
Purity theorem in motivic homotopy theory

October 24, 2014

In these notes X will always be a smooth scheme over some Noetherian base
scheme S.

1 Introduction

In these notes I will talk about the purity theorem in motivic homotopy theory.
It is a result which is the direct analogue of the Pontryagin-Thom construction
in classical and equivariant homotopy theory.

Theorem 1. Let M be a manifold and N be a submanifold of M . Then there
is a cofiber sequence

M rN →M → Nν

where ν is the normal bundle on N in M and Nν is its Thom space.

We want some analogue of the previous theorems in the motivic setting.
Let’s fix, once and for all, a smooth variety X over S and a smooth closed
subvariety Z ⊆ X. Then our theorem will be

Theorem 2 (Purity, take I). The two motivic spaces X/(XrZ) and NXZ/(NXZr
Z) are A1-locally equivalent.

Recall that NXZ is the normal bundle of Z in X and it is defined as(
IZ/I2Z

)∨
, where IZ is the ideal sheaf of Z in X. The idea is that NXZ contains

all the information about the homotopy type of an infinitesimal neighborood of
Z in X.

Remark 3. When I write X/(X r Z) what I really mean is the cofiber of the
map X r Z → X in the motivic category. The reason for that notation is
that in the injective model structure on simplicial sheaves open immersions are
cofibrations, so the cofiber can be represented by the sheaf-theoretic quotient of
X by X r Z.

This statement is still not really satisfying. In fact we’d like not just to say
that two objects are equivalent, but also to show a precise equivalence. Still
this is enough to show a first application of the theorem.

1



Suppose for simplicity that the normal bundle NZX is trivial (e.g. Z has
codimension one in X and everything is oriented). Then we have a long exact
sequence in motivic homology

· · · → H∗(X r Z)→ H∗(X)→ H∗(X/X r Z)→ . . .

But by the purity theorem H∗(X/X rZ) = H∗(NXZ/NXZ rZ) and this term
now depends only on Z.

2 Thom spaces of bundles

Let E be a vector bundle of rank n over X. I will use the same symbol both
for the quasi-coherent sheaf and the underlying scheme, which is Spec Sym• E∨.
We will also indicate s0 : X → E be the zero section (which is induced by the
morphism of algebras Sym• E∨ → O). Also we indicate the projective bundle
associated with E as PE = Proj Sym E∨. Then we can define the Thom space of
E as the motivic space

ThE = E/(E r s0(X)) .

This is naturally a pointed space.
Let us pause for a moment and see that this definition is in fact the analogue

of the classical definition. If we have a real vector bundle E over some topological
space X, the Thom space is usually defined as the cofiber of the diagram

S(E)→ D(E)→ ThE .

In our motivic setting we do not have a sphere or a disc bundle, but we may
take advantage of the homotopy invariance of the cofiber and get a diagram

S(E) D(E) ThE

E rX E ThE

o o

and since the vertical arrows are equivalence we see that our definition of Thom
space is perfectly reasonable.

So we can identify one of the two spaces in the statement of the purity
theorem with the Thom space of the normal bundle. Let us see now some easy
properties of the Thom space that will turn out helpful.

Proposition 4. Let X1, X2 be two smooth S-schemes with vector bundles E1, E2.
Then there is an isomorphism of pointed spaces

Th(E1 × E2) ∼= ThE1 ∧ThE2 .

If On is the trivial vector bundle there is a natural isomorphism of pointed
spaces Th(On) = ΣnTX+.
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Let E be a vector bundle on X and let P(E) ↪→ P(E ⊕ O) be the closed
embedding at infinity (induced by the map of graded OX-algebras Sym(E∨⊕O)→
Sym E∨). Then the natural map E → P(E ⊕O) induces an A1-local equivalence

ThE = E/E rX
∼−→ P(E ⊕ O)/P(E ⊕ O) r PO

Proof. The only statement that requires proof is the third. Consider the follow-
ing diagram

E rX P(E ⊕ O) r PO

E P(E ⊕ O)

This is an elementary square for the Nisnevich topology. So it is an homotopy
cocartesian square. So the cofibers of the two vertical maps are homotopy
equivalent. But that is the thesis.

3 Blow up of closed subschemes

In order to finally state precisely the purity theorem we are going to need a
technical tool from algebraic geometry: the blow-up.

Let Z ↪→ X a closed subscheme. We will denote the ideal sheaf of Z by
I. We say that Z is an effective Cartier divisor if I is locally principal
generated by a nonzerodivisor of O.

Example 5. Let L be a line bundle and let s ∈ Γ(L, X) be a global section.
Then Z = {s = 0} is an effective Cartier divisor. In fact all effective Cartier
divisors are of this form (take L = I∨).

We like Cartier divisors because it is easy to work with them. We want to
find the “best Cartier approximation” to a closed subscheme Z. We say that
the blow-up of Z in X is the cartesian diagram

EZX BlZX

Z X

β

where EZX ↪→ BlZX is a Cartier divisor and which is universal among such
diagrams.

If I ⊆ OX is the sheaf of ideals defining Z, we can form

BlZX = Proj
⊕
n≥0

InZ
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Lemma 6. The map β : BlZX r EZX → X r Z is an isomorphism.

Lemma 7. If U ⊆ X is an open subscheme then β−1(U ∩ Z) ↪→ β−1U is a
blowup for U ∩ Z in U .

It is clear that Bl∅X = X for all X (in general if Z is an effective Cartier

divisor BlZX = X). So if U = XrZ we have that β−1U = BlZXrEZX
β−→ U

is an isomorphism.

Theorem 8. If Y is a closed subscheme of X containing Z then the closure of
Y r Z in BlZX is canonically isomorphic to BlZY .

Let I ⊆ OX be the ideal sheaf corresponding to Z. Then we have the
commutative diagram

ProjX

(⊕
n≥0 In/In+1

)
ProjX

(⊕
n≥0 In

)

Z X

I claim that this is a blowup diagram. It is clear that the top arrow is the
inclusion of an effective Cartier divisor

Theorem 9. If Z ↪→ X is an embedding of a smooth subvariety of X (or more
generally it is a regular embedding) then the natural map

Symn
(
I/I2

)
→ In/In+1

is an isomorphism of OX-modules.

Proof. Skipped.

So in particular there is an isomorphism P(NXZ) ∼= EZX. This will be
important

4 Statement of the theorem

Suppose, as before that Z ↪→ X is a smooth closed subscheme. Then we may
form the motivic space X/(X r Z). You should think about it as some sort
of infinitesimal neighbourood of Z in X. If we had the tubular neighbourood
theorem this would be the same as Th(NXZ). We want to compare this two
objects. This is kind of annoying since there is no obvious map between them.

Recall that

Th(NXZ) = P(NXZ ⊕O)/(P(NXZ ⊕O) r P(O)) .
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The key observation is that P(NXZ ⊕O) = EZ(X ×A1) where Z ↪→ X ×A1 is
embedded in X × {0}. Moreover the copy of P(O) = Z is exactly EZ(Z × A1).
So we can write

Th(NXZ) = EZ(X × A1)/(EZ(X × A1) r EZ(Z × A1)) .

This will give us a map

Th(NXZ)→ BlZ(X × A1)/(BlZ(X × A1) rBlZ(Z × A1))

We also have a map

X/(X r Z)→ BlZ(X × A1)/(BlZ(X × A1) rBlZ(Z × A1))

given by the inclusion of X into BlZ(X × A1) as x 7→ (x, 1). So we have a
triangle

BlZ(X × A1)/(BlZ(X × A1) rBlZ(Z × A1))

X/(X r Z) Th(NXZ)

Theorem 10 (Purity theorem, take II). All the arrows in the above diagram
are A1-equivalences of motivic spaces.

5 The case of affine space

BlX(AnX × A1)

PnX

X × A1

AnX × {1}

X × {1}

AnX

X

ι1

PnX
P0
X

j
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For starters let us do the case of the inclusion of the zero section in a trivial
vector bundle. Let AnX = X × An be the trivial vector bundle and let the
map ι : X → AnX be the inclusion of the zero section. Recall that AnX =
SpecX O[x1, . . . , xn] and its ideal sheaf is the sheaf (x1, . . . , xn). So its normal
bundle is going to be the sheaf

(
(x1, . . . , xn)/(x1, . . . , xn)2

)∨
=

n⊕
i=1

Oηi

where ηi(xj) = δij . So its normal bundle is going to be just the trivial bundle
(not exactly a surprise here). Since quite clearly the pairs (NAn

X
X,X) and

(AnX , X) are isomorphic we might think that we are done. In fact we do not
need to show that those two spaces are equivalent (or isomorphic in this case).
We need to show that the particular map we have written in the statement are
equivalences. This is important when we will use this case as a step to do the
general case.

Lemma 11. The blowup of AnX at the zero section is isomorphic to the total
space of the tautological bundle over PnX with the natural projection. In particular
the exceptional divisor EXAnX is isomorphic to ..

Proof. Exercise for the interested reader.

The particular feature of the case of (AnX , X) is that we have now a projection
map BlXAn+1

X → PnX . This is clearly a weak equivalence, since it is the structure
map of a vector bundle. So we have a commutative diagram

BlX(An+1
X ) rBlX(A1

X) BlX(An+1
X )

PnX r P0
X PnX

o o

where the vertical arrows are A1-equivalences. Hence the map induced among
the cofibers is an equivalence too. But the map we wanted to prove the equiv-
alence of is a section of that one, so we are done.

Now for the second map it is enough to show that the composite map (AnX |
X) → (BlXAn+1

X | BlXA1
X) → (PnX | P0

X) is an equivalence. But this is just
the map induced by the standard open immersion AnX → PnX . Now the open
covering {AnX ,PnX rX} forms the elementary square

AnX rX PnX rX

AnX PnX
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which is an homotopy pushout square, and so the map induced among the
cofibers of the vertical map is an equivalence. But that’s exactly what we
wanted to show.

6 The general case

We will do the general case in two steps.

Proposition 12. Consider a cartesian square

Z X

Am An

where the right vertical map is an étale map and the bottom horizontal line is the
inclusion of the first m-coordinates (i.e. (x1, . . . , xm) 7→ (x1, . . . , xm, 0, . . . , 0)).
Then the map Z ↪→ X satisfy the purity theorem.

Proof. Consider the fiber product X×AnZ×An−m, where the map Z×An−m →
An is induced by vertical left map in the statement. This has a projection
X ×An Z × An−m → An whose fiber is the closed subscheme Z ×Am Z. Since
Z → Am is étale, this fiber is the disjoint union of the diagonal copy of Z and
of some closed subscheme Y . Let U = X ×An (Z × An−m) r Y .

We have two projections U → X and U → Z×An−m which are isomorphism
if restricted over Z. Then since purity holds for (Z×An−m, Z), the thesis follows
from the following lemma.

Lemma 13. Let φ : U → X be an étale morphism which is an isomorphism
over Z. Then (U,Z) satisfies purity if and only if (X,Z) satisfies purity.

Proof. As usual all vertical maps in the comparison diagram are maps induced
on the cofiber of an elementary square, so they are isomorphism.

Proposition 14. Let U → X be an étale cover. If for all n the pair (Un =
U ×X U ×X · · ·×X U,Z×X Un) satifies the purity theorem, then (X,Z) satisfies
the purity theorem.

Proof. Let X be the Cech nerve of U → X. We know that the map X → X is
an A1-local equivalence. Similarly, let X ′ be the Cech nerve of UrZU → XrZ.
Then X ′ → X r Z is an A1-local equivalence. Moreover, since taking cofiber
commutes with colimits, we can take the cofiber X ′ → X levelwise. Do the
same for the blow-ups.

Consider the diagram
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X/X ′ B/B′ N/N ′

X/(X r Z) BlZ(X × A1)/(BlZ(X × A1) rBlZ(Z × A1)) Th(NXZ)

o o o

Here all vertical map are A1-local equivalence. But by hypothesis also all top
row maps are A1-local equivalences. Hence the bottom maps are A1-local equiv-
alences too.

7 Applications

As the traditional Pontryagin-Thom construction, the purity theorem has a lot
of applications. I’ll mention only two (and leave the rest to your imagination):
Atiyah duality and the Becker-Gottlieb transfer.
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