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Abstract. Probability logic, as we define it, is founded on the condi-
tional probability hypothesis that the probability of a natural language
conditional, P(if A then C), is P(C|A), the conditional probability of C
given A. This paper contrasts probability logic with narrow inferentialism
and argues that non-constructive reasoning and independence condition-
als are central to rationality. We discuss the psychology of conditionals
and conditional bets, and illustrate the use of dilemma inferences in rea-
soning. Our approach provides a precise semantics for conditional reason-
ing and rational decision-making, highlighting the role of independence
conditionals.
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1 Introduction

Probability logic, as we will define it, is founded on the conditional probabil-
ity hypothesis that the probability of the natural language conditional, P(if A
then (), is P(C|A), i.e., the conditional probability of C' given A ([27]). This
hypothesis can be justified by philosophical arguments and psychological ex-
periments ([22/49]). A conditional that satisfies it has been called a conditional
event ([I8/19]) and a suppositional conditional ([49]). We stress that, in our ap-
proach, if A then C and if not-A then C can both be acceptable conditionals, as

* This paper will appear in the proceedings of the 4th International conference on
Human and Artificial Rationalities (HAR 2025), in Lecture Notes in Computer Sci-
ence. Cham: Springer. This is the penultimate version. Please do not quote without
permission.
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happens when P(C|A) and P(C|not-A) are both high and perhaps equal. More
informally, if A then C and if not-A then C can be acceptable when A and C
are independent of each other. We will argue that one of the most important
uses of conditionals is to derive and express facts about independence. It can be
of significant utility and vital for rationality to learn that P(if A then C) = P(if
not-A then C), i.e., that P(C|A) = P(C|not-A), as a result of conditional reason-
ing ([I5]). The reasoning is Bayesian when the conditional is suppositional (see
also [45] on probability logic and the new Bayesian paradigm in the psychology
of reasoning).

Crupi and Tacona ([12]) have defined inferentialism as the view that an as-
sertion of if A then C is acceptable if and only if C' can be “inferred” from A.
Going back to classical times, they have identified a number of logicians and
philosophers who have proposed versions of “inferentialism” in this wide sense.
But in this paper, we will interpret the term as the narrower claim that if A
then C' is acceptable if and only if C can be “inferred” from A but not also
from not-A. This position directly implies that if A then C and if not-A then
C cannot both be acceptable conditionals. Crupi and Iacona survey a number
of “inferentialist” proposals that implicitly imply narrow inferentialism in our
sense. For example, some of these state that if A then C' is acceptable only if
A increases the probability of C. It would be incoherent to claim that both A
and not-A increased the probability of C. Douven et al. ([21]) explicitly adopt
what we are calling narrow inferentialism. Douven and his collaborators have
also worked hard to try to provide, not only arguments for their position in phi-
losophy, but also experimental support for it in the psychology of reasoning (see
[21] , for a summary). For these reasons, we will mainly focus on their proposals
to make our points about narrow inferentialismﬂ

2 Probability Logic versus Inferentialism

We interpret a conditional if A then C as de Finetti’s conditional event C'|A. We
then directly obtain the identity P(if A then C') = P(C|A), which has also been
called the Equation because of its deep and far-reaching consequences ([22]). The
logic of this suppositional conditional is what de Finetti (JI9]) called “the logic of
probability”. We will refer to it simply as probability logic (see, e.g., [L0J29154]).

De Finetti’s theory is the most general approach to the probabilistic treat-
ment of uncertainty. It allows us to introduce probability assessments on arbi-
trary families of conditional events without requiring algebraic structures. More-
over, in this setting a conditional probability P(C|A) is a primitive notion, and
PP(?AC)‘), which requires P(A) > 0; then,
conditionals with antecedents of zero probability can be properly managed (see,
e.g., [DI0J3003T54]). For instance, let us consider an experiment in which an
integer is chosen at random. We denote by FE,, the event “the chosen number is

we do not need to define it as the ratio

! In general, any account of if A then C which implies that P(if A then C) = P(C|A)

could endorse our critique of narrow inferentialism.
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the integer n”, for n = 1,2,.... Since P(E,) = P(E,,) for every n # m, it fol-
lows that P(E,) =0 for all n = 1,2,.... In particular, P(E;) = P(E3) = 0, and
hence P(E; V E3) = 0. Then, the conditional probability P(E; | (E1V Es)) can-

not be evaluated by the ratio %7 because the latter expression reduces
to 3. However, the intuitive assessment P(Ey | (Ey V Ep)) = 3 is allowed in

de Finetti’s subjective probability theory because this evaluation is a coherent
extension of the assessment P(E;) = P(E3) = 0.

A relevant application of de Finetti’s coherence-based approach in the context
of probabilistic nonmonotonic reasoning is the well-known System P ([TI2IRI26130],
for psychological studies on System P see [I7I51I52]), with an extension to con-
junctions and disjunctions of conditionals ([27J61]). A related approach to com-
pound conditionals, restricted to the case where the antecedents have positive
probability, has been taken by many authors (see, e.g., [36J42I66/70]). A proba-
bilistic study of Boolean algebra of conditionals, in the setting of coherence, has
been given in [24125].

Probability logic has non-constructive aspects, like classical logic. Most fun-
damentally, A or not-A, the non-constructive law of excluded middle, is a logical
truth in probability logic, and the conditional law of the excluded middle is a
logical truth in probability logic:

(CLEM) if A then C or if A then not-C.

The validity of the inference rules of one-premise and two premise conditional
dilemma can also be shown to be valid (provided that A& C and not-A & C are
not contradictions) in probability logic ([28]):

(1CD) From the premise if A then C and if not-A then C infer C.

(2CD) From the premises if A then C and if not-A then C infer C.

These inferences, (1CD)? and (2CD), are non-constructive when A or not-A is
a logical truth, and it is not known whether A holds or not¢-A holds. There is an
unfortunate terminological difference in the literature that could cause confusion
at this point. Copi and Cohen ([I1]) describe a more general inference rule than
(1CD) or (2CD) which they call “constructive dilemma”. But in this rhetorical
use, a “constructive” dilemma is not opposed to a logically “non-constructive”
one, but rather to a rhetorically “destructive” dilemma, which has negations in
it and is sometimes used to attack an opponent.

We will use the only logical distinction between “constructive” and “non-
constructive” in this paper. Douven et al. (J2I]) argue for what appears to be
the most strongly constructive, in our sense, version of inferentialism in the
literature. For them, if A then C is true as a “standard” conditional when an
argument—deductive, inductive, or abductive—can be constructed from A to C,

? Notice that in the conditional dilemma (1CD) the premise is the conjunction of two
conditionals. A coherence-based theory of compound and iterated conditionals in
the setting of conditional random quantities has been developed in [2732I333461].
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possibly with background information. In this argument A has to be “pivotal”,
which they take to imply that there cannot be such an argument as well from
not-A to C. They add that if A then C is false when there is such an argument
from A to not-C and is indeterminate otherwise. They have not clarified this
definition by developing a formal semantics and logic for their theory. Denying
the conjunctive premise of (1CD) is sometimes referred to as “Aristotle’s Second
Thesis” in writings on connexive logic, which is supposed to be a logic about
some tight connection between A and C in if A then C ([53I55/59]). It is unclear
how close a Douven et al. logic would be to a connexive logic, but their theory
implies the rejection of (CLEM) as a necessary truth, and the unacceptability of
the premise of (1CD) and of at least one of the premises of (2CD) for “normal”
or “standard” conditionals. They contend that if A then C is not “normal” or
“standard” when C holds whether or not A (see also [20, pp. 109-110]). Let us
consider some examples of the application of (1CD) or (2CD) to illustrate our
points.

First, there is the blocks ezample ([39]). Suppose we are told that there is a
stack of blocks, some green, and some not green, and that the second block in
the stack is green, and the fourth not green. Is there a green block directly on
top of a non-green block in this stack? We could use (1CD) or (2CD) to answer
this question, reasoning that, if the third block is green, the answer is “Yes”,
and that, if the third block is not green, the answer is “Yes”. Therefore, the
answer to the question is “Yes” (see [68], for an experiment on how difficult this
problem is for participants).

Second, there is the free speech example from Mill ([43, Ch. II]), On Liberty.
Suppose that A is an opinion which we have “silenced” because we believe not-
A. Mill’s conditionals are in relatively complex Victorian prose, but he basically
argued that, if A is true, then there is a loss in utility. By not hearing about A,
we lose the chance to believe the truth, and this will generally harm us. But if
A is not true, then we also lose utility. In this case, we lose the challenge to our
belief in not-A and the opportunity to deepen our justification of it, and this
will generally harm us. Therefore, Mill concluded, we lose utility in any case in
which A is “silenced”, whether A is true or not. Crupi and Iacona ([12]) have
Mill down as an “inferentialist”, but they do not refer to Mill ([43]). They only
refer to Mill ([44]), his book on logic, and even there, Mill wrote that if A then C
affirms that C' is inferable from A. He did not add that C' must not be inferable
from not-A as well. He was evidently not an inferentialist in our narrow sense.

The abstract blocks example brings out the non-constructive essence of (2CD)
most clearly. No stack of blocks is constructed in any sense for this problem. Mill’s
argument makes the point that conditional dilemmas can be of considerable sig-
nificance: it is one of the most famous in the history of political theory. Copi
and Cohen ([II]) do not give it as an example, but they list many real-world
examples of (1CD) or (2CD) and of their more general form. They conclude that
“... the dilemma is perhaps the most powerful instrument of persuasion ever
devised”. That may well be too strong. Psychological research arguably demon-
strates that there is no “powerful” way to remove myside bias ([49167]). But we
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do not think it can be denied that dilemma inferences have a valuable role in
reasoning.

Our third example is simpler and more concrete. For it, we will suppose that
a teacher asserts the following two conditionals about a highly intelligent student
who has attended all the classes and done all the homework:

(1) If Jane revises, she will pass the exam.
(2) If Jane does not revise, she will pass the exam.

Trusting the teacher, we use (2CD) to infer that Jane will pass the exam. In
contrast, Douven et al. ([2I]) would deny that (1) and (2) could both hold
for “standard” or “normal” conditionals, to which their theory applies. They
would call (1) and (2) “abnormal” conditionals in the context we describe, with
“missing links” in them between the antecedents and consequent. They have
a whether-or-not test for these “non-standard” cases. If we can say “whether
or not A, C”, then if A then C, and if not-A then C, are “non-standard”,
“abnormal”, and “missing link” conditionals. As we can say, “whether or not
Jane revises, she will pass”, and that “whether or not block three is green, the
answer to the blocks example is Yes”, and that “whether or not A is true, utility
is lost” in the free speech example, the conditionals in all these examples would
be classified by Douven et al. as “non-standard” and “abnormal”. They would
conclude that their theory of “standard” conditionals does not have to apply to
them. Douven et al. ([21]) did very briefly and tentatively suggest a semantics
for “non-standard” conditionals beyond their main theory, but they claimed
that the use of these conditionals is a peripheral and unimportant aspect of
communication and reasoning.

Douven et al. ([2I]) even refer to “normal” people as those who use “normal”
conditionals, but Lassiter ([37]) has pointed out that “... the notion of a ‘normal’
use does not have a theoretical interpretation in natural language semantics”.
What constructive inferentialists are claiming, beyond the “abnormal” and “non-
standard” terms, is that “if” is ambiguous, and that one of its meanings, the
one that does not fit their theory, is of little or no importance in language use
and conditional reasoning.

Our view is completely different. We do distinguish between dependence con-
ditionals, for which P(C|A) > P(C|not-A), and independence conditionals, for
which P(C|A) = P(C|not-A), such as (1) and (2). But this distinction is prag-
matic in our approach ([I5]). In it, there is only one conditional in natural
language, a suppositional conditional, the conditional event, which is sometimes
a dependence conditional, and sometimes an independence conditional, depend-
ing on the context. We argue that uses of independence conditionals, like those
in our examples, are far from a peripheral and unimportant part of human cog-
nition. Knowledge of independence, whether conditional or not, can be of great
value in reasoning and decision making and is often a necessary condition for
rationality ([I5l47/49]). This important knowledge is often conveyed by uses of
independence conditionals. Dilemma inferences, (1CD) or (2CD), are sometimes
central to deriving it, as illustrated in our examples, although depending on the
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exact value of P(C|A) and of P(C|not-A), they may not always establish that
A and C are precisely independent.

Suppose that (2) is used as a concessive (“even if”) conditional in the context
we have described, with “Even if” replacing “If” at the front of it. In such con-
texts, concessive conditionals are independence conditionals that convey useful
information about independence, in this example that whether Jane passes the
exam is independent of whether she revises. For (2) to do this, (1) has to be
at least implicitly in the background as an independence conditional as well in
this context. It cannot be the case, for instance, that revising seriously lowers
the probability of passing, say, because of a mistake in the revision materials.
With (1) at least implicit, and (1) and (2) highly probable, (1CD) or (2CD)
can be used to infer with confidence that Jane will pass the exam. Uses of con-
cessive conditionals generate many (often implicit) independence conditionals
([15]), with (1CD) or (2CD) arguments in underlying support of the conclusions
drawn from them.

We can reinforce our point about concessives and demonstrate the relation
between the dilemma inferences and Bayesian reasoning with yet another exam-
ple. Consider a pregnancy test that becomes increasingly unreliable, producing
more and more false positives, as it gets close to its expiry date, when it gives
positive results no matter what, and the following conditionals:

(3) If Jane is pregnant, the test will be positive.
(4) If Jane is not pregnant, the test will be positive.

Letting H (the hypothesis) and F (the evidence) be the antecedent and conse-
quent of (3), we have in our de Finetti theory P(if H then E) > P(if not-H
then E) before the expiry date and P(if H then E) = P(if not-H then E) after
that date. We can use Bayesian reasoning before the date to infer that P(if E
then H) > P(H), i.e., a positive test result increases the probability that Jane
is pregnant. As the expiry date approaches, and P(if not-H then E) increases
more and more, it might become more and more pragmatically appropriate to
assert (4), perhaps with “Even if” replacing “If”. After that date, P(if E then
H) = P(H) by Bayesian reasoning, i.e., the test result and the pregnancy are
independent. Knowledge of this fact would be necessary for Jane’s rational deci-
sion making. When (3) and (4) are both high, Jane can of course use a dilemma
inference to infer with confidence that the test will be positive, whether or not
she is pregnant. In our approach, we can give a smooth and unbroken account of
this reasoning up to and through the expiry date (see [35] on Bayes’ theorem).
In contrast, Douven et al. ([21]) inferentialism implies that (3) and (4) become
“abnormal” and “non-standard” conditionals when the expiry date arrives and
the pregnancy and the test result become independent. Indeed, at that point, (3)
becomes, for them, essentially the same as a conditional like “If Jane is pregnant

3 In a concessive conditional, “even” is applied to a suppositional “if”. Neither condi-
tional is abnormal. See Bennett ([5]) for an analysis of concessives that has influenced
ours, and Lycan ([40]) and Crupi and Iacona ([I3]) for other analyses.
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then Oxford is in England” (see the next section on “Walrus conditionals” like
this one), and their main theory does not apply. Moreover, they would have to
add that it is rare for conditionals to be used in Bayesian reasoning to infer
independence. We would simply challenge them to provide a convincing account
of how people do use reasoning to learn about independence ([15/47/49]).

3 Conditionals in the Psychology of Reasoning

Psychologists of reasoning have not extensively studied non-constructive rea-
soning, identified as such, but they have tested the Equation mostly via the
Probabilistic Truth Table Task since Evans, Handley, and Over ([23]). Over and
Evans ([49]) summarise this research by saying that it has confirmed that P(if A
then C') = P(C|A) for pragmatically acceptable if A then C (significant results
are in, for examples, [46/5006364]). But Edgington ([22]) predicted long ago the
Equation would fail for pragmatically unacceptable conditionals. Her example
was:

(5) If Napoleon is dead, Oxford is in England.

Over and Evans ([49, 5.2]) call examples like (5) Walrus conditionals in ref-
erence to the Walrus in Lewis Carroll’s nonsense poem “The Walrus and the
carpenter”, who wants to talk about a pragmatically bizarre list of unrelated
topics: shoes, ships, sealing wax, cabbages, and kings. Walrus conditionals, by
our definition, refer to pragmatically unrelated topics, like cabbages and kings,
in their antecedents and consequents (see [6] for relevant work on topicality).

Skovgaard-Olsen, Singmann, & Klauer ([65]) compared pragmatically accept-
able dependence conditionals such as,

(6) If Mark presses the power button on his TV, then the TV will be
turned on,

with independence conditionals that were also Walrus conditionals,
(7) If Mark is wearing socks, then his TV will be working.

Confirming Edgington, Skovgaard-Olsen et al. discovered that the Equation was
supported for conditionals like (6) but not for Walrus conditionals like (7) (see
also [4169]). This finding was called the relevance effect, because the antecedent
of (6), but not of (7), is “relevant” in some sense to its consequent. It was
certainly of value, but it was based on a confound. It compared pragmatically
acceptable dependence conditionals, like (6), with pragmatically unacceptable
independence conditionals, like (7), and not with pragmatically acceptable in-
dependence conditionals, like (1) and (2), or (3) and (4) beyond the expiry date
of the pregnancy test ([49] 5.2]).

Douven et al. (J2I]) argue that the experiments of Douven and his collab-
orators in the psychology of reasoning confirm their theory, but these studies
contain the confound of comparing pragmatically acceptable dependence con-
ditionals with pragmatically unacceptable independence conditionals and have
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other problems (see [I5J16/48]). There is also Zhan and Wang ([71]) on how the
relevance effect could be confounded by boundary cases. We will not repeat these
critiques here. But we will add that we favour, on theoretical and experimental
grounds, a pragmatic account of the findings in Douven et al. ([21]) and similar
experiments ([QIT4I37138]).

We will, however, quickly use (7) to illustrate a problem with the inferentialist
claim in Douven ([20, p. 108]) that if A then C is “acceptable” if and only
if P(C|A) is above some threshold and P(C|A) > P(C) (which implies that
P(C|A) > P(C|not-A)). Let S be the antecedent and W the consequent of (7).
We would naturally think of an example in which P(S) and P(W) are high, and
P(W|S) = P(W|not-S). The de Finetti ([18]) normal form for

if S then W is if S then S&W.

Now in a natural example, we can make P(W|S) = P(S& W|S) above any
threshold less than 1, and it follows that P((S & W)|S) > P((S & W)|not-S),
and P((S&W)|S) > P(S& W), as

P(S&W) = P(S)P(W|S) = P(S)P((S & W)|S).

However, if S then S & W is no more intuitively acceptable than if S then W,
which is the Walrus conditional (7). Over and Evans ([49]) use a similar argu-
ment to show that P(C|A) > P(C|not-A) cannot be a necessary condition for a
conditional to be “acceptable”.

Furthermore, Pfeifer ([50]) pointed out that in the Probabilistic Truth Table
Tasks, where participants are asked to assess their degree of belief in a condi-
tional of the form if A then C, information about both P(C|A) and P(C|not-A)
is available to the participants, and so measures of connections between both
conditionals, like Ap =g.5. P(C|A) — P(C|not-A), can be computed. However,
the key finding is that most participants respond with P(C|A) independently of
whether P(C|A) is less, equal or greater than P(C|not-A). Interestingly, this re-
sult is also independent of whether non-causal task material is used (e.g., when
A is about a geometric figure and C is about a colour), or whether the task ma-
terial is about clear causal or abductive connections between A and C' ([56U57]).
These results are incompatible with the inferentialists’ claim that acceptance of
if A then C requires at least a positive Ap (i.e., P(C|A) > P(C|not-A)).

In brief, constructive inferentialism does not appear to give us necessary or
sufficient conditions for a conditional to be “acceptable”, “normal”, or “stan-
dard”.

4 Conditional Bets

In our de Finetti approach, the assertion of a conditional is intimately related
to a conditional bet, and there is experimental evidence to support this link
([4U58]). Imagine someone makes the following conditional bet:

(8) If Dobbin runs in the race, then I bet she will come first.
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It is highly intuitive that, if Dobbin runs in the race and comes first, the bet (8) is
won. If Dobbin runs in the race and does not come first, the bet is lost. If Dobbin
does not run in the race, the bet is void, and no money changes hands. Assume
Dobbin does run and comes first. We doubt that bettors would be impressed by
an inferentialist who claimed that the bet was “lost”, and no money should be
paid out, because there was an extremely strong inductive inference, based on
bad performance in the past, to the conclusion that Dobbin would not come first.
Arguments like that are irrelevant in our account, as they are at racecourses and
bookies.

A different kind of example does seem to go the other way. Suppose Jane
loses a ring, and John says to her:

(9) If T look in your handbag, I bet you 50 Euros I will find it there.

Jane looks in her handbag and sees that the ring is definitely not there, so she
demands 50 Euros from John, claiming that (9) is lost. But he replies that (9)
is void because he did not look in the bag. One inferentialist position would be
that John should pay up, as Jane has demonstrated that there could not be a
strong argument from John’s looking in the bag to his finding the ring there.
But we would argue that John has suggested pragmatically that the ring is in
the bag. That can be taken as his bet, so implying that he should pay Jane the
50 Euros.

For a more complex example, suppose Jane and John own a horse, and he
makes this bet with her:

(10) If T enter our horse in the race, I bet you 50 Euros she will win.

Jane enters the horse in the race, and it loses badly. She demands 50 Euros
from John, but he not only points out that he did not enter the horse in the
race. He adds that he would only have done so if it had recovered from being
lame. In this example, it is more intuitive, we would suggest, that (10) is void.
There are a number of differences between (9) and (10), but the way intuitions
about void bets can move about like this suggests to us that pragmatics should be
applied to explain them. Controlled psychological experiments in the psychology
of reasoning will have to be run on cases like (9) and (10) to test possible
explanations of them.

We also hold that the use of an indicative conditional, if A then C, can convey
pragmatically that C' is inferable from A but not from not-A. In other contexts,
it is suggested, or explicitly shown in the use of (1CD) or (2CD), that C follows
from both A and not-A. We will not try to justify these psychological hypotheses
here. But we do argue that a big advantage of our approach over constructive
inferentialism is that we have a precise underlying semantics and logic for our
theory, probability logic.

5 Concluding Remarks

Dilemma inferences are used to state many paradoxes, or apparent ones, and so
are “dilemmas” in that special sense. For example, there is Russell’s “paradox”
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of a male barber in a village who shaves men in the village if and only if they
do not shave themselves ([60]). If this barber shaves himself (A), then he shaves
himself and does not shave himself (A& not-A). If he does not shave himself
(not-A), then he shaves himself and does not shave himself (A & not-A). Thus,
the barber shaves himself and does not shave himself (A & not-A). The final step
in this reasoning can be a reductio, concluding that such a barber does not exist.
However, we observe that the probabilistic validity of (1CD) and (2CD) is not
applicable in this particular case, since the conclusion of Russell’s “paradox” is
a contradiction. Sometimes people do seem to like to amuse themselves with this
kind of reasoning in natural language, but it is far more seriously used in some
profound proofs in logic, and a full analysis of it would lead us far from the topic
of this paper.

The sure-thing principle in decision making is analogous to the dilemma in-
ferences, (1CD) and (2CD), in reasoning. Savage ([62]) stated this principle to
help guide his axiomatization of subjective expected utility for decision theory
and his account of rationality. He expressed it in an instance of the following
form. If an agent would prefer to perform action X if ¥ and X if not-Y, then
he should perform X before he learns whether Y holds or not. The principle
has “would” in its conditionals, includes a temporal element, and ends with a
deontic “should” conclusion. These aspects would complicate a discussion of its
relation to the dilemma inferences and take too many words in this paper. Sav-
age and de Finetti influenced each other in their development of the subjective
theory of probability, but extending our account of the conditional event and
logical coherence to the rationality of the sure-thing principle and decision mak-
ing is beyond the scope of this paper. We will just point out that the sure-thing
conditionals pass the whether-or-not test and must be classified as “abnormal”
and “non-standard” by narrow inferentialists and placed beyond their main the-
ory. Psychological studies of the principle have found that people do not always
conform to it ([3]), but its conditionals can hardly be called “abnormal” or unim-
portant on that basis. Participants in experiments sometimes commit fallacies
in “normal” reasoning by any reasonable definition of this term ([49]).

The sure-thing principle and the dilemma inferences contain the indepen-
dence conditional, which can be used to reason about independence relations.
Douven et al. inferentialism unjustly gives the independence conditional “a bad
name to hang it”, labelling it as “abnormal”. In contrast, the conditional event
in probability logic can be used as a dependence conditional in some contexts
and an independence conditional in others, and the dilemma inferences are p-
valid in probability logic and can be of great value. We use probability logic and
its conditional event to acquire knowledge of independence which is essential for
rationality.
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