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PCAC in the linear σ-model

Consider again the Lagrangian of the linear σ-model of the previous Problem set:
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Suppose we add a symmetry-breaking term to L.

LSB = −c σ(x) (2)

where c is a constant. In the following we use the notation ~π = (π1, π2, π3).

Aufgabe 1:

Find the new minimum for the e�ective potential

V = −µ
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2
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4
(σ2 + ~π2)2 + cσ (3)

[Find the corresponding algebraic equation. You do not need to solve it explicitly.]
Hint:
Minimize V as a function of σ and |~π|. Show that extremal conditions for c 6= 0 reduce to
|~π| = 0 and

0 = λσ3 − µ2σ + c. (4)

Aufgabe 2:

Show that in this case the pions are no longer massless and, on the tree level, their masses
are proportional to the constant c. You should get

m2
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v
+O(c2) , m2
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where v is the vacuum expectation value for σ.
Hint:
You need to �nd the minimum σ = ṽ of the potential. For this you can make an Ansatz

ṽ = v + δv, where v ≡
√

µ2

λ
is the minimum of V for c = 0. Notice that you may ignore

quadratic and higher terms in δv and solve for δv. Then make a �eld rede�nition σ → σ+ ṽ
and look for the quadratic terms in σ and ~π2. These are the mass terms.



Aufgabe 3:

Show that the axial-vector current Aµ derived in the Problem set 8 is no longer conserved.
Calculate the divergence ∂µA

µ and show that it is proportional to the pion �eld:

∂µ ~A
µ = −c~π (6)

To this end, notice that since Aµ by construction is a Noether current, its divergence is
related to the variation of the Lagrangian with respect to the corresponding symmetry
transformation: ~β ·∂µAµ = δ5L. The right-hand-side would vanish were it not for the presence
of the symmetry-breaking term that we introduce here.

Remark:

The constant c can be related to the pion mass and the pion decay constant, mπ and fπ.
The de�nition reads

〈0|Aaµ(0)|πb(p)〉 = iδab
1√
2
fπpµ (7)

Thus the matrix element of the divergence is given by

〈0|∂µAaµ(0)|πb(p)〉 = δab
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Combining this with the result for the pion mass (Aufgabe 2) we see that the vacuum
expectation value of the σ-�eld is simply the pion decay cosntant: v = fπ/

√
2.


