr(fcothf = 1) + ... = Tb" + O(a?), (10.34)

From B — D/{vy, and B — D*{v, one obtains

[hoThy )™ (10.33)

)76‘}1/250

|Vep| = 0.0405 £ 0.0015 vs. |Vip| =0.0422 +0.0008 inclusive decays (10.35)
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10.3 The strategy of regions

The strategy of regions is a technique which allows one to carry out asymptotic expansions of
loop integrals in dimensional regularization around various limits. The expansion is obtained by
splitting the integration in different regions and appropriately expanding the integrand in each
case. We will later formulate an effective theory, called SCET, where the different regions will
be represented by different effective theory fields. The expanded integrals obtained by means of
the strategy of regions technique are in one-to-one correspondence to the Feynman diagrams of
effective field theories regularized in dimensional regularization. My presentation follows a book by
T.Becher, A.Broggio, A.Ferroglia: Introduction to Soft-Collinear Effective Theory. For a higher-
level discussion see B. Jantzen, arXiv:1111.2589.

10.3.1 A simple example

In order to illustrate the main idea of the strategy of regions we start by considering a simple
integral, which we will expand using different methods, first using a cutoff to separate two different
regions and then with dimensional regularization:

I /Oodk b L M (10.36)
= = n—. .
0 (k2 4+m?)(k2+ M2) M2—-—m?2 m

We assume m? < M? and will discuss an expansion in the small parameter m /M. Obviously

1 m?2  m? M
I:M2<1+M2+M4+"'>lnm' (10.37)

Our goal is to reproduce this result by expanding the integrand in Eq. (10.36) before carrying out
the integration. This is helpful in cases where the full result is not available.
A naive expansion of the integrand

k k m?  m?
2 D) (2 1 M2) . R2(R2 1 M) <1k2+k4+”'> (10.38)

does not work as it gives rise to IR divergent integrals. This was to be expected: If one could simply
Taylor expand the integrand in m/M and integrate term by term, the result would necessarily be
an analytic function of m because the integrals would simply give the Taylor coefficients of the
expansion in m. But the result for I is not analytic in m/M, it contains a logarithm.

The problem with the naive expansion is obviously that it is valid only for k > m? while the
integration domain in Eq. (10.36) includes a region in which k2 ~ m?. As a warm up, we can avoid
this problem introducing a scale m < A < M to separate the two regions:

+/ dk i . (10.39)

I—/Adk K
Jo o (RREm2) (B2 4+ M2)  Jy (k2 m2)(k2 + M2)

I I

In the first region we use that k, m < M so that

A k A k k‘2 ]{4
l :/0 W T m) (R 20 :/0 e e (1_Mz+M4+”'> - (1040
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In the second region we use m < k, M so that

oo k o k m?  mt
Iun = = — (1 -Z+ ) (1041
o /A W ) (k2 4 202 /A eI o) ( A ) (10.41)

Taking into account the first two terms in /(;) and the leading term only in /()

M2+ m? A2 A2 1 m A2 At m? A
Iy = =55 In (”mz> “sr = (5) “a O <M6’M410g <m>> !

1 M? 1 A A? A* M

and summing up

1 m m? M
=1+ =—35W(57) +0 <M4 log <m>) , (10.43)

which is the expected result. All terms depending on A cancel as they must.

Thus the trick works, but it is well known that the use of hard cutoffs is impractical in cal-
culations of Feynman diagrams (apart from the simplest cases). We want to find out whether a
separation of different integration regions can be achieved using dimensional regularization. To this
end, consider

o k
I=[ dkk=
/0 (k2 +m?)(k? + M?)’

where we will eventually send € — 0 at the end of the calculation.
Using a low-energy expansion of the integrand, k,m < M, as in (10.40)

= [Care E (R (10.45)
I — 0 (k% + m2) M2 M2 MA : :

Here, for each term separately, we can choose the dimensional regulator € > 0 such that the integral
will converge both for £ — 0 (IR finite) and for k¥ — oo (UV finite).
Similarly, by performing a large-energy expansion k > A (cf. (10.41)) one obtains

(10.44)

oo _ k m?  mt

and we can choose ¢ < 0, to avoid IR divergences in the region where k£ — 0. Taking into account
the first terms only one finds

Iy = %F (1 - %) r (%) - % (i —Ilnm+ (9(5)) . (10.47)
Igp = Jﬁ;r (1 - %) r (%) - # <i YoM+ (9(5)) . (10.48)

The poles in € cancel in the sum, and the final result is again as expected!

This looks like magic, because at first sight there are at least two suspect issues:
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e Tirst: can we choose € > 0 in the low-energy region and € < 0 in the high-energy region and
then combine the two?

— This is legitimate, because dimensionally regularized expressions are defined for arbitrary e: we
only choose £ > 0 to be able to evaluate I(j) as a standard integral, but by analytic continuation
the resulting function on the right-hand side is uniquely defined for any complex-valued € and can
be combined with (7).

e Second: The integration domain in both Eq. (10.45) and Eq. (10.46) is not restricted to a
low/high energy region. Since we integrate the high-energy part over the low-energy region (and
vice versa), one could worry that this leads to a double counting?

— To see that this does not happen, observe that the low-energy integral I(;y ~ m™¢, while the
high-energy integral I(;;) ~ M™¢. This statement remains true also for the subleading terms.
Keeping the complete dependence on m and M the result for our integral (for finite ) is

1 € e\ m*c—M~¢
1=50(1=3)T(3) e (10-49)

and the low-energy/high-energy parts just pick up the pieces ~ m™¢ and ~ M™%, respectively.
Even though we integrate twice over the full integration domain, there is no double counting, since
the two pieces scale differently: the low-energy integrals can never produce a term M ~¢ since they
depend analytically on the large scale, and vice-versa.

— Let us see what happens if we insist in restricting the integration domain of the low- and

high-energy region integrals when using dimensional regularization. The integral in the low-energy
region would become in this case

A A A k k‘2 k‘4
I dkk—e—— " (o
(0 /0 (k2 1+ m2) M2 ( VR >

= /Oodk L C O
- A (k2+m2)M2 M2 M4

dk —
0
= I~ Ry (10.50)

To calculate the remainder Ry we can use that £ > A > m? to expand in the small m limit:

00 k k’2
SN By —— LI
R /A (k2 + m2) M? < el )

[e%s) B k m2 k2
:/A dk k €k2M2<1_k?_M?+'”>' (10.51)

Note that in this way we performed two expansions already: First, expanding the integrand in the
limit M — oo to separate part I(j), and, second, expanding the result for m — 0.
Similarly, consider the high-energy integral I(;;) in Eq. (10.46) with a lower cutoff A on the

integration. As above, it can be written as an integral without a cutoff and a remainder

A 2
_ k m
R :/o dk k 8714:2(]{:2—# 2 <1_k2 —l—)

A 2 2
.k m k
:/0 dk k Ek2 5 (1_k2 —2+...> . (10.52)
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In this remainder, we have again expanded the integrand in both the limit of small m and also in
the limit of large M, but in the opposite order as in R(;). However, the two expansions commute
so that the integrands of Ry and R(;p) are identical. Adding up the two pieces, we find that

k

oo m2 k2
— — —€

The dependence on A disappears, as expected, and the remaining integrals are of the type

©dk 1
/kk"+€ =7 n=0,%2,... (10.54)
0

Integrals of this type are called scaleless integrals as they do not involve dimensionful parameters.

Take n = 0 as example (the leading term). As written, the integral is ill-defined since a nonzero
€ > 0 does not help to eliminate the divergence for k — 0 and &k — oo simultaneously. To define this
integral properly one needs to introduce an additional regulator — e.g. restore the scale separation

< dk Adk  dk
k;—ez/ k—€+/ iy 10.55
/o k 0o k A K ( )

such that the first and the second pieces can be regularized choosing ¢ = ejp < 0 or € = eyy > 0,
respectively:

A
/ % E€IR
o k

The main point is that by analytic continuation the resulting functions on the r.h.s. are uniquely

1
= ATV (10.56)
eyv>0 EUV

= _ L p-em g / Tk ey
err<0 EIR ’ A k;

defined for any complex-valued € so that we can take e;p = eyy at the end, such that the whole
integral vanishes. This observation is crucial for the applications of dimensional regularization:

[ all scaleless integrals can be put to zero ]

To summarize, the remainder (10.53) vanishes because it is given by a series of scaleless integrals,
so that there is no double counting.
10.3.2 Kinematics: light-cone coordinates

For particles with large energy moving along predominantly z (or —z) direction, the usual decom-
position of momenta/coordinates as p,, = (po, Pz, Py, P-) is not convenient and one usually goes over

to
(Po;s Pzs Py, P2) — (Po + Pz, Po — Dz, Pz, Dy) (10.57)
—— Y—— ——
P+ p— L

This can be formalized introducing light-like vectors n and 7 defined as
n, =(1,0,0,1), and n,=(1,0,0,-1), (10.58)

so that

=2

n“=n-n=0, n“=n-n=0, n- (10.59)

3
Il
V]
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For each four-vector p# we can define the four-vectors p!, and p by using the light-like vectors n
and 7: _ u
n i n

so that the vector p# can be written in terms of these vectors or as a list of components in the

Pl =(n-p) (10.60)

light-cone basis defined by n and n:
pr=pi+pl+pi=m-p.n-p,pr). (10.61)

The four-vector p‘j_ is related to two-dimensional vector pr by pi = —|pr|* = —pQT.
The scalar product of two vectors p* and ¢* can then be written as

1 ) 1 B L.
p-q=p+-q—+p—-q++p¢-qL:§(n-p)(n'Q)+§(n-Q)(n'p)—pT-qT, (10.62)

Consequently, the square of p is
p*=2ps-p-+pt =(n-p)(n-p)—pp. (10.63)

Some confusion can arise (leading to lost factors two) as the subscripts + are often used to indicate
the light-cone components rather than the four-vectors:

Py =n-p=po+p: p-=N-p=po— Pz (10.64)

Then, e.g., 2(p+ - p—) = p1p— and p* = pip_ — pa..
Using light-cone components, the integration over momentum space can be written as

1 “+00 —+00
/ddk: 2/ dk:+/ dk_/dkoL,
1 o (o)
/ddk 5(k2)0(k%) = 2/0 dk+/0 dk:_/d“kL S(kik_ —k3). (10.65)

The second integral arises in “cut” diagrams. A common notation is §(k?)0(k?) = 5, (k?).

10.3.3 The Sudakov form factor

The general strategy to obtain the expansion of a given Feynman integral in a given kinematic limit
is the following:

i) Identify all regions of the integrand which lead to singularities in the limit under consideration,
ii) Expand the integrand in each region and integrate each expansion over the full phase space.

iii) Add the result of the integrations over the different regions to obtain the expansion of the
original full integral.

In this section we will discuss the so-called off-shell Sudakov form factor. This example is of
practical importance, and also allows us to discuss possible subtleties. To one-loop accuracy, it is
given by the Feynman diagram:
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p [

and requires evaluation of the following integral (we will ignore the numerator)

1
I =i —d/2 4_d/dd]{2
L (k2 +i0) [(k + )% + 0] [(k + p)? + 0]

(10.66)

where d = 4 — 2. The p*~¢ factor is inserted to make the dimension of I independent of the
value of d. We introduce the following notation:

L*=—-1”-i0, P?=—p>—i0, Q*=—-(1-p)?—i0. (10.67)

The goal is to calculate the integral in Eq. (10.66) in the limit in which L? ~ P? < Q? that is, in
the case in which the external legs carrying momenta [ and p have large energies but small invariant
masses.

It is convenient to choose the frame in which ¢ = (0,q) and the two particles have large
momenta in opposite z-directions, so that, e.g., # has a large “plus” component and p* a large
“minus” component, respectively:

I3 0
PR aQE (10.68)
2 2
so that
pﬂ = ((n'p)v(ﬁ'p)aﬁl)7 o = ((n€)7(ﬁ£)aZL) (1069)
11 1 1l
sma. arge arge sma.

To proceed, introduce a power counting parameter A that vanishes in the limit L? ~ P? < Q?

P2 L2
2
The (plus, minus, perp)-components of p and ! will then typically scale as follows
P~ (A 1L0)Q, and 1"~ (1,A%N) Q. (10.71)

For the transverse components there is some freedom: changing the direction of n* slightly, we
could choose e.g. p# ~ ()\2, 1, )\Ha) Q with a > 0 which is also consistent with p? ~ \2Q?.

Our task is to calculate the integral (10.66) by separating it in contributions of several regions
with different scaling behavior of the momentum k* ~ (A% A?, A*)Q. In simple cases, it turns out
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that only the regions with k* ~ (A% A\°, \°)Q, with a 4+ b = 2c are important. Specifically, upon
expanding (10.66), one finds that only the following four regions give non-vanishing contributions:

hard region (denoted by h) ~(1,1,1)Q
collinear to p (denoted by c) ~ (A 1,0)Q
collinear to ¢ (denoted by ¢) ~ (1,220 Q
soft region (denoted by s) ~ (A0 Q

All other regions, with the scaling k* ~ (A%, A\’, X\¢) Q and with a, b, ¢ not matching one of the four
cases listed above, give rise to scaleless integrals only, and therefore they do not contribute. In
particular, do not contribute to the Sudakov form factor:

semi-hard region (denoted by sh) EF o~ (A AN Q
Glauber region (denoted by G) E* o~ (A0 0 Q

e For example, consider a potential contribution of the semihard region. In this case

k4+0%= k% 42k -1 +k_ -1y +ki 1)+ 2 =2k -1, +0(\?), (10.72)
O(X\?) O(3) o) 0(A\?) O(\?)

and analogously
(k+p)? =2k, -p_ +0O(N\?), (10.73)

so that we need to evaluate

1
Is — d/2, 4—d / ddk .
e (k2 + i0) (2k_ - 11 +40) (2k - p_ + i0)

(10.74)

This integrals vanishes: I, = 0; the explicit calculation = next section. Exercise: show that also
the Glauber region k* ~ (A2, A2, \)Q gives a vanishing contribution to the form factor integral.

e Hard region, k* ~ (1,1,1) @

In this case k? ~ A\°Q?; for the other two propagators one finds

k4+0%=k* +2(ky - l_+k_ Dy +k 1)+ 1? =k 42k -1, +O0), (10.75)
o) O(\2) o(1) o) O(A?)

and, similarly
(k+p)?=k>+2ky-p_+0O(N). (10.76)

so that

1
I, = in~ %2 4‘d/ddk: : 10.77
e (k2 + i0) (k2 + 2k_ - 11 +i0) (k® + 2k - p_ + i0) (10.77)
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It coincides with the form factor integral with on-shell external legs p> = > = 0. [Why: in this
case can choose n,n vectors such that p* = (Q/2)n*, * = (Q/2)n*; the normalization is fixed by

—Q*=({—p)*=—-20-p].

The integral evaluates to

Ih:r(1+s) I'2(—¢) < u? >5

2l+ cp— F(]. —28) 2l+ cp—
(1 + 1 2
:(QQ€)<52 71 QQ+12QZ—7;>+O(5). (10.78)

The poles in € are of infrared origin. This calculation is rather straightforward.

e collinear region to p, k* ~ (A\2,1,\)Q.
In this region k% ~ A2Q?, while

(k4+0)%=2k_-1, + O(\?), (k+p)*=00?). (10.79)

The collinear region integral is obtained by keeping only the leading term in each propagator

I, = in— /2,0 d/ddk 1
¢ (k% +10) (2k_ - Iy +i0) [(k + p)? + i0]
T(l+e) T(—e) (p2\°
20, -p_ T'(1 —2¢) \ P2
_T(1+e) [ S AP
=~ <—62 — g o s+ +O(e). (10.80)

The calculation = next section. Note that the integral scales as P2 .

e collinear region to £, k* ~ (1,2, \)Q.

The calculation and the result are the same up to the replacement P2 — L? in the final result.

e soft region k* ~ (A2, A2, A2)Q.

Here

=0\, (k+D?=2k_ -1, +2+00), and (k+p)? =2ky -p_+p*>+ 0O\, (10.81)

and therefore the integral in the soft region is

I, = in Y2t d/dd 1
B (k2 +10) (2k_ - Iy + 12 +i0) (2k4 - p— + p? + 40)
 I'(1+e¢) 2, -p_p®\°©
T [(e)T (—e) < 12 po

P(l+e) (1 1 pQ o Q>
T <62 + - 11’1 L2P2 + = 11’1 L2P2 + — 6 +O( ) (1082)
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The poles in the last line of Eq. (10.82) are of ultraviolet origin. Note that the result depends on
the “new” soft scale Agoft ~ P2L?/Q? much smaller than virtualties of the external momenta!

e The sum

We find
_T'(1+¢) (1 L 1,
b <2 st e TOW
. F(l +€) ]_ 1 7] 1 9 Iu2 7T2
1. QQ <_€2_€1nP2_21 P2_|_ 5 _|_O(/\)
I'(l+e¢) 1 1. p o 1 2
c = ———-In—5 —=-In" =5 + —
Ic QQ ( 52 5 L2 2 L2 + 6 +O(}\)
S T(l4e) (1 1, p?Q? L 12Q? 2
L= <52 o Ty s g O (10.83)
so that summing up
- 1 Q2 2

e The final result does not depend on the dimensional regulator €.

e It coincides with the one that would be obtained by evaluating directly the integral in
Eq. (10.66) and then expanding the result in the A — 0 limit.

e IR divergences found in the hard region cancel out against the UV divergences found in the
sum of the soft and collinear contributions. This feature is general and requires a nontrivial
interplay of the logarithms found in the various integrals:

2 1 //J QQ 1 2
\W_z
IR uv

e Each contribution (h, ¢, ¢, s) depends on only one scale (will be important).
e Overlap between collinear and soft regions? — No, leads to scaleless integrals.

e Life can be more complicated: For some observables the simple separation of the integral
in hard, soft, and collinear regions breaks down because the different momentum regions
are not well defined if one does not introduce additional regulators on top of dimensional
regularization.
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10.3.4 Sample calculations

e The collinear integral 1.

1
I =i —d/2 4_d/ddk?
e (k2 1 i0) (2k_ - 15 +40) [(k + p)2 + i0]

This integral involves a propagator which is linear in the loop momentum k. To combine linear

(10.86)

and quadratic propagators, it is convenient to use the representation

1 o0 1
i dy ——— 10.
ab /0 Y (a+by)?’ (10.87)

in cases where a is a standard propagator, and b linear in the loop momentum. Note that the y
integral runs up to infinity. By performing a variable change from y to z, with y = z/(1 — z),
one recovers the standard Feynman parameterization. This can be generalized to the case of n-
propagators as follows

1 & & & n—1)!
— = / dyl/ dys - / dyn—1 ( ) —. (10.88)
a1a2a3 - -+ 0y 0 0 0 (a1 + az2y1 + asyz2 + -+ - anyn-1)
For higher power of propagators, one uses
1 I'(m+n) /OO yml
= dy ————. 10.89
ambm  T(m)['(n) J, Y (a + yb)ntm ( )
For our case we use n = 3
1 e & 2
— = d d 10.
abc /0 o /0 2 (a+ bry + cx2)3’ (1090)
where a = k%, ¢ =2l k_ ~2l, -k, and b = (k + p)?. In this way one obtains
o0 e, 9] 2
I. = iﬂ'_g;ﬁ_d/ dwl/ dl‘Q/ddk 35 (10.91)
0 0 (14 21) (kK2 +2k-V — M?)]
with
i lﬂ P2
puo TP R T e TP pa (10.92)
(1 + 561) (1 + $1)
The loop momentum integral can now be taken using
T(a) 4 T(a—9)
A%k —— = ——— 2 10.93
/ (—k:2—2k'V—|—M2—zO)“ (M2+V2)a7% ( )
Then
> 1 o P2z + 21, - p_x129 —lee
I, = p*T' (1+ / doy——— / d (
a ( E) 0 . (1+x1)3 0 2 (1+$1)2
= 25F(1+5)/Oodac J:1_1_5/0<>ci313 (P?+ 21 x )_1_6 (10.94)
=K ) 1(1—1—3:1)1—25 ; 2 + " P-T2 .
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The integrals over x1 and x5 decouple and one finds

I'(l—e)I'(—
I _ 25F(1+6)P—2 2e ( 8) (

8) > —1l—¢
1
T(1 - 2) /0 daz (14 raz) =

(R TAEOTA () [,
_<P2> oy p_ T(1—2e) /0 dzy (1+22)

:<MQ>5P(1+5)F(1—5)P(—5) . T(l+e) I'*(—¢) (1/52)8,

P2) 2, .p_ e(1—2) 20 -p_ I(1—2e)

which is the result advertized in (10.86).

e The soft and semi-hard integrals I, I,

1

I, = a4
e / (k2 +i0) (2k_ - 14 + 2+ i0) (2k4 - p— + p2 + i0)

1
Is — d/2 4— d/ddk ]
h = (k2 + i0) (2k_ - 14 +140) (2 - p_ +40)

125
r=2l, -p_/P?
To > xh /T
(10.95)
(10.96)

Note that I, is given by the same integral as I, but for p?> = 2 = 0. We will find that this integral

vanishes.
Start using

1 /ood /ood 2
— = x x
abc  Jo "o *(a + by + cag)?

with a = k2, b=2p_ -k + p?, and ¢ = 2l - k + [2. The denominator becomes
a+bxy + cxo = k2 + 2k - (p—x1 + lyx2) + p2xy + Py

and doing the k-integration we obtain

(oo} o0
I, = p*T(1+e) / dzq / dza (wle + 29L? 4 21, -p_xlazg)_l_
0 0

Changes of variables:
o x| /P? 2o — ah/L*:

F'(l+e _
P2L2 / dzx / dxg xl + 22 + a:clxg) 1-e ,
Next

® I9 —>J}1$/21

Is=pu

F l1—e
I, = ” P2L2 / d:cl/ d332.171 (1 + x9 + amlxg)
Next
o 15— 5/(1+ ax) :

F'(1+e¢) x© o0 1
Iy =p*—t | doyp— dao (1 °.
S % P2L2 A 1 + ar, / L2 ( + ‘TQ)

(10.97)

(10.98)

‘<, (10.99)

2l+ . p_
T prre2

(10.100)
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The two integrals are now factorized and we get

T(1 0 / —€ [e’e}
IS = M2E(ma1+€/ dx/l Ty . / de (1 + J:2)7175 T — LL’II/CL
0 0

pP2L2 1+
=I'(1—¢)I'(e) :"%
_I(1+4¢) [ P*L? 204 - p_p®\° (—e)T(e)T(—¢)
 P2L2 \2l, -p_ P2L? £ ’
I'(1+¢) 20, -p_p?\°©
= ———— ' T(e)(—e) [ =5 10.101
() () (10.101)

which is the result advertized in (10.82).

If we set p? = [?> = 0 at the beginning of the calculation, the integral vanishes, even if p -1 # 0.
This is seen immediately by setting p? = [?> = 0 in Eq. (10.99). By doing this one obtains

I (p* = 0,1 =0) = p*T (1 + a)/ dwl/ dag (24 - p_) 1 (wyag) T E (10.102)
0 0

where the two integrals in x; and zo factorize and both vanish (scaleless integrals, see example
above). Thus Iy, = 0, as advertized.

An alternative way of proving that

1
v : d%k =0 10.103
P1, D2 / kQ(kpl)(kPQ) ( )

involves integration by parts identities. This is a very important technique so I want to illustrate
its application on this example.

The starting observation is that in dim. reg.

0 il
d%k = 10.104
/ ok 2k p) (k- pa) (10.104)

for any v*. There are no boundary terms at infinite momentum because one can always choose
the dimension d in such a way that the integrand goes to zero sufficiently fast for k# — oco. By
choosing v* = k* and applying the derivative to the integrand one obtains

9 o _ 1 » okt
Okt k2(k-p1)(k-p2)  K2(k-p1)(k-p2) " KAk -p1)?(k - p2)
k. i g Py
Pok2(k-p1)2(k-p2) " K2(k - p1) (k- p2)?
—(d— 4 ! (10.105)

(kQ)(k -p1)(k - p2) '
Thus
1

_ d —
=) [ 2 G HO-100)
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Since in dimensional regularization one works in d # 4 (and then one takes the limit & — 0) this
relation implies Eq. (10.103)!

A somewhat more complicated example, consider

_ 1 _
I(a, B) = /d k(2k~l+12)a(2k-p+p2)5 =7 (10.107)

for , B8 > 1. By considering the integration by parts identities

/ 52 o =0 (10.108)
Okt (2k -1+ 12)2(2k -p+p2)8 '

with v = £ and v = p one finds
alPI(a+1,8)+B(-p)I(a,8+1)=0,
a(l-p)I(a+1,8)+ Bp*I(a,+1)=0. (10.109)
This implies
Ia+1,8) =I(e,4+1)=0 unless (I-p)>—1%p*=0. (10.110)
A one more relation comes from setting v = k. One finds
(d—a—B)I(a,B) +al’I(a+1,8) + Bp*I(a,f+1) =0, (10.111)
which, taken together with Eq. (10.110), implies (unless d = « + 3)
I(a,5) =0. (10.112)
The IBP identities (K. Chetyrkin, F.Tkachev, 1981) prove to be very powerful in higher loops. This
is currently the leading technique (starting point of) the calculation of multiloop diagrams.
10.4 Scalar SCET
10.4.1 The Lagrangian

We now construct an effective field theory whose Feynman rules directly yield the above hard,
collinear, and soft integrals for the Sudakov form factor. We will do it here for scalar ¢ theory:

£(6) = 30u6()0"6(x) — 56%(a) (10.113)

In order to derive the SCET effective Lagrangian needed for the calculation of the Sudakov form
factor in this theory, we need to split the scalar field in the sum of a hard field, field collinear to
the momentum p, a field collinear to the momentum [, and a soft field:

¢(x) = On(x) + ¢e(w) + da(x) + ¢s(2). (10.114)

Contributions of the “hard” field will be integrated out and absorbed in the coefficient functions
of the operators built of soft and collinear fields.
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At three level we can simply ignore terms with ¢, and the effective Lagrangian can be written
as the sum of four terms:

L(¢) = L(¢c) + L (02) + L (ds) +Lets (dc, bz, ds) - (10.115)
=L =Lz =L

The first three terms are copies of the original Lagrangian, and the last one describes the interactions
between soft and collinear fields:

£c+s (¢c; (/)57 (Ds) = _%¢62®s - g¢€2(ps X (10116)
(—),s ‘."' (r),s

D¢ [0

(7( Pz \

All others vertices are forbidden by momentum conservation.

Next, one needs to expand the interaction terms to keep the proper components in the A\ — 0
limit. This is called a derivative (or multipole) expansion. Consider, e.g.,

dd dd dd@ ~ i .

We assume pff , ~ (A2,1,)\) Q and pr ~ ()\2, A2.2%) @Q so that also

Pi+ph+ 0t~ (A 1L0) Q. (10.118)

Consequently the components of x must scale as

1 1\ 1
Pl =, = ) = 10.11
“~(133) 10119
and
Ps = (ps)t - T—+(ps)— T+ +(ps)L -y . (10.120)
o) 002 o)

This means that the soft field ¢s(x) can be Taylor-expanded around the z" = (z - n)n*/2

| 1/ ., |
Oul) = Gs(x ) + 21 01 0u(w ) + 34 -0 bu(w ) + 5 (:ciguaﬂay @S(m,)) Y. (10.121)
o) 0(\?) 0(\2)

where each derivative counts as ~ A\? (as soft momentum). Thus we can write the interaction term
as

[ s s@on = [de o) @+ 00). (10.122)
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Thus the full leading-power tree-level scalar SCET Lagrangian has the following form

1 1 .
Lscer = §8u¢c($)au¢c($) - %@f)i’(iﬂ) + gaugbé(m)auqbé(x) - %gﬁ?((l/‘)

+ éams(w)a%su) - 583@) - S42@)0u(a-) = FeR(@)du(as).  (10.123)

In general, one should expect that taking into account loop corrections the effective Lagrangian
will be modified, e.g. for the interaction term

g?f? o3 (z) = —% (1 +g2CM + g*Cc?) + .. ) o3 (x) - (10.124)

—50k(w) > -

In order to fix the coefficient C'") one requires that the corrections of order g2 to the interaction of
three scalar fields are the same in the full theory and in the effective theory. In the full theory these
corrections coincide with the one loop corrections to the ¢? vertex, while in the effective theory one
finds contributions originating from one loop graphs and contributions proportional to C(}):

where (important!) all three momenta are collinear: py 23 ~ (A\?,1,A). This is an equation on C’él).

The first diagram on the r.h.s. is identical to the original loop integral on the Lh.s. (same
Feynman rules). A non-zero Cél) would therefore only be needed to compensate a contribution
with a soft particle in the loop. Fortunately, these additional one-loop diagrams all vanish. Starting

in position space we would get '

/// ddxlddxgddxg e—zx1~p1+zx2-p2+m3~p3

. . d .
A% 0 iey—arynke [ AR iamanyky [ AR2 i ay)ks
X d7.2¢ d7.2¢

(2m)d k (2m)d k¥ 3

@s(l’l—)@s(IQ—)

d’k 1
= (2m)436%(p1 — pa — / 10.125
RO e ) [ Gy k2, — i Py — k)P Ho-129)
Thus these diagrams involve
/ddk — 5 L —— (10.126)
(k%2 4+i0)(—2k4 - (p1)— + p +140)(—2k4+ - (p2)— + p3 +i0)

which is similar to the soft integral in (10.96) but with ¢/ — py. Following the calculation in the
previous section one can see that this replacement produces a scaleless integral. Thus Cél) =0

fthanks to Jakob Schoenleber. Note that ¢ () — ¢s(z+) in the Lagrangian effectively eliminates the terms ~ k>
in the collinear propagators.
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A general argument why no corrections are necessary for purely collinear diagrams: one can
choose all external momenta p!’ in a single direction p! o p* and require p?> = 0. In this case all
loop integrals are scaleless and vanish, so that necessarily C) = 0. This argument also applies
for higher loops; thus the SCET Lagrangian receives no corrections to all orders in perturbation
theory. [The same kind of reasoning can be applied also to soft-collinear interaction terms.]

10.4.2 Matching for composite operators

Sudakov form factor corresponds to a process when a fast particle is abruptly changing its flight
direction because of a hard interaction with some external source. At tree level, obviously,

q q
]/\ _ p/g\/
N
N

¢*(x) = dc(x)¢e() (10.127)

or, on the operator level

J(z) =

N

but including loop corrections the situation becomes much more interesting. One can envisage an
expression of the type

C .
J = Cadedo+ =2 (0200 + $ed?) +... (10.128)
—_—— 2!
=Js =vJ3

but, most importantly, in addition to operators with multiple fields, one should also consider
operators involving derivatives. A derivative of the collinear field in a given direction scales as the
corresponding component of the momentum, therefore

n-0¢c(x) ~ Noe(x), 0 dc(x) ~ Aoe(x), n-0¢c(x) ~ Noc(z), (10.129)
and similarly
7 - Oge(x) ~ Nopa(x), O de(x) ~ Xoe(z), n-0pa(x) ~ Mo (). (10.130)

The derivatives 0_¢. = (7-0)¢. and 04 ¢z = (n-0)¢: are not power suppressed, because the collinear
fields carry large momentum in these directions. Thus all operators of the type (851 gbc)(af’g’)@)
contribute at leading power in A and have to be taken into account.

A convenient way to include the operators with derivatives in given directions is to go over to
a non-local representation

+o00o
Ja(z) = // dsdt Ca(s,t, 1) e (x + sn)dz (v +tn),

— 00

+oo
J3(z) = /// dsdtidty Cs(s,t1,ta, p)de(x + si)da(x + tin)de(x + ton) + (¢ ¢ €) , (10.131)
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etc. The SCET operators are thus non-local along light-cone directions corresponding to large
energies. The coefficient functions are usually called matching coefficients in this context:
Cas,t, 1) = 8()0(t) + g°C5" (5,8, 1) + g*CF (s, t, ) + ...
Ci(s, tr, o, 1) = GO (s, 1, b, 1) + G*C5V (s, 0, b, 1) + .. (10.132)

In practice it can be more convenient to consider Fourier transformed coefficients, e.g.

2(p—ly, 1) // dsdt e POy (st 1) p—=(n-p), lx=(n-I) (10.133)
Note that Cy will only depend on the product p_ly = @Q? but not p_ and I, separately. One
way to understand this is to note that our formalism is invariant under a rescaling n* — ant
and simultaneously n# — 1/an* which is seen already in the momentum decomposition p* =
3(n-p)k + 3(n-p)nk +p'|.

In order to calculate the coefficients Co, C's we have to require that matrix elements of J and
Jo + J3 + ... coincide on a suitable set of states

(11 (@)|p) = (U] Ja(x) + J3(@) + ... |p)

(1la| T (2)|p) = {(ila|Ja(x) + J(z) + ... |p)

(10.134)
In order to make the calculation simple we will take p? =12 = 0 (free particles states).
e At order O(g")
q q
//i\\_ N(O)//§
= G .
V4 / P N
1 o ,
Lhs. = 5 (11?(@)lp) = €7 o(z)p) = e 7"

r.hs. = // dsdt Céo)(s,t,u)<l]¢c(x + sn)de(x + tn)|p) = // dsdt Céo)(sata ple Pt gilletin

= eil:pfipw // dsdt CéO)(S, t; H)eiis[)* eitl+ = eileipxééo) (p—l+’ :U’) ) (10135)
so that C(O) =1.
e At order O(g )

q q
//%>\ /45\\ C§;/§\ +(%l/;\
EN RN
,/ \\ | \\
D D ls 1 D lo €y

(and snnllar dlagrams with [ 1 & l 2.)
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The first diagram on the Lh.s. involves only one propagator with virtuality (I; + l2)?. Since
C’éo) = 1, this diagram and the first diagram on the r.h.s. give identical contributions and drop out

of the equation. Thus C’éo) is determined by the second diagram on the L.h.s.:
1 1

CO (n-li,n-lo,7iep,p) = - . 10.136
3 (n 1, 12,M p,/i) (p—[2)2+7,0 —<n[2)(ﬁp>+10 ( )
The corresponding expression in position space is
Cg(s, ti,to, pu) = 9(—8)(5(t1)0(t2) + (’)(g3) , (10.137)
which can be verified by carrying out the Fourier transform
“+o0o
) = / / dsdtydty e P 2R G(—5)0(t2)5(t )
0 [e'¢) o - 1
= ds/ dtg e Pt = — 10.138
[ e = ONICR (10-13%)
Thus we get
“+o0o
Jg(ZE) = // dsdtidts 03(8, t1,to, AL)QZ)C(SIZ + Sﬁ)¢5(T + tln)ng(a? + th) + (C — 5) ,
0 o0
= g/ ds/ dty e + 87)Pe(2) e + tan) + (¢ < &) + O(g?) (10.139)
—00 0
e At order O(g?)
The matching condition is, diagrammatically
q q q
_ ~(1 0
ERes . + gcy . +
p ; p W ! p Vi !
q q

N
This looks complicated but for p? = 12 = 0 all diagrams on the r.h.s. except for the first one vanish.
E.g. the last diagram corresponds to the soft region integral (in the region decomposition) with
on-shell momenta and vanishes. At the same time Since p? = I2 = 0 the diagram on the Lh.s. for
p? = 12 = 0 becomes identical to the contribution of the hard region in (10.77). Thus we get

. 1 r2(4—2 2\*2
CV 1, = T3 -9 (G-2 <lfp ) ;o Lpo = QP (10.140)

cf. (10.78).
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10.4.3 Sudakov form factor in scalar SCET

Let us return to the Sudakov form factor: we want to employ SCET machinery to calculate the
triangle diagram that we did before using the strategy of regions. One obtains at order O(g?)

q q q
= QQCél) . + gC’;)()O) . +
p ( p N\ ( p \ N 4
q q
+ gé§0> + C’éo)
p / \\ (

The diagrams are the same as above in the matching calculation, but now we take p? and /2 small
but nonzero. It is straightforward to check that the four diagrams on the r.h.s. exactly correspond
to the hard-region integral, the two collinear region integrals, and the soft-region integral which
were found with the strategy of regions. For example, consider

q
~(0
gCy” N
AN
P /
0 e’}
/ddxe’qz | J(x)|p) /ddme“” l|{ /dd ¢3 )} {g/ ds/ dt¢c(x+sﬁ)oc(x)cbg(:t+tn)}|p>
—oo JO
(10.141)
Use ¢o(x+s0)|p) = e=PEM) (1|pa(y) = e and usual expressions for the propagators:
_ d k —ik(z—y) i
T{o(2)d(y)} = /( v k2 10 (10.142)
Get
: 0 o0 ) L A e~ tk1(y—z) A%k, e—ik2(z+tn—y)
_ 2 d,. iqr d —ip(ztsn) ily 1 2
== d @ [d d dte™ ™
g / e / y/_oos/o ¢ ¢ /(27T)d K2+ 40 /(27r)d k2 1 i0
(10.143)
Here use

0 00 ) B ) 1 1
ds / dt e 15 n) g—it(kan) _ 10.144
[ i)k 1)~ 20 (k2)s) (10-144)

—00
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The integrals over = and y produce d-functions: (27)%6%(—p+ k1 — ke +q) and (27)%5%(1 — k1 + ko),
respectively, so that one gets, renaming ko — k

d?k 1 1
o= _92(27T)d54(q—p+l)/ @m) (2 3 10)[(h + D2 10 2(p_ ko) + 10 (10.145)
0

This is exactly the integral for the (anti)collinear region Iz, cf. (10.86).

For order-by-order calculations, the direct application of the strategy of regions is more effi-
cient. However, SCET allows one to study all-order properties of scattering amplitudes, such as
factorization theorems (an example follows), and also apply renormalization group equations to
resum to all orders large logarithms of the ratio p?/Q? (maybe later).

10.4.4 Factorization theorem for the Sudakov form factor in d =6

So far the space-time dimension was arbitrary. In this section we take d = 6 in which case the
coupling is dimensionless (which is what have in QCD, e.g.). Setting i = 1 the action of the theory
has to be dimensionless:

1
5= [ | 3000 0%6(0) - 96°(0)] (10.146)
for the mass dimensions of the field and the coupling, it follows that
[0 = —; [p]=1 in d=4, [p]=2 in d=6,

9] = —; [g)]=1 in d=4, [g)]=0 in d=6. (10.147)

At this stage, we want to study how the various fields in the effective theory scale in terms of powers
of Ain d = 6. This will allow us to assign a power of A to any operator in the effective theory to
determine which parts of the effective Lagrangian contribute at a given order; this process is called
power counting. To this end, consider the propagators

~ 6 —ip-x i ~ )4 o 2
A6 A0 ?: d—2”perp” directions
e s -~ 6, —ipx L )8 I 02 22 Z2 22 )2 )2
O T (o). O} 10) ~ [ dp 7t 55~ P (N2 X207 N2 1Q (10.148)
Al2 A0 Tf: d—2"perp” directions

where from conclude that the collinear and soft fields scale differently

P~ A, ds ~ A (10.149)
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For different terms which appear in the SCET Lagrangian, keeping in mind that the scaling of the
integration measure is given by the components of x, the conjugate variable to p, one finds

[dSx10,0.(x) 9" ¢c(z) ~ &5 (AN =20,
[ dSz 30,04(2) 0" dy(2) ~ st (A2A4)? = N0,
[dbz g ¢2(z) ~ % (/\2)3 =0, (10.150)
Jdbz g3 () ~ = (AT =00,

[ d®z g ¢?(x) ds(x) ~ % (/\2)2 A =)2 = Suppressed.

In turn, for the contributions to the matching for the current J(z)

[ Eaouta) ol NN =20,
/dGm ¢%(z) de(z) ~ % (/\2)2 A =)\ — Suppressed,
/dﬁa: dc(T) pe(z) Ps(x) ~ % (/\2)2 M=) —  Suppressed. (10.151)

[Observe that the integration measure dx scales in this case as 1/A* because the plus and minus
components of 2* are both ~ X, as they are conjugate to a momentum which is a sum of {-collinear
and p-collinear momenta. Therefore dbz ~ (p;)~* ~ A7%]
We conclude that to leading power of A only the two-particle contributions (still nonlocal!) have
to be retained.

In summary, in six dimensions the Lagrangian simplifies to

/ d%z Locpr = / dSz [Lo+ Lz + Ls] + O(N?), (10.152)
while for the current one finds

/dﬁx e J(z) — /dﬁx el //ds dt Co(s,t, 1) ¢ (z + sn) de (x + tn) + O (A?) . (10.153)

e Factorization theorem

Consider the three-point Green function
Glp,1,p) = / by e / 13 €72 (0T {o(1) T (0)bul2) } 0)
= /d6x1 e P /d6:c2 elee // dsdt Ca(s,t, u) (0T {¢c(x1)pc(s1) Dz (tn)dz(x2)} |0)

—/dﬁxl e /d% el //dsdtCz(s,t, ) {O|T {pc(1)pe(s) } [0)(O|T {@z(tn)da(w2)} 0)
(10.154)
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Since the soft-collinear interactions are power-suppressed, the fields ¢. and ¢z do not interact with

each other. Up to power suppressed terms, we now deal with two separate theories and the matrix

element in the first line reduces to the correlator of the ¢, fields times a correlator of the ¢; fields.
Translation invariance implies that

(O[T {¢c(x1)pe(sn)}0) = (0T {¢c(x1 — s71)hc(0)} |0)
(O|T {pz(tn)dz(x2)} |0y = (O|T {dz(0)pz(zo — tn)} |0) (10.155)

Changing variables x1 — x1 + si and xo — x2 + tn, one obtains

G(p,l, ) = / ds dt Co(s, t, p)e” P HINT (9% 1) T (17, 1)

= Co((p-n)(1-n), )T (0, 1) T (17, 1) (10.156)
Q2

with ‘

Tn) = [ PO (o) 00} 0),

T(2 ) = / B 672 (O[T {62(0)da(22)} 0) (10.157)
Diagrammatically:

q
q

= @ + O(\?)
@ J(L?) )
\

4
Pt TN

D

We have factorized the Green function G into a product of a hard function Cy and two jet
functions J. In other words, we have managed to factor a function of three variables into a
product of three functions of a single variable. All entries can be calculated within the full theory
since the collinear Lagrangian is identical to the complete ¢ Lagrangian, and the hard function
coincides with the form factor at p> — [? = 0.

To one-loop accuracy our result is consistent with the calculation of the triangle diagram above,
which is given by the above Green function with amputated legs, e.g. removing the jet functions.
To see that, notice that for d = 6 ¥

d
[*(5-2) (p*\" 2
I, ~T(3-H—2 2 (L =0\ 10.158
T D5 ()=o) (10.158)
and it is easy to check that
P2 L2 P212
e~z = O(N?), e~ s = O(N%), I~ =i = oY, (10.159)

#We have to replace in (10.78) & — 2 — d/2 in order that it is valid for all dimensions (and adjust the power of z?)
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so that collinear and soft regions all produce power corrections and can be dropped. The hard
contribution, in turn, develops an UV divergence and to logarithmic accuracy is ~ InQ?/u2. 8 In
other words, the triangle diagram in d = 6 remains finite at P> — 0 and L? — 0 and coincides
with the hard region contribution alone (up to power corrections). The only logarithms that one
encounters in higher orders will be of the form

( g )” o (Fov

(4m)? Q)"

This suppression of collinear and soft contributions in the Sudakov form factor is a pecularity of
the d = 6 theory, it will be more complicated for QCD.

10.5 SCET in QCD

In the QCD case three complications arise:

i) Different components of the quark field ¢ (x) and of the gluon field A,(x) scale differently
with the expansion parameter A;

ii) The theory is invariant under gauge transformations, but it is necessary to make sure that
they respect the scaling of the fields;

iii) Non-local operators involve Wilson lines to ensure gauge invariance.

10.5.1 Power counting and effective Lagrangian

e The starting point is similar. We split

() = Pnl@) + elw) + vela) +u(a)
(@) = () + () + e(a) + vs(z),
AP (z) = A (z) + AP(z) + AL (z) + AP (). (10.160)

Contributions of the “hard” fields will be integrated out and absorbed in the coefficient functions
of the operators built of soft and collinear fields.

At tree level we can ignore the hard fields and simply substitute these expressions in the QCD

Lagrangian. At loop level, matching corrections can arise, but will only affect contributions con-
taining both ¢ and ¢ fields (as in scalar case).

e The first difference is that fermion and gauge fields have several components, which scale
differently with the expansion parameter A. To read off the scaling of the fields one can consider
the propagators. Start with gluon:

d*p )
(2m)4 p? + 10

(0] T{ A5 () 45(0) }0) = o /

e | g 4 (1— g)pigf” 5o (10.161)

*Note that T'(3 — D¢ —2) =TB—£)(2 -3)I'(¢ -3) = -T(4 - £)I'(£ — 3) so that from the structure of
I'-functions alone, one cannot tell whether the divergence at d — 6 is IR or UV, one needs a separate analysis.
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The position argument z* of the fields is conjugate to the momentum p* in the Fourier exponent
p-x ~ O(AX). The part of the propagator involving the gauge parameter scales like d*p/(p?)? DPuby ~
puPy- In a generic covariant gauge, the gluon field thus scales exactly like the momentum A, ~ p,:

(n-Ag, n-Ag, AY)) ~ (A2X20%),
(n'Acaﬁ'AchcLu)N(AQa 17>\)7
(n-Az, - Az, Ag®) ~ (1,22,X). (10.162)

\ J

From the scaling we immediately see that in terms involving both s and ¢ gluons, the soft gluons
are power suppressed, except for the n - Ay component, and in terms with s and ¢ gluons only the
n - Ag will be relevant.

e Next, consider the fermion propagators. For a soft fermion

d*p i . A2
(O T {1hs(x)5(0)} |0) = / 7; > Zfioe—w ~ (A2)4F =\, (10.163)

so that the soft fermions scale as v;(z) ~ A3. The collinear case is more complicated because differ-
ent momenta components scale differently, and numerator of the propagator must be decomposed

into " "
- 1
—n-pt+tn-plta+ . 10.164
Y T RING z,./ ( )
o(2?) O(X0) O\
This implies that different parts of the fermion spinor scale differently. Write
wc:P—‘rwc‘f’P—chgc"i‘nc (10-165>
using the projection operators
Py = ﬁ%, P_ = i%, such that Py + P_ =1, PP =0, Pi =Py (10.166)
Then
Lipah W [ d'p i p¢ 1
o|T 0) me% — ip-x 2 4 2
( ‘ {fc( }| 4 p2+i0 4 (27r)4€ P2 + ZO )2 ’
palh i [ d'p ., in-pl 1
o0lT O ip-x — ip-x 2 N)\47>\2:A4
(O {me()17e(0)110) 4 p2+1i0 4 (271')46 p2 + 10 A2 ’
(10.167)

where from

Ee~ A, e~ A%, Ps(z) ~ A3 (10.168)
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Observe that soft fermions are suppressed compared to the collinear ones.
e Now that we know the scaling of all fields, we can plug the decomposition (10.160) into the
QCD action and read off the tree-level effective field theory Lagrangian,
S=85s+8c+ 54+ Seqs + Seqs + ... (10.169)

The purely soft part S
is just the usual QCD action, except that the fields are replaced with their soft parts:

5= [dte {Ban.. - FEDLEY, (10.170)

with
Dl =09t —igAl, DI, DY) = —ig(F'"),, . (10.171)
Here [ d*z ~ A78 and it is easy to check that all terms are of order O(A?), no further simplification

is possible.

The purely collinear part S,
is again a simple copy of the QCD action, but we decompose the fermion field ¥, = &, + 1. and get

Se = / d'z (& + 7c) Vm Dot Bin D+ z‘%] (6 +11c) - / a3 (F)u(FE ™

2 2

_ _ 1
= /d41‘ [gc 7722“1 “Deée+ & iwcL Ne + Ne iwcL e+ e %Zﬁ - De 770} - /d4a7 Z(Fg)uV(Fca)lw .
(10.172)

where of course

Dl =0t —igAl,  [DM,D¥] = —ig(F%),, . (10.173)

Cc

Here [ d*z ~ X\~* and, again, all terms are of order O(A?). Thus all terms have to be kept, but this
form of the Lagrangian is inconvenient since it involves both the large component &, ~ A and the
power suppressed field 7. ~ A? and the two mix into each other.

This complication can be avoided by integrating out the small components of the fermion field,
similar to how one integrates out the H, field in HQET. To do so, we can rewrite the fermion part
of the Lagrangian as!

1

imn -

DCiJDcL] £c+(nc—£cz‘wd ! ﬁ) bin. D, (ncﬂi ! z‘wdfc)

s ,
= -D
502 in-De+ilDey in-D.2) 2 24n - D,

and shift the field

noo1
e — ———1 10.174
Tlc Tle 2in- D, chJ_ &e ( )
: 1 1
Ycare has to be taken to define the inverse operator 7o €8 3 o
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After the shift, the fermion part of the Lagrangian takes the form

gc ?7; [m . Dc + imci ilDCJ_:| fc + ﬁc ﬁ”_l ' Dc e (10'175>

1
in- D, 2
and the mixing between &, and 7, is eliminated.

Assuming there are no 7. external lines, the remaining 7. %m - D.n. only produces closed loops
(in gluon background), which all vanish because singularities of the 7. propagator appear to be
always on the same side of the integration contour. Thus finally
1

5,= [ate (&5 [im-Dov v |- Jrne) (10.176)

The soft-collinear interaction term Sey
The soft-collinear interactions in ¢® theory were obtained by replacing

3l
In QCD it is more tricky. Remind that

I | d'z ¢ (z) — —% /d4x P2 (x) s (). (10.177)

(n-Aeyin- Ay Act) ~ (A1,)),

(n-Agn- Ay Agl) ~ (A% 0%07)

£~ A, by ~ M. (10.178)
Thus

e 1), is power suppressed compared to the collinear fermion fields, so that no soft quarks are
present in leading-power interactions with collinear fields.

e Since nn- A, and AZ | are power-suppressed compared to their collinear counterparts, only the
component n - A; has to be added.

Therefore to leading power one only needs to replace

A¥(z) — (n- Ac(xz) +n - Ag(x2)) %ﬂ +n- Ac(:v)%# + Al (z) (10.179)

in the quark and gluon collinear Lagrangians discussed above. Note As(x) — Ay(z_): E.g. for soft
gluons interacting with collinear quarks

Surs > [dre@) - Awed)

Ee(T)

T=T—

= /d4x§_c(x)ﬁ2i[1 +x, -0ty - 8_—1—...}71 - Ag(x)
o) 0(\?)

= /d%; gc(x)gn CAg(z)E(z) +O(N). (10.180)

This is similar to scalar theory.
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To summarize, the SCET Lagrangian for QCD can be written in a compact form as follows

(Fea)? . (10.181)

T s & 1 S,a 1
ﬁSCET:d)s?’Ipsd}s—i_g? in - D+’L¢CL — ’LchJ_ (F,}b) Z

The covariant derivatives are defined as

=10, + gA;,, iD;, = i, + g4, iD, = iDj, +n AS(I,)f
in-D=in-D;,+gn-As(z_)=in-0+gn-A(x) +gn- As(zr_). (10.182)
The field strengths are
igFy, = [iD;,iD;}] igFy,, = [iD,,iD,] . (10.183)

Note that the (Ffw)2 term includes interaction of soft and collinear gluon fields.

As written above, the SCET Lagrangian includes only one collinear sector, but in practical
applications one needs two or more. As in the scalar ¢? theory, we will in the following consider
two collinear momenta p ~ (A2,1,A) and [ ~ (1,A2,)). The /-collinear sector in the Lagrangian
can be obtained by replacing n* > n# (which implies z; <> x_) in the p-collinear sector.

10.5.2 Gauge transformations

QCD is a gauge-invariant theory. However, in the same way in which we expanded the Lagrangian,
it is necessary to expand the gauge trafos: we want to avoid the situation when, e.g. a gauge trafo
converts a soft field into a collinear field. Thus it makes sense to split all possible trafos into two
classes: the soft gauge transformation

Vs(z) = exp [iad(x)t], (10.184)
and the collinear gauge trafo
Ve(z) = exp [iad(x)t?], (10.185)

where the difference is that o (x) is a slowly-varying function in all directions, i.e. Ojos(x) ~
(A2, A2 \%)arg (), whereas a.(x) has a collinear scaling, i.e. 9 a0(z) ~ (A2, 1, A)a.(x). We have to
define the action of these trafos on our fields.

e Soft gauge trafos

We choose
Ys(x) = Vi(z)s(z),
At (x) = Vi(2) A¥(2) V() + = V( NV (), (10.186)

which is the standard trafo for the full fields. This is natural because we want out theory to remain
gauge-invariant also if collinear fields are absent.



10 EFFECTIVE FIELD THEORIES 142

The collinear fields transform under soft trafos as follows
§(z) = Vis(z-)&(z),
A(2) > V(o) AL@)V (). (10.187)

e There is no term with a “short” derivative of the gauge parameter: The sum A% (z) + A} (z)
must transform a full QCD field, and %(:L')@“Vj(:z;) is already included in (10.186).

o Vi(z)— Vi(z_). When transforming the collinear fields, one needs to expand the soft fields
around x_ in order to avoid inducing higher order corrections:

Vi(z) =Vi(z_ ) +x -0 Vi(x ) +O(N\?). (10.188)
o)

Note that with these definitions the “fat” covariant derivative D transforms as expected:
n-Ad(z)+n-Aj(x_) = Vil ) [n- Ae(z) +n- Ag(z )| VI (z_) + gVS(J’,)(n SOV (x),
in-D— Vi(z_ )in-DVI(z_). (10.189)

e Collinear gauge trafos

We cannot allow the soft fields to be transform under collinear trafos, as they would acquire large
momenta. Thus define

Ys() = Ys(x), Al (z) — Al (x). (10.190)
The collinear fields instead transform as follows
{(x) = Ve(z)é(2),
Al () = Vila) A (@) V] (z) + ;wx) (10 4+ 9"n - Au(a ) Vi), (10.191)
With these definitions the covariant derivatives transform properly under collinear trafos as well:
D* — V.(z) D* V) (x), Dt — DF (10.192)
It is now straightforward to check that the Lagrangian in Eq. (10.181) is separately invariant under
soft and collinear gauge transformations.
10.5.3 The vector current in SCET

In the Sudakov problem and many other applications we need the electromagnetic current operator
connecting the collinear and anticollinear fields. The necessary hard momentum transfer is provided
by the virtual photon on the external line. To leading order, obviously

JH (@) = @)y () = Ee(z)yée(x) + Eo(z)yHee() (10.193)
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and we have to pick up one term depending on which particle (p-collinear or /-collinear) is in the

q q
]/\ ) D/é\‘/
AN
N

Since 7#&. = 0 and 7#&; = 0, the SCET operator can further be simplified as

EVée=¢ [n“z#ﬁ”?;ufyﬁ =& & (10.194)

initial/final state; e.g.

Similar to scalar theory, including loop corections this expression will be modified including oper-
ators with derivatives in the directions of large momenta (and operators with more fields), so

+oo
JH(x) — // dsdt Cy (s, t, ) & (x + sn)YL & (v +tn) + ... (10.195)
—00
with
Cy(s,t, 1) = 6(s)3(t) + Z—;C‘(})(s,t, DE (10.196)

however, as written, this expression is not gauge-invariant. One should expect that gauge in-
variance will be restored adding three-particle contribuions with extra gluon fields, of the type
Eo(x)n - Acée(x) or Ea(x)n - Ac&e(x).

We had a very similar situation already with the definition of parton distributions (PDFs)
and found the gauge invariance is restored by adding a Wilson line connecting the quark and the
antiquark fields:

1

(V@IS O OING)],_ = 2-3) [ due™ P (10.197)
with
1
[x,y] = Pexp [z’g / du (x — y) A" (ux + uy)] u=1-u (10.198)
0

Since in this definition 22 = 0, we can take e.g. z* = ti* and use that
R, 046(0) = E(tn)i[th, 0].£.(0) + O(N?)
so that a PDF is nothing but a matrix element of an operator built of two collinear fields

(N(p)|€c(tn)it[tn, 0] (0) N () (10.199)

connected by a path-ordered Wilson line with

[tn,0]. = Pexp [ig/tdu (n~AC)(un)} (10.200)
0
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In the SCET context, it is convenient to take into account such factors by a suitable field redefinition.
Wilson lines satisfy (by definition) a so-called transitivity property

[z, y] = [, 2][2,9] = [, 2][y, 2] (10.201)
so that introducing

We(z) = [z, — oo, (10.202)

we can write the finite segment as a product

[z + t7, 2], = We(x + th) W] (x). (10.203)

In other words, to move from z to x + tn, we first move from x to infinity and then from infinity
back to x + tn.
We can use this trick to write everything in terms of

Xe(@) = Wi (@)éo() At L WiDew, (10.204)

which are invariant under collinear gauge transformations which vanish at the (properly chosen)
infinity. With these building blocks, we can then easily build gauge invariant SCET operators. For
example, for the PDF

E(tn)ih[tn, 0]c&:(0) = E(tn)We(tn) W] (0)£:(0) = Xc(tR)itx(0) (10.205)

and for the matching of the vector current

+oo
JH(z) — // dsdt Cy (s, t, ) Xe (x + s)y xe (x4 tn) + ... (10.206)

where the dots correspond to gauge-invariant three-particle operators.
Similar to scalar theory, the simplest way to calculate

U@ = p-tio) = [ [ dsdtesmre it o st p) (10.207)

is to compute the vertex correction in QCD with on-shell momenta, p? = 1% = 0.

q

The answer in d = 4 — 2¢ reads

2 2\ ~¢
Cre @) =1+ e (-5 -2 T osh00) (%) +o@). oz
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Despite appearance, this expression does no depend on p since, by definition, a2 = as(u)p?s (1 +
O(as)). Renormalization is done as usual, by absorbing all divergences in a multiplicative Z-factor

Cv(Q% ) = lim 271 (e, Q% ) Cy (e, Q%)

2 o QS(H) _3_% § g
2(e,Q%p) =1+ ——CF 7~ 5lnu2 (10.209)
!
so that
@ =1+%We (C12@ 3@ L™ Q) Lo 10.210
v(Q7 pw) =1+ 4 CF —HF+ nﬁ+€_ + O(o3) . (10.210)

The whole procedure is the same as renormalization in standard quantum field theory, apart from
that we have to deal with 1/€? divergences, which arise because we have both soft and collinear
divergences. As a consequence, CV(QQ, ) contains double logs. Due to the presence of the double
logs, the anomalous dimension governing the RG equation for C’V(QQ, w) has a logarithmic piece,

0 0 ~ 9 Q? ~ 9
(15 + 80 ) Cv(@ = [l % +avle)] Cv@. 10211
where, at order oy, the functions veusp and vy are given by
as (1) s (1)
Yeusp(as) = 4Cp . and ywlas) = —6CF?. (10.212)

The solution of this renormalization group equation is

/ 2
Cy(Q*, 1) = exp {/j CZf {%mp(as(u’)) In e + w(as(u’))] } Cv (Q?, o) (10.213)

0

10.5.4 The decoupling transformation

In addition to the collinear Wilson line W, (and its anticollinear analogue W) we will now introduce
Wilson lines built from soft fields:

0
Sn(x) =Pexp [zg/ dsn - As(z + sn)] . (10.214)
—00
We will find that by a suitable redefinition of field operators it is possible to remove soft-collinear
interaction terms from the Lagrangian, so that soft and collinear sectors of our effective theory will
be essentially decoupled.
The corresponding term in the interaction between collinear quarks and soft gluons is

Lots = é?m -DE¢. (10.215)

where the “fat” derivative is defined in Eq. (10.182). We now redefine the fields ¢ and AZ(x)
employing the soft Wilson line defined in Eq. (10.214)

E(x) = Su(e-)E0 (),
A (x) = Sy (a_ ) ADR(2)ST (). (10.216)

C
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Then
in - DE(x) — in - D'S, (2 )0 (x)
= (in- 0+ gnSu (e ) AV @)S] () + gn- Ay(2)) 8,0 )E (@)
_ (zn O S () + Sl )in -9+ Su(z_) gn - AO(z) + gn - As(x,)sn(x,)>g(0> (2)

- [(m-D,sn(x,)) +S,(z_)in- 0+ Sy (x_)gn - AD (g;)] £ (z)
~—_——————

=0
= Su(e-) (in- 9+ gn- AL (2)) €0(@) = Sy (- )in- DOEO (), (10.217)
where I used =z %
”aa%asn(“*) = nagﬁ;gb’n(x) = no;ﬁo‘nﬁajﬁgnw) =n-9_Su(z_), (10.218)
and the fact that the covariant derivative along the Wilson line is zero (can be shown):
(z—y) Dlz,y| =0. (10.219)
Thus
Lovs = Ehin- D = €0%in. OO 2. (10.220)

The soft gluon field is eliminated from the covariant derivative and no longer appears explicitly
— a decoupling transformation. It is possible to show that after a decoupling transformation
also the interactions between soft and collinear gluons disappear from the leading power collinear
Lagrangian.

igFS, = [iD,,iD,] = [iD{0 DI | =igre® iDL = i, + g A (10.221)
Performing an analogous decoupling also for the anti-collinear fields, | we get
Looer = LO + £ 4 . (10.222)

Since there are no longer any interactions, we are dealing with independent theories of soft and
collinear particles and also the states can be separated as

1X) = 1Xe) ®@ [Xe) ® |Xs). (10.223)

IFor the decoupling for the anti-collinear fields one uses an outgoing soft Wilson line S5 along the 7 direction,

while the collinear field we need the outgoing line in n direction, S,,.
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10.5.5 Sudakov form factor in QCD

The one-loop contribution is

+
p

///
+
E\\«A

where the three-particle vertices come from the expansion of the collinear Wilson lines in the
QCD-SCET matching of the vector current:

JH(x) — // dsdt Cy (s, t, ) Xe (x + sn)y! xz (x + tn) + . ..

= // dsdt Oy (s, t, ) Ec(x + s7) We(x + tR)yH W + tn)xe(z + tn) + ... (10.224)

After the decoupling transformation, the soft-collinear interaction vertices as in the last diagram
are no more present in the Lagrangian, but the current acquires an additional factor — a product
of collinear and anticollinear Wilson lines

el +17) 7 xo(w + sn) = X (2 + t7) S} (2-) ¥4 Sal) x (@ + sn) (10.225)

Since in this formulation of the theory soft, collinear and anticollinear field do not interaract, the
Sudakov form factor to all orders of perturbation theory will have the following factorized structure:

F(Q* P? L%) = Cv(Q* w) T (P*, 1) T (L. 1) S (%u) (10.226)
or
q
q
— + O(\?)
p (

where soft Wilson lines are shown by the red double-lines and the soft scale is A2 = £ 5%2 The two
jet functions are of course identical, just depend on different momentum.

If Q%, P2, L% A2 > Aéc p» all these functions can be calculated in perturbation theory and will
involve double logarithms, e.g.

2
~ Olg
CV(QQa/J“) = 1+Cv4ﬂ_1n2222+-~-
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In order that this expansion remains under control, we must ensure that 7= In? %22 < 1, i.e. take
p? ~ Q2. Similarly, in order that the perturbative expansion for the jet functions is under control
we have to take u? ~ P2, L? and for the soft function y? ~ A2. Clearly these conditions are not
mutually consistent if, as we assume from the very beginning, Q% > P2, L? > A2. This means
that with any choice of p (e.g. we can take pu ~ @) one will have to to beyond the fixed-order
calculation and resum the (double) logarithms in other entries. This can be accomplished using
the renormalization group technique.

The final result must be independent on the choice of u, thus

1 dCy (Q% 1i?) L1 47 (L, 1)
Cv(Q2,u2) dlnp J (L p?)  dlnp

1 dJ (P%u?) L1 s (A2, 1)
J(P%p?)  dlnp S(A3p?)  dlnp

_l’_

(10.227)

This is a very nontrivial equation because the four terms are functions of different variables. The
RG equation for the hard function is given in (10.228)

2

<N(fi + ﬁ(as)ais) Cy(Q* p) = [’ycuSP(as) In 222 + W(as)] Cv(Q% 1), (10.228)

and the cancellation in (10.227) requires that the RG equations for the jet function and the soft
function have a similar structure:

2

(uai " mas)a‘l) TP ) = [%uspms) il + w(c«g] TP ).

( 2—1—5(04 )8>S(A2 ) = [ (a )lnA—g—i— (a )] S(AZ, 1) (10.229)
:U’a,u s 8015 s3 M) = | Yeusp\ s [Lz Vs Qg s ), .

with the same 7cysp(is) in front of the log terms. In this case, indeed, (10.227) can be satisfied if

2 2 2 2
Yeusp 11 Q—Q + YW — Yeusp (ln L—Q +1In PQ) — 277 — Yeusp I 'LL—Q +95=0. (10.230)

I I I Ag
For this cancellation to work, it is crucial that the anomalous dimensions are (at most) linear in the
logarithm. To prove linearity one can make a more general ansatz for the anomalous dimensions
and then show that scale independence of the sum, together with the kinematic dependence of the
individual pieces, imply that higher-log terms must be absent. A direct proof of this statement

from Feynman diagrams exists but is much more complicated.
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The solution of all these RG equations has the same form as for the hard function

il | @

Cy (@2 ) = exp { sttt m &+ 7v(as(u’))] } Co (O o)

Ho K
b T p ,
T(P2, 1) = exp { | s I 2o e >>] } T(P2 o)
po ML M
2 " dﬂl [ / A? / 2
S(As’ :U’) = exXp 7 IYCuSp(OZS(M )) In W + /VS(O‘S(:U’ )) S(As’ /‘LO) (10231)
1o L

so that calculating the anomalous dimensions and the initial conditions for the evolution at their
“natural” scales Cy (o = @Q?%), J(u3 = P?), S(u2 = A2%) one can can use these expressions to
calculate all entries at one common scale (usually ¢ = @). This procedure is called resummation.

A disclaimer:

While all the steps we took to achieve factorization and to perform resummation would be perfectly
appropriate for a physical observable, there is a problem for the Sudakov form factor: the off-shell
form factor is unphysical and gauge dependent. We only consider it because it is the simplest
example involving both soft and collinear physics. The decoupling trafo that we used to achieve
factorization leave physical quantities invariant, but can and does lead to different off-shell Green’s
functions. In particular, one finds that the soft matrix elements change. After the field redefinition,
they involve additional IR divergences and are given by scaleless integrals. As a consequence, in
the calculation of the anomalous dimensions one needs to separate explicitly the UV from the IR
divergences that requires additional regularization. As already said, these problems are not present
for physical observables.

10.6 Application to jet physics: The thrust distribution

My presentation in this section follows: T. Becher, Les Houches Lectures on Soft-Collinear Effective
Theory, [arXiv:1803.04310].

In this section we return to the process

+

etem - X (10.232)

where at large energy the final state has a multi-jet structure, e.g. a two jet event:

Calorimeters

Jet cones
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The classification as a two-jet or three-jet event is rather crude and aiming at a more detailed
understanding of the shape of the particle flow in the final state one introduces a large variety of
the so-called event shape observables. Their definition follows the general principle that “good”
event shapes have to be infrared safe, if we want to be able to predict them in QCD. One standard
observable of this kind is the thrust distribution which we will consider now.

The definition of thrust (Farhi, 1977) is
1
T = —max T - il T=1-T 10.233
g X e (10233

It involves a sum over all particles in the event and one sums the projections of their momenta
along the thrust axis 777 which must be chosen to maximize the sum. The momentum flow along
7 is then normalized to the center-of-mass energy, which for massless particles is given by

Q=2 Il (10.234)

The thrust T' thus measures the fraction of momentum flowing along the thrust axis. For T' =1
all momentum must flow along 77, i.e. all particles are parallel or anti-parallel to 7p. Events
with large thrust 7" are thus pencil-like and involve two narrow jets. The maximum value of 7
(minimum value of T') is obtained for a completely spherical event. It is easy to verify that such a
configuration has 7 = 1/2. Thrust is infrared-safe, i.e. its value does not change under collinear or

1/

e -

Wiy

R

Figure 1: Two sample collider events. On the left side a pencil-like two-jet event with small
7=1—T =~ 0.002, on the right side an almost spherical event with large 7 =~ 0.35. The thrust axis
is shown as a red dashed line. Taken from [arXiv:1803.04310].

soft gluon emissions.
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The leading contribution to thrust comes from gluon emission and the result is (De Rujula et
al.,, NPB 138 (1978), 387)

1 dogte——seq 4ag 1 2 1-2
fﬂw:a{<37+1 Jwt =S -anan) (10.235)

Ctot dr 3m T -7 2

The O(a?) and O(a?) corrections are known, but there are no analytic expressions.

The SCET machinery is useful if 7 is small. It defines the expansion parameter which was
denoted by A in the SCET discussion of the Sudakov problem. As we have seen already in Sec. 5.2.3,
the cross section for production of narrow jets contains large logs, and utility of the SCET approach
is that it allows one to resum all log-enhanced contributions to all orders.

To start the construction, assume that we are working in the C.M. frame ¢* = (Q, 6) and define
the two light-like vectors n#, n* as

[y
nt = (1,7ir), At = (1,—ir) =" (10.236)

It involves energetic particles collinear to n* and n*, together with soft large-angle radiation.
Performing a region analysis, one finds that the same regions contribute as in the Sudakov form
factor, but with expansion parameter \ = 7:

pe~ (TR1L7), pa~(L,7RT), e~ (757272 (10.237)

We can thus separate the sum over particles in the definition of thrust into individual sums in the
soft and collinear sectors and write

Q=Y |pi| — |iir - il
7

:Z”‘pci+Zﬁ'pa+zn'p§+2ﬁ~pf.i

En'pxc%—n-pﬁs—i-ﬁ-pxg—i—ﬁ-pg(s, (10.238)

right movers left movers

where we have split (also) the soft particles into left- and right-moving ones.
Due to the definition of thrust the total transverse momentum of final state particles with respect
to the thrust axis is zero in each hemisphere. Thus the total collinear transverse momentum pgge
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is also zero, up to terms O(7?), the soft momentum. As a consequence, the invariant mass of all
particles in the right hemisphere, up to power corrections, is given by
M} = (px, +9%,)?
=Pk + (- px)(n-pR) + KT
=(n-px,)(n-px,) +M+ (7 px.)(n-pX.) (n-px.)=Q

=Q(n-px, +p¥.). (10.239)

The expression in the last line is exactly the contribution of the right movers to (10.238). Up to
power corrections

TQ* = M} + M} = p%. +px. +Q(n-p% +7-p%). (10.240)

For 7 <« 1, thrust is equal to the sum of the invariant masses in the two hemispheres, normalized
to Q2. The fact that thrust is additive in the soft and collinear contributions, will be important to
establish factorization.

e Our aim is to calculate the cross section

%z = %122 i |M(et(g2)e (q1) = 7" = X)|7 (2m)*6W (¢ — px) 6(7 — 7(X)), (10.241)
X

where

— 7 is the thrust value we prescribe

— 7(X) is the thrust value for the final state X, as given in (10.240) (at leading power)
— ¢ = q1 + ¢o is the total lepton momentum with ¢ = Q2.

— ¥ stands for the sum over all final states X and the phase space integrals [
X

d3pi
2[pi]

The amplitude can be written as a product of a leptonic amplitude times a hadronic one (which is
a “trivial” example of factorization). We get

IM|? = L' H,, (10.242)
with
Hyuw(q,7) ZZ@I TH0) [ X) (X 7,(0) [0)(2m)* 6 (g — px) 6(7 — (X)), (10.243)
X
where J# is the electromagnetic current, and
€4Q2
L (q1,q2) = Q4q v(g2) 7" u(qr) u(qr) v v(g2) (10.244)

Averaging over the spins of the incoming leptons produces a trace of Dirac matrices and the lepton

tensor becomes
e*Q

Q4

42
q

L' (g1, q2) = (' +dd —ar-a29") . (10.245)
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o In the cross section (10.241) the value of thrust is fixed, but the direction of the thrust axis 7ip
can be arbitrary. Sine we define space components of our light-like vectors n, i as 7, the do/dr
involves an integral over all directions which is inconvenient. We can separate this integration and
fix the direction of 7i = 7(0, ¢) by defining the angles w.r.t. the the (initial) electron momentum,
i.e. ¢1 -1 = cosb.

q 0 @

This can be achieved, formally, by inserting in (10.241) a dummy integration

1= /d¢/dcos€5(2)(ﬁ— fir(X)), (10.246)

where 7i7(X) is the thrust direction for the particular final state X. Up to power corrections
fir = px./|Px.| = (2/Q)px, since |px.| = Q/2 due to energy-momentum conservation. Thus

2
1= /dd)/dcos@ (g) 5(2)(;0}(6), (10.247)

where p)L(C is the total collinear momentum component in the direction orthogonal to 7i(6, ¢).
Suppressing the integral [dcosf will give us dengSg and [d¢ just produces a factor 2r. What
remains is the Q?/4 factor and a d-function which fixes the total transverse momentum of the
collinear radiation to be zero, as required by the thrust definition. Combining it with the momentum

conservation d-functions and expanding away small momentum components, we get

(g —px, —px. —px,) 0P %) = 20(7 - px. — Q) d(n - px, — Q)P (p%,) 6P (pk.) . (10.248)

The factor of 2 is the Jacobian for converting to light-cone components.

e We now use the expression for the em. current in terms of SCET fields:**

JH0) = / / dsdt Cy (s, t, 1) X (t7) S5 (0) 7% S5(0) X'V (sn) (10.249)

and that after decoupling transformation there are no interactions left between collinear, anti-
collinear and soft sectors, so that the projectors on the particular final state also factorize as

X)X = | Xe) (Xe| - [Xe)(Xg| - [X)(X] (10.250)

**In the Sudakov form factor, we had an incoming and an outgoing particle, so that the current (10.225) had a
soft Wilson line incoming from minus infinity to the current position, and an an outgoing Wilson line to plus infinity,
after decoupling. In the present case the particle and anti-particle are both outgoing so that the appropriate soft
Wilson-lines structure in the current involves both Wilson line going to plus infinity (in time).
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Thus the hadronic tensor contains a collinear, an anti-collinear and a soft matrix elements, tied
together by the thrust constraint (10.240). To separate the individual contributions, we insert three
more unity integrals

1= faM2o0u? - i) [an2o0a? — ) [dwso—n-p —n-pk) (10.251)

Putting all this together, one obtains the cross section in the factorized form

do T ~ M2 1+ M2+ Qu
T =5 L -Q* —i 2/M2/M2/ _ e G
drdcosf 2" Cv(=Q7 =0, )" [dM, [dMc [ dwd(r Q2 )
X 26(0\ X2 (0)|Xe) (Xe| ¥a [0) 6(M2 — p&. ) P (pk,)0(7 - px, — Q)
Xe

XzyoﬁﬂmXJMEKﬁm5@@ﬁﬂ$WﬁﬁﬂnmmQ)

« Zm [5180],. 1) (X.| [S1S0], 10) 6w —n-p&, —7-pk)

s

X,
x (2m)* (7)) (V)rs - (10.252)

In this expression, the Latin letters a, b, d, e denote the quark colors, and the Greek letters stand
for the Dirac indices.

We have now managed to separate the contributions to the different sectors: colinear in line
two, anticollinear in line three and soft in line four. As they stand, these functions are matrices
in color and Dirac space, but the expressions can still be massaged and simplified further, see
[arXiv:1803.04310]. After these manipulations and a little algebra which I will skip, one arrives at
the final result

s ~

d TN.Q%02 ~
de:OSQ - Qgg (1+ cos®0)|Cy (—Q* — iO,u)\Q/dMg /dMC2 /dw

M2+ M2 + Qu
x 37— e ) T (M2 ) T(MZ, 1) S 0,10, (10.253)
where the soft function is defined as'?
|
S(@) = 3 SLOI[SESa] 1) (] [S18:],,10) 5w — -, -k, (10.254)
-7

and the jet function can be represented as the imaginary part of the collinear propagator

T6?) =~ [i7 ()]

PR p I () = / d'z e (0| T {xe(0) Xu(2)} | 0). (10.255)

HThe prefactor 1/N, has been added so that S(w) = d(w) at lowest order.
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Recall that the collinear Lagrangian is equivalent to the QCD Lagrangian and the field x. =
VVCJr P11, can be obtained in QCD using the same projection operator P, and the Wilson line. In
the light-cone gauge 7 - A = 0 the Wilson line is absent and we can thus compute the jet function
as the imaginary part of the quark propagator in this particular gauge.

Diagrammatically:

The hard, jet and soft functions depend on u. To resum large logarithms, one has to write and
solve the RG equations and evolve p to a common reference scale just as for the Sudakov form
factor. A technical complication is that the factorization formula contains a convolution of the jet
and soft functions, and not a product. This can be handled by a Laplace transformation:

d M2+ M? :
/dTe_”TdU N/dTe_”T/de/de /dw(S(T— ¢t QQC +QW)J(MC2,M) J(M2, 1) S(w, 1)
T

= [arze @ s ar ) fan VRS IO ) [doe I 0 p)

(10.256)

The state-of-the art calculation is currently done to the so-called N3LL accuracy, corresponding to
taking into account two-loop results for the hard, jet and soft functions, together with three-loop
anomalous dimensions. A comparison with the experimental data is shown in the Figure. The
plots show that fixed-order perturbation theory becomes bad at small 7, and demonstrate that
resummation dramatically improves the convergence of the expansion. One-loop calculations for
the hard, jet and soft functions can be found in the textbook M. D. Schwartz, “Quantum Field
Theory and the Standard Model,” Cambridge University Press, 2014,

In summary, Soft-Collinear Effective Theory (SCET) is the effective field theory for processes
with energetic particles such as jet production at high-energy colliders. The result of a SCET
analysis is often a factorization theorem of the schematic form

c=H - J®J®S. (10.257)

Its main virtue is scale separation — the property that each of the functions in this formula is only
sensitive to a single scale. The individual functions furthermore fulfill renormalization group (RG)
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Figure 2: Convergence of resummed and fixed-order distributions. ALEPH data (red) at 91.2 GeV
are included for reference. This figure is taken from [Becher:2008cf].

equations and by solving them one can resum a class of the large perturbative corrections to all
orders.

This is not he only approach possible and many such factorization theorems can be derived
purely diagrammatically. An advantage of SCET is seen in that it provides an operator formula-
tion of the low-energy physics, which simplifies and systematizes the analysis. This is especially
important for complicated problems such as the factorization of power suppressed contributions,
which is a very hot topic.

The End
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11 Epilogue
Eternal QCD problems:
e confinemement
e chiral symmetry breaking
e (strong CP problem)
Modern QCD physics issues:
e Heavy-quark physics

e Large-energy physics, BFKL and beyond

Multi-jet production (Higgs searches)

Hard exclusive processes, generalized parton distributions, nucleon tomography
e Heavy-ion physics, large parton densities

Modern QCD methods (theory):
e Lattice QCD

e Event generators

Feynman diagrams in high orders

Techniques based on dispersion relations and duality

Learning from SUSY models and AdS/CFT correspondence, conformal symmetry, integra-
bility

e Effective theories: SCET, HQET, NRQCD, low energy (chiral) ET

QCD in Regensburg:

Lattice QCD

High-order calculations using computer algebra

Light Cone Sum Rules

Conformal symmetry based methods

Resummation of large logarithms in semiinclusive reactions

Entropy generation in heavy-ion collisions

Higher-twist effects



A COLLECTION OF FORMULAS

Appendices

A Collection of formulas

Dirac algebra in 4 Dimensions

Traces with even number of y-matrices
Tr{l} =4
Tr{yu v} = 49w
Tr{vu Y8} = 4l9uw9as + 9usIva — Guagus]

Traces with odd number of «-matrices

Tr{wﬂl"'vﬂ2k+l}:07 k:071727'--

Traces including a y5-matrix

Tr{ys} =0
Tr{y. 175} = 0
Tr{vu Y85} = 4i€uap
Te{Vp - Vugpn¥5y =0, k=0,1,2,...

Useful identities for products of v-matrices

YWt =4
MV = =27
MY V8" = 49as
VY8V = —20V8 Ve
YV Vv = GopVv + GorVu — GuvYa + 1€uavpV578
Useful identities for products of e-tensors
ea[gweaﬂ’“’ = —-24
€apuve”" = —6g5,
€apu€’ = —2[909% — 9%.95]
ea1a2a3a4661626364 = —det (ggf)

1

5 Eaﬁuuauy = io—aﬁ75
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A COLLECTION OF FORMULAS

1! We use definitions from Bjorken and Drell:

v5 = iy %, eoras = +1

Be careful, some other (equally famous) books use different definitions:

0.1.2.3 0123 _

Y5 =1y Y Y, —€0123 = +1 Itzykson, Zuber

vs = irom2ys = =iy, M = —egro3 = +1 Okun
This ambiguity is a standard source of sign errors!

Identities involving Dirac spinors

up(p)u3(p) = (P+m)ag
A=+1/2

> va@)Pp) = (p — m)ag
A=£1/2

Hermitian and Charge conjugation

Yiy =

O:’L-’y2,)/0’ C*l,yuC:_,YZj, C:_Cfl :_CT:_CT
Integration in the 4 dimensional Euclidean space

Definitions:

ko — ’ik?4
d*k = dk,d*k = id*kg

B =k — k= —(k] + k3 + k3 + k) = —kj,
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(A.19)

(A.20)
(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)
(A.29)
(A.30)
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Integration:

/ d"kpf(ky) = / dQD dkgky ' f (k) (A.31)
D
T2 /g 1 9

it / Ak (k)% 1K) (A32)

(3) 0

Dimensional Regularization (D = 4 — 2¢)

Definitions:

/d4k - /de (A.33)

D

eo — e’ 2 (A.34)

Dirac algebra in D Dimensions

Defining the e-tensor and 5 in D dimensions involves subtleties that would require a detailed
explanation; we will leave out the corresponding formulas.

Y =D (A.35)
MYV = (2= D)7a (A.36)
VuYa V8" = 49as + (D — V870 (A.37)
TV V8V = —=27p78%a + (4 = D)va¥87%p (A.38)
Feynman parameter integrals for products of propagators:
1
A.39
0/ [zA + 1—x)B]2 (4.39)
r b
= / dedyz® Pt 6(1 —x — y)—(a i )a+b
/ [zA+yB]
/ r b
= /dm 2% N1 —z)P 7t (a+b) - (A.40)
) [zA+ (1 — z)B]*"
This representation can be generalized to an arbitrary number of the denominators, e.g.,
1
L(a)I'()I(c) / —1,b—1 c—1 Ila+b+c)
—————= = [ dedydzzx® 2Tl —z—y—2 A4l
Ae. Bb.Cc y y ( Y )[$A+yB+zC]“+b+c ( )

0



B OPE IN G¢* THEORY

Loop integrals in D Dimensions

T(qg—- L
/de - F(a) = ZW% (a' 2)D
A= T LAz
I'(a) o gw\ N(le-1-%)
dPk — N L 2
/ [—]{72 —A-— 26] K T ( 2 ) [ A— idaflf%
INGY! , I'a—D/2)
D _ _ ;- DJ2
/d v (—2? — a? +ie)™ " [—a2 + ie]o—D/2
I'(«) , 9w\ I(a—D/2—-1)
D — gDz (_dmw
/d r (—22 — a2 +i6)a‘”ﬂx'/ i ( 9 ) [—a2 + iejo—D/21

Fourier integrals in D Dimensions

, o) . _2a I'(D/2—a)
D, jiqgz__ ~\%) . _D/29D—2c
/d Te Ca? + ido o2 Zq? —idb/-a
_ I'(a) . _ I'(D/2 - a)
D iqx — D/22D 20
/d qe @ —id® +im a2 4 ibla

B OPE in g¢? theory

In first order in g2 we have the following diagram:

¢(0) ¢(x)

+ crossed

Let us calculate it: [cf. Balitsky, Braun, NPB361 (1991) pp. 103-105]

a’k i : i
/N2 —ikx
D1 = (ig) /<2W>De (p+ k)2 —m? + ie (k?—mzﬂ'e)
Use:
7 o 1S —-m
(0 + k)2 —m?2 + ic :/ dsy e[ HR=m]
- 0
i 2 oo o TR2 2
() = ) s
— 0
Thus

dk 4 > > ) —m?]+isa[k*—m
Dy = (ig)? / @)D e the /0 ds /0 dsy sy €51 (PR 2 —m? tisa[k2—m?]
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(A.42)

(A.43)

(A.44)

(A.45)

(B.1)
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Change variables s1, 50 — s, u:

S1 =us, So = us,

oo oo 1 oo
= —s, = / dsl/ dsa :/ du/ sds (B.6)
0 0 0 0
Obtain

D1 = (ig)? dPk o—ike ! dui - s?ds exp §is[u(p + k)? — um? + uk® — am? (B.7)
1= \1g (27T)D 0 0 P P '

S|
Il
—_
|
IS
—~
w
=

Jacobian

J(s1,s2) _
(s, u)

U u

s —S§

Write

[ %] = (k+up)? — m?(1 — ua), m2 = m?(1 — uu) (B.8)

and shift integration variable k — k — up:

Dy = (ig) /0 duﬂe‘“lpx/o s“ds / m)D e~ thatislk—my] (B.9)
Use the same trick again:
1 2 g2
—ikx + is[k? —m?2] = is (k: — 283:) Ei m2 (B.10)
and shift k — k + z/(2s):
1 e D
, dPr .
Dy = (ig)2/0 du,ae—usz/o s2ds / (27[_)[) ezs[kQ—xQ/(432)—mﬁ] (B.11)
Useful formula:
/ dPk iok2 je—imD/4 D_zg 1 (B.12)
(2m)P (47s)D/2 (4ms)? '
Obtain
2 1 00 ;2
g i ds i .
D= —"— d wpr — - = B.13
1 TE /0 uue /0 - eXP [ 1 zsmu] ( )
The remaining integral is a Bessel function. Adding the contribution of the crossed diagram obtain
the answer:
Dl = 2(47)3 /0 d’U/"EL |:€7uzpz + e’ulp:t:| K()( m%(—xQ + ZG)) (B14)

We are interesting in the expansion at 22 — 0:

o UIPT + Ut — 9 u2(pl‘)2 + O((p$)4)

1
Ko(z)=(—lnz—~vg+1In2) + 122(7 Inz— g +1+1n2) +0O(z%) (B.15)
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For the remaining integrals I used MATHEMATICA:

1
/ duﬂln(l—uﬂ)zi—l
0

2V/3
! T 19
dud (1 —ud)In(l — wid) = —— — =~
/0 uwa (1 —uu)In(l — ua) 33 36
! 17
du v In(1 — ui -T2t B.16
/ (- i) = T~ o (B.16)

and obtain

Dy :2@{2[5( — ZIn(—2?m?) — g +1n2) - % <2ZT/§ - 1)]

N

+ 2 (—a’m?) [152 - %ln(—xzmQ) +1 -5 +In2| - % <2\”/§ - ;2)}
— (px)? [é { - %ln(—meQ) — B+ 1n2] - % (2?/5 - ;;)] } . (B.17)

Note that the answer is finite (no divergences) but the limit 22 — cannot be taken



