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1 Quandles

A quandle is an algebraic structure that can be described as a set Q with a
couple of operations ·, / : Q×Q→ Q which satisfy the following axioms

(1) x · x = x (1′) x/x = x

(2) (x · y) · z = (x · z) · (y · z) (2′) (x/y)/z = (x/z)/(y/z)

(3) (x · y)/y = x (3′) (x/y) · y = x

for every x, y, z ∈ Q.
We note that to determine completely the quandle structure is sufficient the

operation · : Q2 → Q and the axioms (1),(2) and

(3′′) The equation x · y = z has exactly one solution for each y, z ∈ Q .

Examples of quandle

• Let G be a group. Then we can endow G with a quandle structure letting

x · y = yxy−1

• More generally any union of conjugacy classes of G has a quandle struc-
ture.

• Let A be a Z[t±1]-module. Then A has a quandle structure given by

x · y = (1− t)x+ ty

• Let G be a group and H be a subgroup. Then for each m ∈ Z(H) we can
give a quandle structure to G/H in the following way:

aH · bH = bmb−1aH .

This quandle will be denoted by Q(G,H,m).
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Both these functors have adjoint, which we will call the associated group
and the associated Z[t±1]-module of a quandle Q, which can be defined by
usual abstract nonsense. In more detail for a quandle Q the associated group is
that given by the presentation

〈Q | (x · y) = yxy−1 x, y ∈ Q〉 .

Similarly the associated Z[t±1]-module is that given by

Z[t±1][Q]/(x · y − (1− t)x− ty | x, y ∈ Q)

2 Construction of the knot quandle

Take an unoriented knot K ⊆ S3. It is known that the fundamental group of
the knot is not a complete invariant. Anyway we can refine this invariant to get
the fundamental quandle of a knot, which is in fact a complete invariant and
for which the associated group is exactly the fundamental group of the knot.
Moreover we will see that the associated Z[t±1]-module of the fundamental
quandle is the Alexander module of the knot, and this will imply that the
Alexander module govern a kind of colorings of the knot.

Let’s begin with the definition of the fundamental quandle Q(K). Fix a base
point x0 ∈ ∂C(K). As a set we let Q(K) be

Q(K) = π1(C(K), ∂C(K), x0) .

To describe the quandle operation we put for every x ∈ ∂C(K)mx ∈ π1(∂C(K), x)
the class of the meridian. Now we can define

[δ] · [δ′] = [δ′mδ′(1)δ
′−1δ] .

One readily checks that this definition is indipendent of the choice of represen-
tatives (essentially because if we have an arc φ joining x and y in ∂C(K) we
have φmyφ

−1 = mx).
With this structure Q(K) becomes a quandle. In fact it is enough to put

[δ]/[δ′] = [δ′m−1δ′(1)δ
′−1δ] to readily verify that the quandle axioms are respected.

We denote by ε ∈ Q(K) the class of the constant map x0.
Let GK = π1(C(K), x0) be the fundamental group of C(K). Then GK acts

on Q(K) in a natural way via quandle automorphism, putting

[γ][δ] = [γδ]

for each [γ] ∈ GK and δ ∈ Q(K). Let then HK the image of π1(∂C(K), x0) via
the natural inclusion ι : ∂C(K)→ C(K).

Lemma 1. The action of GK on Q(K) is transitive and the stabilizer of ε in
GK is HK .
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Proof. Take [δ], [δ′] two elements of Q(K). We want to find [γ] ∈ GK such that
[δ′] = [γδ]. Consider now an arc α : [0, 1] → ∂C(K) connecting δ′(1) to δ(1).
Then clearly [δ′] = [δ′α] = [(δ′αδ−1)δ]. But δ′αδ−1 is a closed loop based on
x0, so we can let γ be it.

Clearly HK is contained in the stabilizer since [h] = [ε] in Q(K) for each
h ∈ HK . Let now be [γ] ∈ GK such that [γε] = [ε]. If we let Ht : I2 → C(K)
an homotopy from γε to ε we have that t 7→ Ht(1) is a curve on ∂C(K). It is
clear now that Ht(1) and γ are homotopic.

Theorem 1. The map (GK , HK ,mx0
)→ Q(K) given by g 7→ [gδ] is a quandle

isomorphism.

Proof. Because of the lemma it is clearly a bijection. So we need just to check
that it is a quandle homomorphism. But this follows from δmδ(1)δ−1 = my0 .

3 Presentation of quandles

Let’s take a set X, we want to construct the free quandle over X (that is
we want to describe the adjoint functor to the forgetful functor from quandles
to sets). We will consider the set of words composed from the alphabeth X q
{′/′,′ ·′,′ (′,′ )′}. Consider F (X) the smallest set of words subject to the following
restrictions

• X ⊆ F (X)

• If a, b ∈ F (X) then (a · b) ∈ F (X) and (a/b) ∈ F (X)

Let now ∼ be the smallest equivalence relation on F (X) subject to the following
restrictions

• If a ∼ b, c ∼ d then (a · c) ∼ (b · d) and (a/c) ∼ (b/d)

• If a, b, c ∈ R then (a, a) ∈ R and ((a · b) · c) ∼ ((a · c) · (b · c)), (a · a) ∼ a,
((a · b)/b) ∼ a ∼ ((a/b) · b)

Then F (X)/ ∼ has a natural quandle structure and it is readily verified to
be the free quandle over X.

Given a quandleQ we say that a relation R ⊆ Q×Q is admissible if (x, y) ∈ R
if and only if (x ·z, y ·z) ∈ R for each x, y, z ∈ Q. It is easy now to show that the
homomorphic images of a quandle Q are in natural bijection with the admissible
relations R on Q. A presentation of a quandle is given by a set X and a subset
of R ⊆ QF (X) × QF (X). The quandle associated with this presentation is
intended to be the quotient of QF (X) for the smallest admissible equivalence
relation containing R. An example of presentation of a quandle may be

〈x, y | x · y = y · x〉 .
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We want to apply this theory to show that the fundamental quandle admits
a presentation akin to the Wirtinger presentation of the fundamental group,
and to use it to show that the fundamental group is in fact the group associated
to the fundamental quandle.

If D is a knot diagram for K with arcs a1, . . . , an let I be the set of crossing
and for each i ∈ I let oi, si, di be the numbers corresponding the arcs respectively
that are passing over the crossing, that are at the left of the crossing and that
are at the right of the corssing.

Theorem 2. The following is a presentation for the fundamental quandle of
K:

〈x1, . . . , xn | xsi · xoi = xdi i ∈ I〉 .

Proof. Call the quandle obtained by the presentation ΓK . Take the Wirtinger
presentation of GK associated to the diagram D:

GK = 〈g1, . . . , gn | goigsig−1oi = gdi i ∈ I〉 .

We have clearly a map P → GK that sends xk to gk and this is an homo-
morphism of quandles. Moreover with this map GK is the group associated to
P . This gives an action of GK on P (given by the extension of the quandle
homomorphism ΓK → Aut(ΓK)). This homomorphism descends to a quandle
homomorphism

Φ : P → (GK , HK ,mx0) .

by composing with GK → (GK , HK ,mx0
). Our goal is to show that this is

an isomorphism. First note that the action of P on itself extends to a natural
action of GK via quandle automorphisms. Moreover Φ became a GK equivariant
morphism. Since both the actions on P and Q(K) are transitive the morphism
is surjective. We need just to show that it is injective.

Suppose now that we have numbered the arcs in such way that the arc a1
contains the projection of the base point x0. We claim that the subgroup HK

acts trivially on x1. In fact H is generated by m, which is the image of a1
and the longitude, which is the product of the images of the aoi where i run
through all the crossing points in order of encounter starting from a1. But the
relations which describe the fundamental quandle clearly imply that at the end
of the process we get again a1. Thus is well defined Ψ : GK/HK → P given by
gHK 7→ ga1. This is obviously a right inverse to Φ that so it is surjective.

Corollary 1. The fundamental group is the group associated to the fundamental
quandle.

4 Alexander quandles and colorings

A coloring of a diagram of a knot is a function c from the set of the arcs of
the diagram to a quandle X in such way that for every crossing i c(si) · c(oi) =
c(di). From what we have seen this is clearly just a quandle homomorphism
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Q(K) → X. We are mainly interested in calculating the number of colorings
when X is a finite quandle.

We say that a quandle A is an Alexander quandle if it is the quandle asso-
ciated with a Z[t±1]-module. It is clear that for every finite Alexander quandle
A the number of A-colorings depends only on the Z[t±1]-module associated with
Q(K).

Theorem 3. The Z[t±1]-module associated with the quandle Q(K) is the Alexan-
der module.

Proof. We know from Fox differential calculus that we can describe the Alexan-
der module of K as follows. Fix a diagram D of K. Take F the free group
over the arcs and be a : Z[F ] → Z[t±1] the ring morphism which sends every
generator of F to t. Moreover let ∂i : Z[F ]→ Z[F ] the i-th Fox differential op-
erators and let {ri}i∈I ⊆ F the relations thar correspond to the crossing points.
Then we know that the Alexander module of K is presented by the matrix with
entries

(a(∂i(rj))

Now, since rj = ojsjo
−1
j d−1j we have that

∂i(rj) =


1− ojsjo−1j if i = oj

oj if i = sj

−ojsjo−1j d−1j if i = dj

That is

a(∂i(rj)) =


1− t if i = oj

t if i = sj

−1 if i = dj

That is the Alexander module is exactly the module with presentation

〈x1, . . . , xn | (1− t)xoj + txsj − xdj j ∈ I〉

which is the module associated with the fundamental quandle.

5 The fundamental quandle is a complete invari-
ant

Let’s recall some definitions from the theory of 3-manifold. Let M be a 3-
manifold. A 2-submanifold F is said to be compressible if there happens one
of the two following possibilities:

• There is a simple closed curve C in F which is not nullomotopic and which
bords an embedded disc in M .

• There is an embedded ball B ⊆M such that B ∩ F = ∂B.
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A submanifold is said to be incompressible if it is not compressible. A
3-manifold M is said to be irreducible if every embedded 2-sphere B is com-
pressible (i.e. it bords a 3-ball). It is said to be boundary irreducible if ∂M
is incompressible. At last it is said to be sufficiently large if it is not a 3-ball
and it has an incompressible subvariety.

Let now be M and N two 3-manifold and ψ : π1(M) → π1(N) be a group
homomorphism. It is said to preserve the peripheral structure if and only
if for every boundary component E of M there is a boundary component F
of N such that ψ(i∗π1(E)) is contained in a conjugate of j∗π1(F ) where i, j
are the canonical inclusions. It is clear that every group homomorphism in-
duced by a continous map which sends the boundary in the boundary (e.g. an
homeomorphism) preserves the peripheral structure.

We will use corollary 6.5 from [Waldhausen]

Theorem 4. Let M and N be manifold which are irreducible and boundary
irreducible. Suppose M is sufficiently large. Let ψ : π1(N) → π1(M) be an
isomorphism which respects the peripheral structure. Then there exists a home-
omorphism f : N →M , which induces ψ.

Theorem 5. Two knots K1,K2 are equivalent if and only if the corresponding
quandles Q(K1), Q(K2) are equivalent.

Proof. If one of the knots is trivial the result follows from the elementary fact
that a knot is trivial if and only if π1(C(K)) = Z. So let’s suppose that both
knots are nontrivial.

One direction is easy. For the other we need to provide an homeomorphism of
the complements which brings the meridian in the meridian. Fix an isomorphism
of the corresponding quandles ψ : Q(K1) → Q(K2). Up to composing with
an element of π1(K2) we may suppose that ψ(ε1) = ε2. This descends to
an isomorphism of fundamental groups, that preserve the peripheral structure
(since the peripheral structure is just the stabilizer of εi). Since our manifolds
clearly satisfy the hypotesis of Waldhausen theorem we must note only that it
brings the meridian to the meridian. But the meridian is the element of GK
which acts equals to εi on Q(Ki).s
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