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Exercise 1.

Let (S, σ) be a well-pointed endofunctor of C . Let L : C → C be an endo-
functor of C and π : S ⇒ L a natural transformation such that πc : Sc→ Lc is
an epimorphism for all c ∈ C . Show that (L, πσ) is a well-pointed endofunc-
tor and that (L, πσ)-Alg is equivalent to the full subcategory of (S, σ)-Alg
consisting of objects (a, α) such that πa : Sa→ La is an isomorphism.

Exercise 2.

Let C be a cocomplete category and let (T, τ) be a pointed endofunctor of C .
Let (S, σ) be the well-pointed endofunctor of the arrow category C [1] whose
algebras are the isomorphisms: S(c → c′) = idc′ . Recall that we defined a
well-pointed endofunctor (S ′, σ′) on the slice category T/C by the pushout
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in [T/C , T/C ]. Show that S ′ sends (a, b, α : Ta → b) to (b, c, β : Tb → c),
where β denotes the coequalizer
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in C . (Hint: if you get stuck, this is discussed in Kelly’s “transfinite con-
structions,” §17).

Exercise 3.

Let C be a locally λ-presentable category, F : C → D λ-accessible, and let
G : C → D be a right adjoint. Recall that the slice category F/G has objects
the triples (a, b, γ : Fa→ Gb), with morphisms given by pairs of morphisms
in C making the evident square commutative.

(a) Show that the slice category F/G is locally λ-presentable.

(b) Suppose that G is also λ-accessible. Show that, in this case, both
the domain functor and the codomain functor F/G → C which send
(a, b, γ) to a respectively b are λ-accessible.



Exercise 4.

Let C , D be locally λ-presentable, F : C → D left adjoint to U : D → C .
Let κ ≥ λ be a regular cardinal.

(a) Show that if U is κ-accessible, then F (Cκ) ⊆ Dκ. (Recall that Cκ

denotes the full subcategory of κ-presentable objects in C .)

(b) Show that there exists a regular cardinal µ ≥ λ such that U is µ-
accessible. (Hint: consider the composite of U with the full and faithful

K̃ : C → [C op
λ ,Set], where K : Cλ → C denotes the inclusion.)

(c) Conclude that for any left adjoint F between locally λ-presentable cat-
egories, there exists a regular cardinal µ ≥ λ such that F (Cµ) ⊆ Dµ.

Exercise 5. (bonus)

Show that left adjoint functors between locally presentable categories are
precisely the cocontinuous functors and that right adjoints between locally
presentable categories are precisely the continuous functors which are also
accessible.


