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Chapter 5: symmetries of fundamental field theories

In this chapter we explore how symmetries constrain the construction of an action for a theory of interest. We start by discussing the spacetime symmetries.

The Lorentz group

Minkowski space
Let us consider a photon moving with the speed of light c. It shall propagate for a distance d x in an infinitesimal time dt, i.e.,
Fdt? —da? =0. 1)

If we consider a transformation of space and time coordinates (¢, z) to (¢', ") the statement that the speed of light c is the same in the new coordinate system is equivalent
to the statement that also

Fdt? —dz” =0. (2)
This property can now be expressed in a convenient mathematical representation by introducing vectors in a four-dimensional pseudo-Euclidean vector space with metric
1

-1

(g;w) = (3)

-1
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This vector space is called Minkowski space. The infinitesimal time d¢ and the corresponding vector d x are combined to a four vector (dz*) = (c dt,d ) and the above
equation can be written as

ds? = dzydat = g datds” = 0. (4)

In this framework the transformations of coordinates that leave the speed of light invariant are just the isometries that leave the inner products of infinitesimal difference
vectors invariant.

For convenience we adopt natural units in the remainder of this chapter and set ¢ = 1 (as we previously also had set A = 1).

Poincaré group

The group of isometries of the Minkowski space is the Poincaré group consisting of all transformations of the affine form

z'* = At ¥ +TH, (5)
with
dz'*dz), = dz"dz, (6)
where dz* is an infinitesimal difference vector in Minkowski spacetime, A#, is a real four-by-four matrix and T'* is a four vector describing translations. The above equation
implies that
dz'dzl, = g, A" N pdz*dz’ = g,pdz®dz’® (7)
or
o5 = gag - (8)
This defining condition can be written in matrix form as
ATgh =g (9)
and thus
det A = +1. (10)

The subgroup defined by T# = 0, i.e., the subgroup of all linear transformations, is the Lorentz group and its elements are called Lorentz transformations.

Restricted Lorentz group

Let us first consider Lorentz transformations that are continuously connected to the identity transformation A = 1. Lorentz transformations with this property live in a
subgroup called the restricted Lorentz group. Since a continuous transformation cannot change the sign of det A, restricted Lorentz transformations have det A = 1.

A well-known subgroup of the restricted Lorentz group is the group of rotations with
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where RTR = 1, det R = 1. Now by first rotating the spatial components appropriately we can restrict the remaining discussion to the two-dimensional subspace of
vectors (dz#) = (dt,dz, 0, 0). The relevant Lorentz transformations are then of the form
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A% A% 0 0
1 1
A= A 0 A 1 0 0 . (12)
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Thus for infinitesimal transformations A = 1 + G the defining condition of det A = 1 + Tr G = =1 yields GTg + gG = 0, and therefore

OZ(G% Gl())(l O>+(1 0)((}“0 Gol)
G G4 0 -1 0 -1 GY% G4

GO _Gl GO GO
_ 0 LA 0 ), (13)
G -G4 -G -G4
or G% = G'1 = 0 and G°; = G. A finite transformation is thus given by
h inh
A= exp 0 s _ c-os s sinhs (14)
s 0 sinhs coshs

with arbitrary s € R. Let us try to understand what the parameter s means. Consider an infinitesimal vector (d¢, dz) that transforms to

dt’ dt
(dz'):A<dm) 1)
dt cosh s + dz sinh s (16)
dtsinh s + dz coshs )

Now we define a transformed velocity

dz’  wvcoshs + sinhs
V=—r = (17)
dt vsinh s + cosh s
with v = dz/dt. If we have v = 0 in the untransformed system we have v/ = tanh s in the transformed system. Therefore transformations of this type describe a change of
coordinates to a frame of reference that moves with a constant velocity of tanh s relative to the original frame of reference. These are the boosts in the special theory of
relativity with rapidity s.

Let us define 8 = tanh s. Since cosh? s — sinh? s = 1, we can show that

cosh s = ! = ! =7 (18)
V1~ tanh?s V1-p2
Therefore we can express the transformation also by the matrix
B BB
A(B) = ( ™ . 19
©= s o 1
Discrete Lorentz transformations
Consider the vector (z*) = (¢, 0) which is invariant under rotations and transforms to
my _ [ tcoshs
@) = (tsinhs (20)

under a boost with rapidity s. Since cosh s > 0, we conclude that the sign of z° is invariant under boosts and thus under the complete restricted Lorentz group.
Therefore, in order to obtain all possible Lorentz transformations, the discrete Lorentz transformation

-1

L\

needs to be included in addition to restricted Lorentz transformations. This is the time reversal operator. Furthermore the space inversion or parity operator

is also not a part of the restricted Lorentz group and needs to be included separately.
The quotient group of the Lorentz group and the restricted Lorentz group is the discrete group with elements
1,P,T,PT. (23)
In other words, the Lorentz group can be partitioned in four disconnected parts defined by
det A = +1, Sign A% = +1. (24)

We call transformations with det A = 1 proper Lorentz transformations and transformations with Sign AOO = 1 orthochronous Lorentz transformations.

Generators of the restricted Lorentz group
Recall that infinitesimal restricted Lorentz transformations A = 1 + G satisfy

GTg+9G=0. (25)



We write G in block form

Goo Gon )
G = s 26
(Gm Gu (26)

where Gy only acts on the temporal component, Gi{1 only acts on the spatial components, and G, and G mix spatial and temporal components. In this way the above

()& 2)+ (% B)E )
0 -1 Gy Gn Ggl GlT1 0 —13

B 2Goo Go — G
- T T | (27)
Gy =G —Gu-Gy

equation can be expressed as

where 13 is the three-dimensional identity matrix. Therefore the defining conditions for generators of the restricted Lorentz group are
T T
Go = Gy, G =0, Gy, = —Gu. (28)
This implies the following generators of the restricted Lorentz group.

The boosts are generated by

K ( 0. eiT) (29)

with (e;); = 6;;and ¢ = 1,2, 3. They satisfy

e?ej — e?ei 0 (0 0 )
K. K. = =
K, K] 0 (eief —ejel)ab 0 (0iadjp — djadit)ab
= —¢€ijkJk (30)
with J}, defined below.

The rotations are generated by

0 0
Ji = 31
(0 Li) (31)
with (L;) ;5 = —€ijx and @ = 1,2, 3. They satisfy
0 0 0 0
Jiy Jj| = =
1 J3] (0 ([Li, L)) ab ) (0 (€iategm — EjalEizz;)ab)

0 0
= (o (&béa,-fcsjbam)ab) = ek (32)

Hence boosts do not form a subgroup of the restricted Lorentz group, but rotations do.

Note that
T T
=0 3) G u) -G o) () )
0 el'L;
_ ( e (e] Oj)a> (34)
The Lie algebra of the restricted Lorentz group is therefore given by
(Ki, Kjl = —eijpdi, [ Jjl = e, [Ki Jj] = €Ki - (36)
A finite transformation is given by
A=exp[s- K+ ¢- J], (37)

where ¢ contains the angles of a rotation and s contains the rapidities of a boost.

A convenient representation of the generators is given by

1

S# = = (+K; +iJ) (38)

v

with (S7)T = Si and i = 1,2, 3. We find

[S¢, 8% = (ablK;, K] + ib[J;, K| + ia[K;, Jj) — [J;, Jj]) /4
= deijpli[(1 + ab) /4] Tk + [(a + b) /4] K4] = Sapiciji Sy - (39)

Therefore the group algebra factorizes in a direct product of two SU(2) algebras (this is of course not true in terms of groups). We can express J; and K in terms of Sl.ir as
iJ; = S;r + Slf s K; = S;r — Sf . (40)
Therefore A = exp[ s+ K + ¢ - J] can be written as

A = exp[si(S;" — 8;) —igi(S; + S;)] = exp[—iz;S;"] exp[—iz}S; ] (41)



with z; = ¢; + is;.

Translations in space and time

The Casimir operators of S and S~ can now be used to classify the representations of the restricted Lorentz group. These Casimir operators are, however, no invariants of
representations of the complete Poincaré group since they do not commute with all translations of space and time. In this section we show that the spin of a massive particle
is, nevertheless, a well-defined quantity.

We extend the Minkowski space by a fifth dimension so that we can express a general transformation of the Poincaré group conveniently as
¥ =T(AT)x (42)
with Lorentz transformation A, a four-dimensional translation vector (1},), (z,) = (o, 1, 2, 3, 1), and

A (Tu))

0 1 (43)

T(A,T) = (

in block notation. The generators of translations in space and time P, are therefore given by the matrices

n-(; (‘53”)) (44)

in block notation. A finite translation is given by

3
D(L,T) =exp| Y TuP, (45)
p=0
We can now determine the algebra of the complete Poincaré group,
[PM7PI/]=07 [P07Ji]:07 [P(]vKi]:_Piv
[Pi, Jj] = €iju P, (P, Kj] = =64 P, (K, Kj] = —€ijpdh s
i, Jj] = €ijidr [Ki, Jj] = ein K, - (46)
The Poincaré algebra has two Casimir operators. The first one is given by
C, = P,P" =P} - P2. (47)
Note that for the matrix Pﬂ given above this always vanishes, however, we can also consider different representations satisfying the same algebra with different C. We
check explicitly that
[P;u Cl] =0, (48)
[Jiu Cl] = [ i)P[)z] - [lejf] = 7[‘]17})]]})] - P][JZ?P]]
= 25ijkPkPj = *25ijkPkPj = 0, (49)
[K;, C1] = [K;, Po| Py + Py|K;, By] — [K;, Pj]P; — Pj|K;, Pj]
=2P,Py—2P,Py=0 (50)

for arbitrary 7 and . Let us pause at this point and ask what this means for a theory of a free particle with energy £ and momentum p. In quantum mechanics the generator
of the translations in space, P;, measures the ith component of the momentum, and the generator of the translations in time, Py, measures the energy. Therefore if we let
C1 act on a free particle state | E, p) with energy E and momentum p we find

G\|E, p) = (E* — p*)|E, p) = m’|E, p), (51)

where m is the mass of the particle. We can conclude that the mass of a particle is invariant under the Poincaré group and can be considered a well-defined property of a
particle.

The second Casimir operator C can be conveniently defined in terms of the Pauli-Lubanski vector W# with
Wo = J;P;, Wi = PyJ; — €iji. K;Py . (52)
It is given by
Cr=W'W, = (Wo)* — (Wi)*. (53)

In order to prove that C is indeed a Casimir operator we first show that W, commutes with translations, i.e.,

[Pus Wol = [Py JiP)] = [Py Jj1Pj = (1 = 80 ) PPy = 0, (54)
[P;, Wi] = Py[P;, J;] — el Pj, K] Py, = PyPi(gjix + €i1) = 0, (55)
[Po, Wi] = —eaw[Po, K1) Py = ex PiP, = 0. (56)
Next we discuss the commutators of W, with boosts and calculate
(K, Wo] = K, J;P] = [K;, J;]P; + Ji[K;, P
= €Ki P; + J; Py = W; (57)

and

(K, Wi| = [Kj, PoJi] — ei[ K, KiPy]
= Py[Kj, Ji]| + |[Kj, Po)Ji — ean K| K, Pr| — ea[Kj, Ki) Py
= €jikPo Ky + PjJ; — e KiPy + €ik€jirJr Pi
= gjit[Po, Ki| + PjJ; + (0ij6rr — 8irOij) Jr Pre
—ejikPr + [Py, Ji] + 0ijJ1Pr = —€jix P + €ji P + 051 P
= 0;;Wo. (58)



We finally calculate the commutators of W), with rotations and find

[J;, Wol = [J;, Ji ) = [J}, Ji| P + Ji[J}, P] = €jig i P; — €ijuJi Pr
= gjicJp P — i P = 0, (59)
[Jj, PoJs] — €l Jj, K1 Py)
= ejinPoJi — el Jj, K| Pr — ean K[ J;, Pr)
gjiPody + ey Ko Py + €qpenr Ko Py
= ejPo Ty + (eanerjr + €ijn€int) Ko Py
= €jicPo Tk + (Opj0ir — 0;00i4) K Py,
= i PoJy + €rji€ipr K, Pr,
= eji(PoJi + e K. B) = €js W, - (60)

[Jja I/Vz]

We observe that W, has the same commutation relations with the other parts of the algebra as P, and therefore C, is also a Casimir operator.
For a massive particle we can calculate the action of Cs in its rest frame, i.e.,
C3|m, 0) = —m>J2|m,0). (61)

Therefore |m, 0) must also be an eigenstate of Jf and the corresponding eigenvalues s(s + 1) correspond to the spin or intrinsic rotation of the point-like particle. In other
words, massive particles can be classified according to their spin as defined by their behavior under the rotation group.

For a massless particle there is no rest frame and thus the situation is more complicated. It turns out that for massless particles the projection of the spin to the momentum,
A=J-P, (62)
is a well-defined property and assumes the role of the spin of massive particles. This property is called helicity.

For a detailed discussion of the representation theory of the complete Poincaré group, see, e.g., books of Weinberg or Ryder.

In the following discussion, we construct a Lagrangian of massive spin 0 and spin 1/2 particles that are invariant under orthochronous Lorentz transformations.

Spinor representations
Note that the sub-sectors 4 and — of the restricted Lorentz group both transform identically under rotations with
A = exp[—i¢;S]. (63)

Since ¢; are the angles of a rotation in space and the S; span the algebra of SU(2) the different representations of S correspond to different spin states. Possible
representations of ST @ S~ are

1 1 1 1
00, E@O, 0@5, 5@5, (64)
The
000

representation is the singlet representation, i.e., fields ¢ transforming in this representation do not change under a restricted Lorentz transformation. Such fields therefore
correspond to spin 0 particles. In the next lecture, we complete the construction of a minimal Lagrangian for a spin 0 particle and extend the discussion to spin 1/2 particles
as well.

The Lagrangian of spin O fields

We first consider the 0 @ 0 representation of S* @ S~ for which fields ¢ transform as

b—¢ =¢ (65)
under the restricted Lorentz group. Additionally, the derivatives transform as
Ou = 0l =N, (66)
O — 9 =AM, 8" (67)
such that
8,0" — 0,0°A, "Ny = 0,0°g%; = 5,0". (68)

We also remind the reader that since | det A| = 1, the integral measure d*z is invariant under the restricted Lorentz group.

The action of chapter 4
5= [ateL(6(@),0,6) = [ a5 8()(-0,0" - m)o(z) (69)

is therefore invariant under the restricted Lorentz group. The factor of 1/2 and for that matter any factor of the kinetic term (derivative term) can be absorbed in a re-
definition of the fields, over which we will integrate. The only relevant quantity here is the relative coefficient of the ¢2 mass term and the kinetic term.

Linear terms in the field are redundant

Consider shifting the fields by a constant, i.e., ¢(z) — ¢o + ¢(z) then
1 1 1 1
s - [egaim— [dagoemie) - [dage8,00a@) + [degoe) 8,04 - m)oa) (70)

so this transformation generates a linear term in ¢(x), a constant term, and a term proportional to



/ d'20,0"4(x). (1)

Such a term, however, vanishes as long as we assume that ¢ vanishes at sufficiently long distances or we consider a path integral in which the fields live on a torus.
Therefore linear terms in ¢ in the action can be absorbed by a constant shift in fields in the path integral and are therefore redundant.

Action dimensionality and higher-dimensional contributions
Finally, we note that the action must have mass dimension 0. This can be quickly verified for the 1d free particle case

181 = f dtg? /2/m] = 1] + 20p)  fm] = ~1+ 21 =0, (72)

Because of this, any additional terms in the action with higher mass dimensions must also be accompanied with additional dimensionful constant prefactors. We will
investigate the role of such terms when we discuss the continuum limit of field theories.

Klein-Gordon equation

The equations of motion

oL oL
= 9, — = —(m%+8,0M=0. 73
96 ua(aud)) (m” + 0,0")¢ (73)
yield the Klein-Gordon equations of relativistic scalar particles
(m? + 8,0")¢ = 0. (74)

The Lagrangian of spin 1/2 fields

We now try to construct a theory of spin 1/2 particles such as electrons, neutrons or protons. To this end we first consider fields that transform in the (1/2) & 0
representations of ST @ 5. We set

1
Sf =505, 57 =0 (75)

with Pauli matrices o; and consider two-dimensional spinors ¢ which transform as

Y = exp|(si — idi)oi /20" (76)
under the restricted Lorentz group.
Let us try to construct a Lagrangian with fields 4. Each term in the Lagrangian has to satisfy the following properties: (i) Due to relativity each term has to be a Lorentz
scalar. (i) The Lagrangian has to be real. (iii) Each term has to have mass dimension of 4 (the action has to be dimensionless).
The mass term
One may be tempted to write down a simple mass term of the form

Linass = m($") 1" (77)

Unfortunately, such a term does not satisfy (i) and is therefore not allowed in the Lagrangian. We discuss how a proper mass term can be constructed if we consider the
representation (1/2) @ (1/2) of S* @ S~ below. This is the mass term relevant for QCD. It is, however, instructive to consider another way to construct an invariant mass
term that involves only (1/*)7 and 4", the Majorana mass term (1*) 31" . First note that o7 = o;(—1)* with anticommutator {c;, 5;} = 2§;;1, and therefore

oloso; = (=1)%20,090; = (—1)°2(—02 + 20i20) = —02, (78)
where no sum over ¢ is implied. Thus aiTaz = —090;, and for infinitesimal transformations with coordinates z; < 1 we find

(1/)*)71021/)Jr —>(1/)+)T(1 - imioiT/2)o'2(1 —izio; /2)t
= @7 %" — (i/2)zi(p") (0] o® + o?oi)y
= @)%y’ (79)
In order to make this term real we need to also include its complex conjugate. Since o2 is purely imaginary we write
[/Majorana mass — im((w+)To'2¢+ - (¢+)Ta2 (¢+)*) . (80)

Note that for a two-component field ()7 = (a, b) we find (¢*)7a?" = i(ba — ab). Therefore if we consider a and b to be ordinary numbers, the Majorana mass term
would vanish identically. However, in a quantized theory we will later show that a and b anticommute since they correspond to fermions, and the Majorana mass term is
nonzero.

The kinetic term
In this subsection we consider terms of the form

(W) Ry, (81)
where R contains objects that transform non-trivially under the restricted Lorentz group. We use the first non-trivial ansatz including Lorentz vectors

R = M, (82)

where v is a contravariant vector, M), is a matrix in the two-dimensional spin space and the sum over  is implied. Note that M), is not a Lorentz vector. Therefore under
Lorentz transformations we find



R' = M™" = M,A" 0" (83)
In order to construct an invariant term we need
@") Ry = (") exp[(si +idi)os/2)R expl(si — idi)or/2y" . (84)
Let us first consider a infinitesimal boost in r direction, i.e., ¢ = 0, s; = ;s with s < 1, and
V=t sKE 0 (85)
Now Eq. (84) gives

M £ [1+ 50, /2] M [1 + 50,/2]
= [1 + s0,/2|M,[v" + sK}' "][1 + sov/2]

= M" + s(MKF A" + or Mo /2 + v M0, /2) . (86)
This has to hold for all v* so that we need
0=DMK;,+ {ov, M,}/2 = Mobry + Spo M + {07, M }/2. (87)
Now this means that
M, = —{o;, Mo}/2,  Moby = —{or, M;}/2. (88)

Next, we consider a rotation about the r axis, i.e., s = 0, ¢; = ;¢ with ¢ < 1, and
oF =k 4 pJE . (89)
Now Eq. (84) gives

M" £ M = 1+ igo, [AM[" + ¢t 0|1 — igor /2]

= M" + ¢(M,J7 o +ilo,/2, M, Jv"). (90)
This has to hold for all v* so that we need
0= M,J?, +ilor/2, My] = —€ri(1 — 0p0) M; +i[or /2, M), (91)
and thus
o7, My] = 126 (1 — 6,0) M . (92)

For ;1 = 0 this means that [o',, Mg] = 0 for arbitrary . This is only satisfied for

My=-cl. (93)
For p = j with j = 1, 2, 3 this means that
[0’,«, M]] = i267-]'1'Mi . (94)
We know that this is satisfied by the Pauli matrices
M;=o0;. (95)
We determine ¢ from Eq. (88) and {a'r7 a'i} = 214,; and find ¢ = —1. It is easy to check that if we would have considered the sector — instead of + the solution would be
¢ = 1. We define (M) = (0,;) = (—1,01,09,03) and (o—i) = (-1, -0y, —09, —03) so that
@ oiv'y" = @) lod g v = () ol uuy” (96)

is invariant under the restricted Lorentz group. While ai does not transform as a Lorentz vector, we can conclude that
I3
(Wh)ioly* (97)
does transform as a Lorentz vector. Note that the relevant matrices for the — sector are (0, ) = (1,01, 02, 03) and (") = (1,—01,—02, —03).

By substituting v, = (9“ we can thus construct an invariant kinetic term that only involves + fields.

Chirality

Let us consider all orthochronous Lorentz transformations, i.e, let us include the parity operator in addition to the restricted Lorentz transformations. The action of parity is
defined by

A(S,¢)P = PZA(sv ¢)P = PA(_'97 ¢) (98)
dueto P2 =1, PK;P = —K;, and PJ; P = J;. Equation (98) has to hold for all representations, and therefore the action D(A) of Lorentz transformations A on % yields
(D(P)Y,) = D(P)D(A(s, )¢+ = D(A(=s,))(D(P)$,) (99)

with ¢/, = D(A(s, $))1). We observe that the field D(P)y™ transforms according to the 1/2 representation of S~. Therefore if we want to construct a theory that is also
invariant under parity, we need to include a spin 1/2 representation of S~ as well. The twofold structure that emerges from the (1/2) & (1/2) representation of S™ & S~ is
called chirality.

We consider a spinor

-(2)

where 1. transform according to the 1/2 representation of S*. The action of parity shall be given by



D(P)p = (1/4)’ (101)

in accordance with Eq. (99). We can write down a mass term

Linass = mipp (102)
with
o= (vl o) (103)
that is invariant under orthochronous Lorentz transformations, see Eq. (41), repeated here:
A = exp|—iz;S;"] exp[—iz}S; ] (104)
We already know that
(it R (105)
and
(W )o"0, 9 (106)

are both invariant under the restricted Lorentz group. Under parity we have ¢" < 1~ and 8; — —0; fori = 1,2, 3 so that
w w
0.0, <+ —0"0,. (107)
Therefore we can construct a real and Lorentz invariant kinetic term

Liinetie = i[(¥7) 0" 8,9~ — (7)o 0,47]

= 'Jn”y“@uw (108)
with
_m
(1) -
o_ 0
The factor 7 is needed since (?u is anti-Hermitian, i.e.,
WIo) = [ do v @0.ple) = - [ sl @)(o)

= —(9luly')" (110)

for arbitrary fields 1 and 1’ with vanishing spacetime boundary contributions.

0 1 . 0 o;
0= , = ‘ 111
! (1 0) ! (—az- 0> (1

We write out the gamma matrices as

with ¢ = 1, 2, 3 and note that

b=yl (112)
The total Lagrangian of a noninteracting, massive spin 1/2 particle of mass m is thus given by
L =P(in"d, —m)p. (113)

It is apparent that this Lagrangian is also invariant under translations of space and time. The corresponding equation of motion is the Dirac equation of a free spin 1/2 field
(i7", — m) = (iD —m) = 0 (114)
with Dirac operator D = y#0,,.
Note that we do not have to consider 1) and 1), as independent fields. If we identify
Yo = io%p, (115)
it follows from o200y = —0, see Eq. (78), that under restricted Lorentz transformations

¢ =io®exp[(s;i — idi)oi/20 " = exp[(s; +id;)o ora? [2)ioc* Py
= exp|(—si — igi)oi/2]Y—, (116)

in accordance with Eq. (99)‘ The mass terms then become Majorana mass terms, and it can be shown that the fields 1), become their own antiparticles. This, however,
implies that they are not allowed to carry a nonzero charge and therefore excludes this scenario for the quarks of QCD.

Gamma matrices and Lorentz structure

Before we continue with the discussion of gauge symmetries a few notes about the algebra of gamma matrices are in order. The gamma matrices satisfy the Clifford-
algebra relation

A" = Aty Tyt =29 (117)
The parity operator can be written in terms of 'yo as

D(Pyp=~". (118)



Furthermore, it is convenient to define
5 - 0.1.2.3 1
,~ Yy Y (119)

which allows to project on the — and + sectors by

P, = s (120)
where 1 is the identity matrix in the respective space. The matrix 75 anticommutes with all other gamma matrices,
=0 (121)
with p =0,1,2,3.

Note that the gamma matrices can be used to construct field bilinears that transform in a well-defined way under the orthochronous Lorentz group. Under restricted Lorentz
transformations A we find

d=Pr o A
=Pty = A,
s =19y - 5,
=97 - P, (122)
see Eq. (97). The action of parity P on v, a, s and p is given by
o — —v 4 2¢%°
at — at — 290“(10 s
] — s,
p - —-p- (123)

Therefore v* transforms as a vector, a* transforms as an axial vector, s transforms as a scalar and p transforms as a pseudoscalar.

Gauge symmetry

In the last section we have constructed a relativistically invariant Lagrangian of a massive spin 1/2 field. Up to now the particles represented by the field do not interact with
each other. In the following we add a local internal symmetry (or gauge symmetry) to the Lagrangian and show that such a modification introduces an interaction between
the spin 1/2 particles that is mediated by massless spin 1 particles.

Internal symmetries

Consider the Lagrangian of Eq. (113), i.e.,

£ = P(ir"0, — m)y (113)

with fields % in spinor space. The operation of the matrices y* on 1 is given by the matrix-vector multiplication in this space. The most trivial way to add an additional
symmetry S; is to choose a new symmetry group S that is a direct product of the Poincaré symmetry group S, and S;,

5=5,®5;. (124)

In such a modification we call S; an internal symmetry of the Lagrangian. The fields ¥ must transform in representations of the bigger symmetry group S and therefore live
in a product space of the spinor space and the vector space of the internal symmetry.

Local symmetries
Let us choose S; to consist of spacetime-dependent transformations of () with infinitesimal transformations G () defined by
P(z) = Y(2) +iG(2)¢P(z) , (125)

where the action of G(.r) on ¢(w) is the matrix-vector multiplication in the internal symmetry space. We ignore terms of order led throughout the remainder of this section.
The mass term of Eq. (113),

Lonass = mp, (126)
is symmetric under Eq. (125) if
G(2)' = G(x), (127)
e., if G(z) generates unitary transformations. The kinetic term
Linetic = (i7" )¢, (128)
however, transforms to
Liinetic = Lxinetic — P(8,G(x)" v (129)

under unitary transformations. An invariant term can only be constructed if we replace
0, —~ D, (130)
with

Dy — [1+iG(2)| Dyl — iG(z)'] (131)



under Eq. (125), where 1 is the identity matrix. We call D, a covariant derivative. The covariant derivative has to generate a kinetic term for the spin 1/2 fields, and
therefore we use the ansatz

D, = 8, +iA,, (132)

where A, has to transform under \S; in a way that satisfies Eq. (131). Note that A, can act non-trivially on the internal symmetry space. Since 9, is an anti-Hermitian
operator, we require A = At so that the Lagrangian is real. In accordance with Eq. (131) we request that the transformed A, satisfies

0, + 1A, = [1+iG(2)](9, + i4,)[1 — iG(z)T]
=0, +i4, —i(8,G(z)) — [G(z), A,], (133)

where we used the Hermiticity of G((). Thus we can construct an invariant kinetic term if A, transforms as
A=A, - (0,G(x)) +i[G(z),A,]. (134)
We conclude that we can construct a Lagrangian
L = 4(in" Dy — m)yp = P (in" 0 — m)yp — " Aupp (135)
that is invariant under the symmetry group S with internal symmetry S; defined by the infinitesimal transformation

P(@) = P(@) + G (2)i(z),
A, — A, — (8,G(2)) +i[G(), 4,] . (136)

Note that the A” also transform in the fundamental representation of the restricted Lorentz symmetry group,
Au — AH"A,, (137)

under Lorentz transformation A. The spin operator of the fundamental representation of the restricted Lorentz group is given by Sj = iJj with §2 = s(s -+ 1) and s = 1.
Therefore we have introduced fields Au of spin 1 that interact with the spin 1/2 fields due to the term

[rintcraction = —1/_/”7“Au¢ (138)

in the Lagrangian. Since the Lagrangian has to be invariant under Eq. (7??) the fields A‘L are not allowed to have a quadratic mass term and must therefore correspond to
massless particles. They can, however, have a kinetic term that allows them to propagate in spacetime. To second order in 9, A, the only term that is invariant under S; and
Sy is proportional to

LYM o Tr [D”,DV][D“,DV] ’ (139)

where the trace Tr acts on the internal symmetry space. This is the Yang-Mills term. The invariance under S; is due to the covariance of

[Dy, Dy) = [1+4G(2)]|[Dy, Du)[1 — iG(z)1] (140)
under Eq. (777). We define the field-strength tensor
Fuy = —i[Dy, D] = (0uAv) — (0vAu) +i[Ay, Al (141)
and express the total Lagrangian conveniently as
- 1
L =v9(iy"Dy —m)yp + ETI‘ F,F". (142)

Note that if the local symmetry group is not abelian, the term [A,“ A,] introduces a self-interaction between the massless spin 1 particles.

If we choose the first non-trivial unitary symmetry group U(1), we recover the theory of electrodynamics coupled to a spin 1/2 field. The photons are now given by the spin
1 fields A,. The equations of motion of the fields A, can readily be identified with Maxwell's equations of electrodynamics.

The Lagrangian of QCD

The internal symmetry group of QCD is given by SU(3). If we choose A,, to live in the group algebra of SU(3), we can write
A, = Au), (143)

where the matrices A, (@ = 1,...,8) span the algebra of SU(3). The eight fields Aj; now correspond to eight independent gluons. The quarks live in the internal symmetry
space of SU(3). Its fundamental representation is three-dimensional and therefore there are three different quark fields, or three different colors of quarks (The name
quantum chromodynamics is due to this interpretation of the three different quark fields as different colors of quarks.). The bound states of quarks and anti-quarks, called
hadrons, must transform as singlets of S; and are therefore color neutral. There are two types of hadrons: mesons and baryons. Mesons, such as the pion, are bosonic
hadrons that consist of a quark and an anti-quark. Baryons, such as the proton or neutron, are fermionic hadrons that consist of three quarks.

Note that since SU(3) is non-abelian, gluons are self-interacting. This property can be shown to lead to the asymptotic freedom of QCD, i.e., for high energies the strength
of the interaction becomes weaker.

We rescale the fields A, — gA, and change the prefactor of the kinetic term of gluons so that we can adjust the strength of the interaction of quarks and gluons explicitly.
The Lagrangian of a quark coupled to the gluons then reads

1 _
L =p(ir" 0y —m)y + 5 Tr Fu F* — gAjaby" Aatp (144)

with
Fuy = (044)) — (00 Ay) + ig[Ay, A (145)

It turns out that in nature there are more than one kind of quarks which differ by their mass and electromagnetic charge. One currently has experimental evidence for 6
different types of quarks, called different quark flavors, of which three have a fractional electromagnetic charge of +2/3 and three have a fractional electromagnetic charge
of —1/3. Two quarks are very light and thus play an important role in the low-energy physics of QCD discussed in the remainder of this thesis. They are called up and down



quarks (corresponding to their respective fractional electromagnetic charges +2/3 and —1/3). The next heavier quark is called strange quark and has a fractional

electromagnetic charge of —1/3. Their masses are related approximately by
1
d (146)

m
~ 20 — =
> ma R

ms
md

where m,,, mq, ms are the masses of up, down and strange quark. Note that these relations are only order-of-magnitude estimates. The total Lagrangian of QCD thus reads

6
o 1 ,
Lqcp = E wf(z'y”au —mg)y + ETI F,F"
=

6
—g ) Ay Aty (147)
=

We observe that, depending on the quark masses, the total Lagrangian has an additional symmetry in flavor space. This symmetry will force some of the hadrons to be

particularly light. More on this in a later chapter.



