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Auniversal target for invertiole TQFTs

Brown - Comenetz:

There is a spectrum (cohomology theoryIQ/Auniquely
determined by: Nohomspectra, IR/) =homAb 190X, QE)

Homotopygroups: M-nFQ/R=homA6IRn $, Q172) -> P<0
=

0

Mo
=

R/A

Freed-Hopkins:
(The Picard symmetric monoidal d-groupoid ofRodIRIE is a

universal target for fully extendedinvertible torsion) TQFT.

fr

Fun*(Bord,0IQR) =homAb ( Id ,k(z)

fully extended framed EdINE-
->

stably framed R-valued
valued d-dim TQFTS

[
d-dim Gordism invariant
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In low dimensions
M In IQ/A

d =0:YoIRIR
=RIR n

finite-dim. super
vector spaces O RE

=1:IW sLine =(sVea)X only - invertible - I #12
↳-- objects & inv morphisms

-2 E12
X

d=2 =20INR=(SAlga) Morita category offinite-dim.
-3 E124

-- semisimple super-algebras

Question [Hopkins]:Is there a
natural symmetric

d d -

d

monoidal d-category or with (r)Forsion-202 I RIE.?

Rovem [with TIF]: For d21, there is a unique 5-linear

symmetric monoidal d-category und with
h)(r =o4IQZ

12) 2dw?End I) =sVece
cana inductive limit)
E

13) 7d is a filtered colimit of finitesemisimple symmetric m-cats.

Moreover, for every finitesemisimple RR-linear symmetric - monoidal d-cat. 2:

FunqR (a,n = hom (2,4)S 1- Alg
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obju semisimple absoluten-dim, framed TFTS

more framed domain walls
as a framed 20TQFT:

! Arf-kervaine invariant

Exm: W* =0, i= sVece wesAlge ↓
/

simples:I, f simples:I, Cliff (1)

notaurphism between them =>O morphism between them
-

-&
"domain wall"
-

23simplesigo-braided equiv. classes ofnon-degenerate
braided superfusion categories + extra data

metarycase: liftof central charge fromRER to 442E]
I a 50 morphism if the same elementin a certain E124-

extension ofthe Wilt group of slightlynon-dey, Graided cuts,

TW"similar to (and inspired bya construction of Freed, Scheimbaner, Teleman)
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Why sVece?
Afield k is algebraicallyclosed

#Hilberts Nullstellensatz
A
~Ealgebra mapR d

* FO, fin. generated K-algebra K->A?
-

E
k - k

- I ne such The

P L

symmetricfunctor!
-2polynomialte/Buto receiveca - [ Ihas no solution in recal

Slogan 18 Vecyis notalgebraically closed!

Theorem [Oeligne]: For every to nottoo largesymmetric category

2 over stack: -
-

srece - rece
-

17

slogan 2: sVeceis "algebraically closed!
11

It is the "algebraic closure of VeCK.



In higher dimensions?

· Ais the O-categorical algebraic closure of IR.

1

a srec,is the 7-categorical"algebraic closure of1.



In higher dimensions?

· Ais the O-categorical Separable closure of IR.

a sVec,is the 7-categorical separable closure of1.



In higher dimensions?

· Ais the O-categorical Separable closure of IR.

a sVec,is the 7-categorical separable closure of1.

In this talks

I" is the n-categorical separable closure of R.



In higher dimensions? Abalois extension

W. Jalois group?

· Ais the O-categorical Separable closure of IR. 212

a sVec,is the 7-categorical separable closure ofR. E12XPER

In this talks

I" is the n-categorical separable closure of R.



In higher dimensions? Abalois extension

W. Jalois group?

· Ais the O-categorical Separable closure of IR. 212

a sVec,is the 7-categorical separable closure ofR. E12XPER

In this talks

I" is the n-categorical separable closure of R.

In the next talk:

This is a Jalois extension.

Its alois group (ie. the u-categorical absoluteJalois group of IR)

Looks a lotLine PC, the stable piecewise-linear group.
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(Karoubian) n-categories 2 W the pointed equivalences are*e"*n=1.

In words. Asequence of categories which deloopone another.

Think: A thing with non-invertible cells in degree (-2,0]:

O-cells 300 S(- 1)- cells bee
(-2) - cells

!

In other words:Acategorical (coconnective) loop spectrum.

Kaw Towers Spectra e) (e.*:=retain only
invertiblesells
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Towers generalize commutative rings

Observe: If29 is a tower, then einherits a symmetric

monoidal structure from the co-deloopshys.

In particular, 20 is a commutative ring.

Definition:IfR is a commutative ring, then
the

Karoubian n-cuts [Ri =Kar (PR) =Mod dan(moddna...(R)))
*

triviallydeloop R n times

form a tower, the suspension tower EP ofR.

Prop: 28: CRing <> Kar Towers is fullyfaithful,

-yes
E.g.: ER=<fin.gen, projective R-modules],

dR =4parodi
10 = R*
5
- 1
= Pic(R)E
:

Note: (SR)can have homotopy in negative degrees-> 5 - 2
=Br (R)
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Nullstellen satzianism From now one "ring"will means"commering")

S
Afield K is *FO, finite u-> in
separably closed separable ring maps

k- k
-

Oef: Aring homomorphism R ->S is finiteseparable, if:

b)
Iis finitelygenerated 12)

S is finitelygenerated
projective as R-module projective as SS-module

Det: Amap Fo: e'- 8" of Karoubian towers is fully finite

if In the n-functor FU: 2"-OU is fully right adjunctible.

Prop in progress [w.TJF]:

(1) Aring o
R-S is finiteseparable -> ER-S's is fullyfinite.mas

12) If Kis a field ofchar (k) =0 and Ek-eo a map of towers. Then?

↑six -e is fully finite C An, en is a finitesemisimple kulin. n-cate

=2 case follows from Douglas - SchommerPries-Snyder, n =3 from Pesoppet]
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Nullstellen satzianism

02f8 AKaronbian tower R is * FO, fully go
finitering mapsit

B

separably closed 2
-> in

*
-

R-

Exm. **is notseparablyclosed.

↑ef:Aseparable closure of a Karoudian tower 2" is a map R29, st.
1) So is separablyclosed
12) R-So is a filtered colimitof fully finitemaps.

Thm in progress [w. TJF]:

2" is the unique separable closure ofSR.

This explains why he is a filtered colimitoffinitesemisimple towers?

(Recall: Fully finite ER->2° E) finitesemisimple R-tower 2)

/ Cf. recent work ofBurklund-Schlank-Yuan in chromatic homotopy theory)
Barthel - Carmeli-Schlank-Yanovski
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Roots of unity
Recalls a separablyclosed field of char. 0.

-

-

Thene NIK) :=roots
ofunity

=(k)or -
QAb.

in k

Def: The roots of unityof a kar tower
are

↑(2): =(24) for a Spectra.

Expectation:If I is a separablyclosed
tower

with charle): = char (20) =0, then (12)
=IQ/Z.

Idea: Build 2 by adjoining missing roots of unity.

Difficulty:
Don'tadjoin - products of new roots mightbe roots.
too many! 2 ->sums of new roots mightbe roots



Building &
want these roots ofunity
↓

Look atwIR)=E12 - QUA

⑰ - ⑧⑨ ⑧

2.
70-> N(R) =E12-RE-> QE
-O

u

missing roots



Building &
want these roots ofunity
↓

Look atwIR)=E12 - QUA

⑰ - ⑧⑨ ⑧
WE Ext (QA, E(2)
-
H

W
2.

RE ->Q->
HE12

7

u

missing roots



Building &
want these roots ofunity
↓

Look atwIR)=E12 - QUA

⑰ - ⑧⑨ ⑧
w =Ext (QA, [(2)
-
H

W
2.

RE ->Q-
E12[]

7

u

missing roots



Building &
want these roots ofunity
↓

Look atwIR)=E12 - QUA

⑰ - ⑧⑨ ⑧
A

f
2.

W E12[1]
7Q-> QUE ->
u

missing roots

R**[A]



Building &
want these roots ofunity
↓

Look atwIR)=E12 - QUA

⑰⑨ - ·De
R12

fi
W

2. -> E12[1
7RE -> QA
u

missing roots

WIA
iRCER] =K
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· i==7
-n

iso on
i*(n-2)

Induction: ↓
Iswh1-> IQUE

mono on M
M

F:=1 C

↓"u
p(d2Y -> FQ- C -> p/aw") (1)

- -(n - 1)
cofirerw.i =D

Unpacked?O-FordW" -> homlin, QE) -> F ->FowIS"w -> hom(RaxD, QR) -> junk

#

ink: F
M ~a) contain el's of Hom/ns,KY) thataren'talready in TOW (dW*)1
10) kill els offor (d2w-2) thataren'tin Hom (Anth, of

Wn n-categorical twisted
f: zr:= (SW) [F]

group algebra

M wn

Formally, colim (F-> (En-For -> Mod(aur")]
=(0wnst)
ftEn

M

In other words? W" is an F-graded extension of SWM?
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inone on M

n +1
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Unpacked: 0 ->For(d2") -> Forlw") ->
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Building W
↳ n

is on 17
To build: M/dw") -> IQA is

inone on M
n +1

MFrn21:Consider 2: =cofib(p(swiy -> p(swi))

Unpacked:0 -> For 1222) -> For1w") -> F -> TorIsnY-xFor(2w")
A 5

because w =SWny*r[F] is because Wh-7

americal group algeova
is separablyclosed.

This implies: ↑ (swa-1)-> IQE
↓ .........

↑(s w") iso on ME
n +1

mono on 17

By induction, get we with NIW =IQUE.


