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Appendices

A Collection of formulas

Dirac algebra in 4 Dimensions

Traces with even number of γ-matrices

Tr{1} = 4 (A.1)

Tr{γµγν} = 4gµν (A.2)

Tr{γµγνγαγβ} = 4[gµνgαβ + gµβgνα − gµαgνβ ] (A.3)

Traces with odd number of γ-matrices

Tr{γµ1
. . . γµ2k+1

} = 0 , k = 0, 1, 2, . . . (A.4)

Traces including a γ5-matrix

Tr{γ5} = 0 (A.5)

Tr{γµγνγ5} = 0 (A.6)

Tr{γµγνγαγβγ5} = 4iǫµναβ (A.7)

Tr{γµ1
. . . γµ2k+1

γ5} = 0 , k = 0, 1, 2, . . . (A.8)

Useful identities for products of γ-matrices

γµγ
µ = 4 (A.9)

γµγαγ
µ = −2γα (A.10)

γµγαγβγ
µ = 4gαβ (A.11)

γµγαγβγργ
µ = −2γργβγα (A.12)

γµγαγν = gαµγν + gανγµ − gµνγα + iǫµανβγ5γβ (A.13)

Useful identities for products of ǫ-tensors

ǫαβµνǫ
αβµν = −24 (A.14)

ǫαβµνǫ
ρβµν = −6gρα (A.15)

ǫαβµνǫ
ρσµν = −2[gραg

σ
β − gσαg

ρ
β ] (A.16)

ǫα1α2α3α4
ǫβ1β2β3β4 = −det

(

gβk

αi

)

(A.17)

1

2
ǫαβµνσ

µν = iσαβγ5 (A.18)
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!!! We use definitions from Bjorken and Drell:

γ5 = iγ0γ1γ2γ3 , ǫ0123 = +1 (A.19)

Be careful, some other (equally famous) books use different definitions:

γ5 = iγ0γ1γ2γ3 , ǫ0123 = −ǫ0123 = +1 Itzykson, Zuber (A.20)

γ5 = iγ0γ1γ2γ3 = −iγ0γ1γ2γ3 , ǫ0123 = −ǫ0123 = +1 Okun (A.21)

This ambiguity is a standard source of sign errors!

Identities involving Dirac spinors

ūλ(p)uλ
′

(p) = 2mδλλ′

v̄λ(p) vλ
′

(p) = −2mδλλ′

ūλ(p) vλ
′

(p) = v̄λ(p)uλ
′

(p) = 0 (A.22)

ūλ(p)γµu
λ′

(p) = v̄λ(p)γµv
λ′

(p) = 2pµδλλ′ (A.23)

∑

λ=±1/2

[

uλα(p)ū
λ
β(p)− vλα(p)v̄

λ
β(p)

]

= 2mδαβ = 2m(I)αβ (A.24)

∑

λ=±1/2

uλα(p)ū
λ
β(p) = (/p+m)αβ

∑

λ=±1/2

vλα(p)v̄
λ
β(p) = (/p−m)αβ (A.25)

Hermitian and Charge conjugation

γ0γ†νγ
0 = γν (A.26)

C = iγ2γ0 , C−1γµC = −γTµ , C = −C−1 = −C† = −CT (A.27)

Integration in the 4 dimensional Euclidean space

Definitions:

ko → ik4 (A.28)

d4k = dkod
3~k = id4kE (A.29)

k2 = k20 −
~k2 = −(k21 + k22 + k23 + k24) = −k2E (A.30)
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Integration:

∫

dDkEf(k
2
E) =

∫

dΩD

∞
∫

0

dkEk
D−1

E f(k2E) (A.31)

=
π

D

2

Γ
(

D
2

)

∞
∫

0

dk2E
(

k2E
)

D

2
−1

f(k2E) (A.32)

Dimensional Regularization (D = 4− 2ǫ)

Definitions:
∫

d4k →

∫

dDk (A.33)

e0 → e0µ
2−D

2 (A.34)

Dirac algebra in D Dimensions

Defining the ǫ-tensor and γ5 in D dimensions involves subtleties that would require a detailed

explanation; we will leave out the corresponding formulas.

γµγ
µ = D (A.35)

γµγαγ
µ = (2−D)γα (A.36)

γµγαγβγ
µ = 4gαβ + (D − 4)γβγα (A.37)

γµγαγβγργ
µ = −2γργβγα + (4−D)γαγβγρ (A.38)

Feynman parameter integrals for products of propagators:

1

A ·B
=

1
∫

0

dx
1

[xA+ (1− x)B]2
(A.39)

Γ(a)Γ(b)

Aa ·Bb
=

1
∫

0

dx dy xa−1yb−1 δ(1− x− y)
Γ(a+ b)

[xA+ yB]a+b

=

1
∫

0

dx xa−1(1− x)b−1 Γ(a+ b)

[xA+ (1− x)B]a+b
(A.40)

This representation can be generalized to an arbitrary number of the denominators, e.g.,

Γ(a)Γ(b)Γ(c)

Aa ·Bb · Cc
=

1
∫

0

dx dy dz xa−1yb−1zc−1 δ(1− x− y − z)
Γ(a+ b+ c)

[xA+ yB + zC]a+b+c
(A.41)
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Loop integrals in D Dimensions

∫

dDk
Γ(a)

[−k2 −A− iǫ]a
= iπ

D

2

Γ
(

a− D
2

)

[−A− iǫ]a−
D

2

(A.42)

∫

dDk
Γ(a)

[−k2 −A− iǫ]a
kµkν = iπ

D

2

(

−
gµν
2

) Γ
(

a− 1− D
2

)

[−A− iǫ]a−1−D

2

(A.43)

∫

dDx
Γ(α)

(−x2 − a2 + iǫ)α
= −iπD/2 Γ(α−D/2)

[−a2 + iǫ]α−D/2

∫

dDx
Γ(α)

(−x2 − a2 + iǫ)α
xµxν = −iπD/2

(

−
gµν
2

) Γ(α−D/2− 1)

[−a2 + iǫ]α−D/2−1
(A.44)

Fourier integrals in D Dimensions

∫

dDx eiqx
Γ(α)

[−x2 + iǫ]α
= −iπD/22D−2α Γ(D/2− α)

[−q2 − iǫ]D/2−α

∫

dDq e−iqx Γ(α)

[−q2 − iǫ]α
= +iπD/22D−2α Γ(D/2− α)

[−x2 + iǫ]D/2−α
(A.45)


