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In a nutshell
Orbifold data

.. are algebraic representations of Pachner moves
...are objects of a higher Morita category

.. are special defects in defect TQFT

.. are gaugeable (non-invertible) symmetries

.. give rise to state sum models



In a nutshell

Orbifold data ...are algebraic representations of Pachner moves
...are objects of a higher Morita category
.. are special defects in defect TQFT
.. are gaugeable (non-invertible) symmetries
.. give rise to state sum models

Theorem. Let T be 3-category with duals. The higher Morita
category 7T.1, of orbifold data in 7 has duals.

Theorem. Let Z be 3d defect TQFT and Dz its 3-category with
duals. From (Dz)b one obtains 3d defect TQFT Z,,.

Applications.
— “Defect state sum models are orbifolds of the trivial defect TQFT.”
— "Reshetikhin—Turaev defect TQFTs without thinking”
— "Douglas—Reutter 4-manifold invariants via orbifolds”



Closed TQFT

An n-dimensional closed oriented TQFT is symmetric monoidal functor

Bord;', ; — C




Closed TQFT

An n-dimensional closed oriented TQFT is symmetric monoidal functor

Bord;', ; — C

. M

Classification.

(1d closed oriented TQFTs) = (dualisable objects)
(2d closed oriented TQFTs)
(3d closed oriented TQFTs)
(4d closed oriented TQFTs)

I

12

(commutative Frobenius algebras)

1

(J-algebras)
7

1

Juhasz 2014



Defect TQFT

An n-dimensional defect TQFT is symmetric monoidal functor
Bordd (D) — ¢

n,n—1
depending on set of defect data D consisting of
— set D,, of “bulk theories”
— sets D; of j-dimensional “defects” for j € {0,1,...,n —1}
— adjacency rules. ..

Davydov/Kong/Runkel 2011, Carqueville/Runkel/Schaumann 2017



Defect TQFT

An n-dimensional defect TQFT is symmetric monoidal functor
Bordd (D) — ¢

n,n—1
depending on set of defect data D consisting of
— set D,, of “bulk theories”
— sets D; of j-dimensional “defects” for j € {0,1,...,n —1}
— adjacency rules. ..

Non-full embedding Bord;’,, | — Bordd | (D) for all u € D,

n,n—1

Davydov/Kong/Runkel 2011, Carqueville/Runkel/Schaumann 2017



Examples of 2d defect TQFTs

Trivial defect TQFT Z§: Bordgf‘lf (D"v2) — Vecty
Dy = {k}

. : V1
D2 := Ob(vect) Z5 (O ) =N Vs,
Vi

Dg™? := Mor(vecty)

z;W( /f\ ) := (evaluate 0- und 1-strata as string diagrams in vecty)
@



Examples of 2d defect TQFTs

Trivial defect TQFT Z§: Borddef(]Dm"Q) — Vecty
Dy = {k}

Dtrivz e Ob( triv th [
= vecty) Z5 : =NV,

Dg™? := Mor(vecty)

-
A
Z“‘V< ﬂ\rﬁ ) := (evaluate 0- und 1-strata as string diagrams in vecty)

&

State sum models Z5°:
separable symmetric Frobenius k-algebras and bimodules

B-twisted sigma models ZB7:
Calabi—Yau manifolds and their derived categories

Landau—Ginzburg models ZLG:
isolated singularities and matrix factorisations



Higher categories from defect TQFTs

Theorem. For Z: BorddEf( ) — C, there is pivotal 2-category Dz with
— objects: elements of Do
— 1-morphisms X : u — v: lists of composable elements of D

v =t(x1) * %S(xn_l)t(xn_Q)} tH(xn)=t(®n-1) * s(zn) = u
I LTn—2 Tn—1 Tp

(y27V2) (ymflymel)

-~ Hom(X,v) = 2| “»") ®ms ) )
(-7317_51) (xnv_an)
(:132,752) (!L'n71,*€n71)

— composition: “pair-of-pants with defects”

Davydov/Kong/Runkel 2011



Higher categories from defect TQFTs

Theorem. For Z: BorddEf( ) — C, there is pivotal 2-category Dz with
— objects: elements of Do
— 1-morphisms X : u — v: lists of composable elements of D

v =t(x1) * %S(xn_l)t(xn_Q)} tH(xn)=t(®n-1) * s(zn) = u
I LTn—2 Tn—1 Tp

(y27V2) (ymflymel)

-~ Hom(X,v) = 2| “»") ®ms ) )
(-7317_51) (xnv_an)
(:132,752) (!L'n71,*€n71)

— composition: “pair-of-pants with defects”

Examples. D E B vecty
Dzy = ssFrob(vecty) = (Do) (>1I>

Davydov/Kong/Runkel 2011



Examples of 3d defect TQFTs

Reshetikhin—Turaev defect TQFT Z}\{;‘F for modular fusion category M:

D?T = {commutative A-separable Frobenius algebras A in M}

DE”T = {A—sep. sym. Frobenius alg. F' with comp. bimodule structure}
RT .__ .

Div = {multlmodules M} A: I

D& = {multimodule maps}

Fy
A2 Fl A1
. . triv. o~y RT
Trivial defect TQFT Z§™ = Z7 Py

Kapustin/Saulina 2010, Carqueville/Runkel/Schaumann 2017, Koppen/Mulevitius/Runkel /Schweigert 2021, Carqueville/Miiller 2023



Higher categories from defect TQFTs
Theorem. For Z: Bordgfg(]])) — C, there is 3-category with duals Dz:

— objects: elements of Dj

— k-morphisms: (3 — k)-fold cylinders
over defect k-balls, k € {1,2}

— 3-morphisms: Z( “defect 2-sphere”)

— composition: “pair-of-pants with
defects”

— duals: bending lines and surfaces

Carqueville/Meusburger/Schaumann 2016, Barrett/Meusburger/Schaumann 2012
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Higher categories from defect TQFTs
Theorem. For Z: Bordgfg(]])) — C, there is 3-category with duals Dz:

— objects: elements of Dj

k-morphisms: (3 — k)-fold cylinders
over defect k-balls, k € {1,2}
3-morphisms: Z( “defect 2-sphere”)

O-composition

composition: “pair-of-pants with
defects”

duals: bending lines and surfaces Cop,

Examples. Dzwiv = BssFrob (vecty) = BDgzg
Dzs = (D v ) mb O sFusy
(B AssFrob(M)))

Il

orb

D RT
ZM

Carqueville/Meusburger/Schaumann 2016, Barrett/Meusburger/Schaumann 2012, Carqueville/Miiller 2023



Examples of n-dimensional defect TQFTs
Euler defect TQFT Z§': Bordd® | — Vecty, where

N

Bord(% _;: stratified bordisms without labels

U= (¢1,...,¢0,) € (k)"
Zy' (object E) = k

- N1 o
Z&}l(bordism M) = H H 1/};((0']) QX(a ])
j=1

j-stratao; C M

Quinn 1995, Carqueville/Runkel/Schaumann 2017



Examples of n-dimensional defect TQFTs
Euler defect TQFT Z§': Bordd® | — Vecty, where

N3

Bord(% _;: stratified bordisms without labels

U= (¢1,...,¢0,) € (k)"
Zy' (object E) = k

- N1 o
Z&}l(bordism M) = H H 1/}‘?((0]) QX(a ])
j=1

j-stratao; C M

Euler completion Z© of any defect TQFT Z satisfies
(ZQ)QQZQ Z®®Z‘%ugz®

Euler completion Dg > Dzo of higher defect categories

Quinn 1995, Carqueville/Runkel/Schaumann 2017



A-separable symmetric Frobenius algebras
A € C with

uzfl\:A@)A—hél

Az\T/:A—>A®A
such that

4 1)

11— A

0 O

tA— 1

AR

NW

(A need not be commutative.)



State sum models

Input: A-separable symmetric Frobenius k-algebra (A, u, A)

(1) Choose oriented triangulation ¢ for every bordism ¥ in Bordg'
(2) Decorate Poincaré dual graph with (k, A, u, A):

A Al x Ja
k k k k k 2 k
A i
Al « Na A

(3) Obtain $%4 in Bordg% (D'™) and define Z4(3) = Z§(244)

Fukuma/Hosono/Kawai 1992, Lauda/Pfeiffer 2006



State sum models

Input: A-separable symmetric Frobenius C-algebra (A. 1. A)
(1) Choose oriented triangulation ¢ for every bordism ¥ in Bord,
(2) Decorate Poincaré-dual graph with (C, A, 1, A):
A Al ¢ Ja
< A c < m < c e
Al ¢ A A
(3) Obtain £ in Bordd*(D"V) and define Z3(%) = Z'¥(544)

c



State sum models

Input: A-separable symmetric Frobenius C-algebra (A, 1, A)
(1) Choose oriented triangulation ¢ for every bordism X in Bordy
(2) Decorate Poincaré-dual graph with (C, A, i1, A):
4 A5 A
< © < © < <
2 af e a A

(3) Obtain = in Bord§/(D'"™) and define Z3(5) = 2'¥(s44)




State sum models

I - le symmetri jus C- a

2) Decorate Poincaré-dual graph with (C, A, i, A):
4 A
A
< © < © < <
2 af e a A

(3) Obtain = in Bord§/(D'"™) and define Z3(5) = 2'¥(s44)




State sum models

Input: A-separable symmetric Frobenius C-algebra (A, . A)

(1) Choose oriented triangulation ¢ for every bordism X in Borda
(2) Decorate Poincaré-dual graph with (C, A, p, A):
vy A

< )
A

A

c ¢ ¢ N\ ¢
m

af ¢ Xa A

(3) Obtain 44 in Bord§®(D'"1") and define Z5§(X) = Z¥(uh4)




State sum models

Input: A-separable symmetric Frobenius C-algebra (A, i, A)

(1) Choose oriented triangulation ¢ for every bordism X in Borda
(2) Decorate Poincaré-dual graph with (C, A, p, A):
vy A

A
< a4 © N ¢ ¢
Af ¢ \a A

(3) Obtain 44 in Bord§®(D'"1") and define Z5§(X) = Z¥(uh4)




State sum models

Input: A-separable symmetric Frobenius C-algebra (A, i, A)

(1) Choose oriented triangulation ¢ for every bordism X in Bords
(2) Decorate Poincaré-dual graph with (C, 4, 11, A):
A /

A A

G 5

n C ¢ N ¢ ¢
Af ¢ \a A

(3) Obtain =44 in Bordd* (D) and define |Z5(5) = Z¥(st4).

H))* >
/




State sum models

Input: A-separable symmetric Frobenius k-algebra (A, u, A)

(1) Choose oriented triangulation ¢ for every bordism ¥ in Bordg'
(2) Decorate Poincaré dual graph with (k, A, u, A):

A Al k JA
k A k k lt k k o k
Al k A A
(3) Obtain $%4 in Bordg% (D'™) and define Z4(3) = Z§(244)

Theorem. Construction yields TQFT Z4: Bordg; — Vecty.

Fukuma/Hosono/Kawai 1992, Lauda/Pfeiffer 2006



State sum models

Input: A-separable symmetric Frobenius k-algebra (A, u, A)

(1) Choose oriented triangulation ¢ for every bordism ¥ in Bordg'
(2) Decorate Poincaré dual graph with (k, A, u, A):

A Al k JA
k A k k lt k k o k
Al k A A
(3) Obtain $%4 in Bordg% (D'™) and define Z4(3) = Z§(244)

Theorem. Construction yields TQFT Z4: Bord3'; — Vecty.

Proof sketch: Defining properties of (A, u, A) encode invariance under
Pachner moves = independent of choice of triangulation:

2-2
— <—>

VANER)/\
Ao Y-

Fukuma/Hosono/Kawai 1992, Lauda/Pfeiffer 2006




State sum models

Input: A-separable symmetric Frobenius k-algebra (A, i, A)

(1) Choose oriented triangulation ¢ for every bordism % in Bord5"
(2) Decorate Poincaré dual graph with (k, A, u, A):

k *A k /i\ \{l
(3) Obtain 54 in Borddef DY) and define Z4(%) = Z8iv(xhH4)

Theorem. Construction yields TQFT Z4: Bordg; — Vecty.

No need to consider only algebras over k!



Orbifolds
Definition. Let Z: Bord3q (D) — C be defect TQFT.
An orbifold datum for Z is A = (As, A1, Af, Ay ):

Aq Ay Az A1
A A 2
A2 AQ 2 2 .A
. A AT
u 0 Ay Ay
Al Ax A 281
Az € D2 A1 € Dy A € Do Ay € Do

such that Pachner moves become identities under Z:

AN () Y)Y

Carqueville/Runkel 2012, Frshlich/Fuchs/Runkel /Schweigert 2009



Orbifolds
Definition. Let Z: Bord39 (D) — C be defect TQFT.
An orbifold datum for Z is A = (As, A1, Af, Ay ):

As Aq Ay Az
As Az
. A AT
u 0 Ay Ay
A Az VA1 A1
Az € D2 A1 € Dy A € Do Ay € Do

such that Pachner moves become identities under Z:

AN () Y)Y

Definition & Theorem.
Triangulation + A-decoration + evaluation with Z = A-orbifold TQFT

Z4: Bordgy — C

Carqueville/Runkel 2012, Frshlich/Fuchs/Runkel /Schweigert 2009



Algebraic characterisation of orbifolds
Theorem.

2d defect TQFT Z = pivotal 2-category Dz
Lemma.

{orbifold data for Z} = {A—separable symmetric Frobenius algebras in Dg}

Davydov/Kong/Runkel 2011



Algebraic characterisation of orbifolds
Theorem.
2d defect TQFT Z = pivotal 2-category Dz

Lemma.

{orbifold data for Z} = { A-separable symmetric Frobenius algebras in Dz }
Examples.

— A-separable symmetric Frobenius algebras in BVecty

= A-separable symmetric Frobenius k-algebras ©
= Z4 = (Z%V) 4 ("State sum models are orbifolds of the trivial TQFT.")

— A G-action in Dz is 2-functor p: BG — Dxz.

Lemma. A := @ p(9) is A-separable Frobenius algebra in Dz.

— (-orbifolds are orbifolds: Z6 = Zag ©)

Orbifolds unify gauging of symmetry groups and state sum models.

Davydov/Kong/Runkel 2011, Fréhlich/Fuchs/Runkel/Schweigert 2009, Brunner/Carqueville/Plencner 2014



Orbifold completion

Orbifold completion of pivotal 2-category B is pivotal 2-category Bop:

— objects: A-separable symmetric Frobenius algebras A € B(a, a)
— Hom categories = bimodule categories

Theorem. B — By, = (Bowb)orb

Carqueville/Runkel 2012 see also Douglas/Reutter 2018, Gaiotto/Johnson-Freyd 2019



Orbifold completion

Orbifold completion of pivotal 2-category B is pivotal 2-category Bop:
— objects: A-separable symmetric Frobenius algebras A € B(a, a)
— Hom categories = bimodule categories

Theorem. B — By, = (Bowb)orb

Theorem & Definition. (Orbifold equivalence o ~ 3)
If X € B(w, ) has invertible dim(X') € End(1g), then:

- A:= X" ® X is separable symmetric Frobenius algebra in B(c, a)
- X: (a,A) == (B,15) : X1 is adjoint equivalence in By,

Carqueville/Runkel 2012 see also Douglas/Reutter 2018, Gaiotto/Johnson-Freyd 2019



Orbifold completion

Orbifold completion of pivotal 2-category B is pivotal 2-category Bop:
— objects: A-separable symmetric Frobenius algebras A € B(a, a)
— Hom categories = bimodule categories

Theorem. B — By, = (Bowb)orb

Theorem & Definition. (Orbifold equivalence o ~ 3)
If X € B(w, ) has invertible dim(X') € End(1g), then:

- A:= X" ® X is separable symmetric Frobenius algebra in B(c, a)
- X: (0, A) = (8,1p) : X1 is adjoint equivalence in Boyp,

Example. B=Dzc —

Ay

Carqueville/Runkel 2012, Carqueville/Ros Camacho/Runkel 2013



Orbifold completion

Theorem & Definition. (Orbifold equivalence o ~ 3)
If X € B(e,B) has invertible dim(X') € End(1g), then:

- A:= X" ® X is separable symmetric Frobenius algebra in B(a, a)
- X: (0, A) = (8,1p) : X1 is adjoint equivalence in Boyp,

Carqueville/Runkel 2012



Orbifold defect TQFT

Let Z: Bordy% (D) —» C be defect TQFT.
Get new defect data D™ with D?rb := {j-cells of (Dz)orb }-

Carqueville/Runkel 2012



Orbifold defect TQFT

Let Z: Bordy% (D) —» C be defect TQFT.
Get new defect data D™ with D;rb := {j-cells of (Dz)orb }-

Definition & Theorem.
The orbifold defect TQFT
Zo: Bordy% (D) — C

is given by substratification:

Carqueville/Runkel 2012



Orbifold defect TQFT
Let Z: Bordy% (D) —» C be defect TQFT.
Get new defect data D™ with D;rb := {j-cells of (Dz)orb }-

Definition & Theorem.
The orbifold defect TQFT
Zo: Bordy% (D) — C

is given by substratification:

Example. Defect state sum models are Euler completed orbifolds of the
trivial defect TQFT:
ZSS ~ (Ztrlv)

Carqueville/Runkel 2012, Lauda/Pfeiffer 2005, Davydov/Kong/Runkel 2011, Mulevi&ius 2022

orb



3-dimensional orbifold data

Let 7 be 3-category with duals. An orbifold datum A in T is
As

Carqueville/Runkel /Schaumann 2017



(©02)

(1)

(06)

(o1)

(03)

(05)

(o7

(08)



(04)

(06)

(o)

(©3)
Which 3-category Torb
are orbifold data objects of?
(05)
(7)
(08)



Representations of 3-dimensional orbifold data
Let .A and A’ be orblfold data in 7. An A’-A-bimodule M is

subJect to pentagon aX|oms

Johnson-Freyd /Scheimbauer 2015, Carqueville/Miiller 2023



Representations of 3-dimensional orbifold data
Let .A and A’ be orblfold data in 7. An A’-A-bimodule M is

subJect to pentagon aX|oms A map of .A’ A- blmodules F:M— M’ is

Iy
ﬂi such that = etc
F M F F F

Johnson-Freyd /Scheimbauer 2015, Carqueville/Miiller 2023



Representations of 3-dimensional orbifold data

Let A and A’ be orblfold data in 7. An A’- A-bimodule M is

Al
M
A5 A

subject to pentagon axioms. A map of .A’ A- blmodules F:M— M’ is

Iy
ai such that = etc
F M F F F

A madification £: F — F'is £: F — F’ such that

|| e [ _
Al ATt

Johnson-Freyd /Scheimbauer 2015, Carqueville/Miiller 2023




3-dimensional orbifold completion

(all Hom 2-categories of 7~ must admit finite sifted 2-colimits that commute with composition)
The orbifold completion 7,1, of a 3-category with duals 7 has
— objects: orbifold data — 2-morphisms: maps of bimodules
— 1-morphisms: bimodules — 3-morphisms: modifications
— compositions: relative products (computed via (2-)idempotents)
such that (among other axioms)

Y

tﬁ

Mulevitius/Runkel 2020, Carqueville/Mulevigius/Runkel/Schaumann/Scherl 2021, Carqueville/Miiller 2023




3-dimensional orbifold completion

Theorem. 7., is 3-category with adjoints for 1- and 2-morphisms.

Proof-

etc.

Carqueville/Miiller 2023



3-dimensional orbifold completion

Theorem. 7, is 3-category with adjoints for 1- and 2-morphisms.

For Z: Bord§% (D) — C, get D™ from (Dz)orb.
Definition & Theorem. The orbifold defect TQFT
Zo: Bord§ (D) — C

is given by substratification:

Zorb

Carqueville/Miiller 2023 (pictures courtesy of Vincentas Mulevi&ius)



3-dimensional orbifold completion

Theorem. 7, is 3-category with adjoints for 1- and 2-morphisms.

For Z: Bord§% (D) — C, get D™ from (Dz)orb.

Definition & Theorem. The orbifold defect TQFT
Zo: Bord§ (D) — C

is given by substratification:

Zorb

Example. Defect state sum models are Euler completed orbifolds of the
trivial defect TQFT:
Z?S’S o~ (Ztrlv)

Carqueville/Miiller 2023, Kitaev/Kong 2011, Meusburger 2022

orb



3-dimensional orbifold completion

Example. Defect state sum models are Euler completed orbifolds of the
trivial defect TQFT:
ng o~ (Zzt%riv)Q

orb

Theorem. sFusy C (BssFrob(Vectk))(srb

Carqueville/Miiller 2023, Meusburger 2022



3-dimensional orbifold completion

Example. Defect state sum models are Euler completed orbifolds of the
trivial defect TQFT:
ng o (Z:tariv)Q

orb

Theorem. sFusy C (BssFrob(Vectk))Srb

Theorem. Let M be a modular fusion category. The 3-category in which
objects are commutative A-separable Frobenius algebras in M,
1-morphisms from B to A are A-separable symmetric Frobenius
algebras F' over (A, B),
— 2-morphisms from F' to G are G-F-bimodules M over (A, B), and
— 3-morphisms are bimodule maps
is a subcategory of (B AssFrob(M))ep.

= recover defect Reshetikhin—Turaev theory a la

Koppen—Mulevi&ius—Runkel-Schweigert

Carqueville/Miiller 2023, Meusburger 2022



Summary and outlook

Theorem. 7, is 3-category with adjoints for 1- and 2-morphisms.

A

Zorb

Carqueville/Miiller 2023



Summary and outlook

Theorem. 7, is 3-category with adjoints for 1- and 2-morphisms.

Zorb

Get n-dimensional trivial defect TQFT from delooping BDzs .

n-dimensional defect state sum model is Euler completed orbifold of
the trivial defect TQFT:
ZTSLS — (Z;Lriv)Q

orb

Carqueville/Miiller 2023



Summary and outlook

Theorem. 7, is 3-category with adjoints for 1- and 2-morphisms.

Zorb

Get n-dimensional trivial defect TQFT from delooping BDzs .

n-dimensional defect state sum model is Euler completed orbifold of
the trivial defect TQFT:

riv ©

ZZS = (Z;L )orb

Recover Douglas—Reutter invariants for n = 4.

Carqueville/Miiller 2023, Carqueville/Mulevigius/Miiller 20xx



