Lattice QCD1 - Christoph Lehner

Chapter 7: the static quark potential and spectrum of pure QCD

In this chapter we study for the first time the physics of pure QCD.

Temporal Gauge

Let us identify ;1 = 3 with the time direction and consider a lattice with infinite time dimension. A gauge transformation allows us to select a V(z) € SU(3) for every
Euclidean lattice site . By picking

V(z,t=0)=1, (1)
V(E,t::l):U3(5,t:0), (2)
V(E’t: 2) = US(Evt: 0)U3(57t: l)a (3)
V(#,t = —1) = Us(&,t = —1)T, (5)
V(Z,t = —2) = Us(3,t = —1)TU3(2,¢ = —2)1, (6)
()
we can transform all temporal links to
Us(z,t) =1 (©)
which is the temporal gauge condition. This is a special version of a tree gauge, where one selects the V() such that they set all links on a tree starting from a given
origin site to the identity. The action and integration measure are invariant under this transformation, however, it is particularly useful in interpreting the systemin a
Hamiltonian sense in which the time direction is special as we will see below.
Static Quarks
We remind ourselves that the Lagrangian of a free quark with mass m in Minkowski space is given by
L =1p(iv"8, —m)yp. (9)
In a theory for sufficiently large mass m, the temporal derivatives 0, and therefore also 8y must scale as
P
oy = i(m + 5 — + O(1/m*))¥ (10)
with spatial momentum p. One finds that an appropriate action for the infinitely heavy quark (m — o0) is
L = hiydoh + O(1/m), (11)

where the field h has to be appropriately defined. Such a static quark no longer has a spatial derivative term, which means that it can no longer propagate in space. One can
show that on a lattice, the propagator of such a static quark from z to x 4 3nis given by the Wilson line

Us(z)Us(z + 8) -+ - Us(z + 3(n — 1)). (12)

Static Quark Potential

Since our gauge action is invariant under axis interchange, we can also consider static quarks that propagate in a given spatial direction. If we now considered a Wilson loop
W (r,t) of extend r spatial sites and ¢ temporal sites in temporal gauge, we could identify W (r, t) as two static quarks propagating the distance r separated by t time steps.

—Ht

Another way to think about this is that we create a state of a static quark propagating distance r and project to it by inserting the transition matrix e in between. The

energy of such a state

V(r) = lim log WY (13)
too  W(r,t+1)
is also called the static quark potential.
From perturbative QCD, we know that the effective coupling constant g at short distances vanishes in QCD, i.e., at short distances the QCD action's field strength tensor
F, = 3;“41/ - avAu + ig[Aw A (14)
goes over to 8 separate contributions (number of SU(3) generators) that look like the electromagnetic field strength tensor
E3r =0,A, — 0,A,. (15)

We should therefore expect QCD to behave similarly to electrodynamics at very short distances, i.e., we would expect a Coulomb potential V(r) < l/r at short distances.

In the next chapter, we will systematically study the strong coupling expansion of QCD and will find that in this limit, we will expect a linear rise in the potential which we can
identify with the long-distance behavior V(r) o r.

In total, a reasonable ansatz for V(r) is
B
V(r):AJrTer‘. (16)

We will confirm this behavior below by explicit numerical study. The long distance behavior also tells us that the force


https://homepages.uni-regensburg.de/~lec17310/teaching/wise2122/lqft.html
https://go.ur.de/lehner

F(r)=V'(r) (17)

between to static quarks, will be constant for sufficiently large 7. This constant force is captured by the string tension ¢ and signals quark confinement, i.e., no matter how
far we separate the static quarks, they will always have a restoring force that binds them together. The unusual sign definition used here allows for a more convenient sign
definition in the next subsection.

By introducing dynamical quarks to the theory, the energy stored in this potential may be sufficient to create a quark-antiquark pair that can then break the string, more on
this at the appropriate chapter.

Sommer scale

By also studying the spectra of bottom and charm quark states and comparing them to experimentally measured results one can determine that the force between static
quarks at Sommer scale

ro ~ 0.5fm (18)
satisfies
72F(r) = 1.65. (19)

This was one of the first means to determine the physical lattice spacing given a set of ensemble parameters. We will illustrate its use below. We will also discuss more
modern techniques in later chapters.

Glueball spectrum

The spectrum of pure QCD contains bound states of gluons or glueballs. This is possible due to the self-interaction of SU(3) gauge theory, see comparison of the field-
strength tensor with the U(1) field strength tensor above.

The spectrum of such states can be categorized using good quantum numbers obtained by studying the irreducible representations of the spacetime symmetry group of the
lattice and the continuum. We shall discuss this also in later chapters more systematically. For now, we learn that the trivial scalar representation that is also invariant under
parity and flipping the charge g — —g, called Af* representation, contains the lightest glueball state.

Any operator transforming in this irreducible representation will excited such a particle. The simplest such operator is the sum over all spatial plaquettes P;; with 4, j < 3.
Note that since the vacuum expectation value of the plaquette does not vanish, we need to subtract the expectation value of the plaguette when constructing a correlator to
measure its mass. This is identical to the case of the ¢2 operator in the real scalar theory studied in chapter 4.

Reduction of excited state contributions by gauge smearing

In the operators constructed below, we replace the original gauge fields by gauge fields that are smeared out over a finite spatial distance, while still satisfying the gauge
transformation property

Uu(z) = V(2)U,(2)V(z + 1) . (20)
This merely creates a different operator in the same irreducible representation but has the effect of suppressing overlap with the more short-distance excited states.

Note: in this chapter, we will use the relation between units 0.1973 GeV fm = 1.

import gpt as g;
import numpy as np;
from matplotlib import pyplot as plt;

def generate_ensemble(Ls, Lt, beta, Nthermalize, Nmax, Nskip):
L = [Ls, Ls, Ls, Lt]

grid = g.grid(L, g.double)
grid_eo = g.grid(L, g.double, g.redblack)

rng = g.random("test", "vectorized ranlux24 24 64")
U = g.gcd.gauge.unit(grid)
Nd = len(U)

mask_rb = g.complex(grid_eo)
mask rb[:] =1

# full mask
mask = g.complex(grid)

def staple(U, mu):
st = g.lattice(U[0])

st[:] = 0

Nd = len(U)

for nu in range(Nd):
if mu != nu:

st += g.gcd.gauge.staple(U, mu, nu) / U[0].otype.Nc
return st

g.default.set_verbose("su2_heat_bath", False)
markov = g.algorithms.markov.su2_heat_bath(rng)
plaquette_heatbath = []
for it in range(Nmax):
plag = g.gcd.gauge.plaquette(U)
plaquette_heatbath.append(plaq)
if it $ (Nmax//20) == 0:
g.message(f£"SU(2)-subgroup heatbath {it} has P = {plaq}")
for cb in [g.even, g.odd]:
mask[:] = 0
mask_rb.checkerboard(cb)



g.set_checkerboard(mask, mask_rb)

for mu in range(Nd):
st = g.eval(beta * staple(U, mu))
markov(U[mu], st, mask)
if it > Nthermalize and it % Nskip == 0:
g.default.push_verbose("io", False)
g.save(f"{Ls}c{Lt}_{beta}/su3.{it}",U)
g.default.pop_verbose()

fig, ax = plt.subplots()

ax.plot(range(len(plaquette_heatbath)), plaquette heatbath, marker='+', 1ls='', c='red', label="Heatbath")
plt.legend()

plt.show()

#generate ensemble(8, 32, 5.5, 100, 10000, 5)
#generate ensemble(8, 8, 5.9, 50, 300, 5)
#generate ensemble(8, 8, 5.5, 100, 300, 5)
#for beta in [5.6,5.7,5.8]:

#

generate ensemble(8, 8, beta, 100, 300, 5)

from scipy.optimize import curve_ fit

g.default.set_verbose("io", False)

def

jackknife_covariance estimator(f, x):
N = len(x)
X = sum(x) / N
mean = f(X)
def outer_sqr(a):
return np.outer(a,a)
return sum([outer_sqr(f((N*X - x[j])/(N-1)) - mean) for j in range(N)])*(N-1)/N

V(t0, configurations):
U = g.load(configurations[0])

we = [{},{}]

for t in [t0,t0+1]:
for r in range(1l,5):
Wt[t-t0][r] = g.qcd.gauge.transport(U,[g.gcd.gauge.path().f(3,t).f(nu,r).b(3,t).b(nu,r)
for nu in range(3)])
for r in [1,2]:

Wt[t-t0][np.sqgrt(2.)*r] = g.qgcd.gauge.transport(U,
[g.gcd.gauge.path().f(3,t).f(nu,r).f(rho,r).b(3,t).b(rho,r).b(nu,r)
for nu in range(3) for rho in range(3) if nu != rho])
Wlc = []

for conf in configurations:
U = g.load(conf)

for i in range(4):
U = g.gcd.gauge.smear.stout(U, rho=1.0/12.0,orthogonal_dimension=3)

print(conf, end="\r")
Wlc.append([[sum([g.sum(g.trace(l)).real for 1 in wti[r](U)]) for wti in Wt] for r in Wt[0]])

Wlc = np.array(Wlc)
Wl _mean = np.mean(Wlc,axis=0)

V_mean = [np.log(Wl _mean[i,0]/Wl_mean[i,1]) for i in range(len(Wl_mean))]

rs = [r for r in Wt[0]]

V_cov = jackknife covariance_estimator(lambda x: np.array([np.log(x[i,0]/x[i,1]) for i in range(len(Wl_mean))]),
Wlc)

V_err = [V_cov[i,i]**0.5 for i in range(len(V_mean))]

print()

return rs, V_mean, V_err, V_cov

lattice_spacing(configurations):
def model(r,*p):
return p[0] + p[l]/r + p[2]*r

def model gradient(r,*p):
return np.array([r**0,r**-1,r]).T

rsl, vml, Vel, Vel = V(1, configurations)
rs2, Vm2, Ve2, Vc2 = V(2, configurations)

par_mean, par_cov = curve_ fit(model, rs2, Vvm2, p0=[0.5,0.5,0.5], sigma=Vc2, absolute_ sigma=True, jac=model_gradient)
a_in fm = ((par_mean[l] + 1.65)/par_mean[2])**-0.5 * 0.5

a_in fm dparl = -0.5 * ((par_mean[l] + 1.65)/par mean[2])**-1.5 * 0.5 * 1.0 / par mean[2]
a_in fm dpar2 = 0.5 * ((par_mean[l] + 1.65)/par_mean[2])**-1.5 * 0.5 * 1.0 * (par mean[l] + 1.65) / par _mean[2]**2
a_in_fm dpar = np.array([0,a_in_fm dparl,a in_fm dpar2])

a_in_fm err = np.dot(a_in_fm dpar,np.dot(par_cov,a_in_fm dpar))**0.5
print(a_in_fm, a_in_fm err)

def err f(r,p,cov_p):
return np.dot(model_gradient(r,*p), np.dot(cov_p, model_ gradient(r,*p)))**0.5

rrange = np.arange(0.1, 5.0, 0.01)
fy = np.array([model(r,*par_mean) for r in rrange])
fyerr = np.array([err_f(r,par_mean,par_cov) for r in rrange])

fig, ax = plt.subplots()

plt.ylim(0,2.5)
plt.x1lim(0,5)



plt.xlabel("r/a")

plt.ylabel("av(r)")

ax.fill_between(rrange, fy-fyerr, fy+fyerr,alpha=0.1,color="blue")
ax.plot(rrange, fy,c="blue")

ax.errorbar(rs2, vm2, Ve2, fmt="o", label="V(r) with t=2")
ax.errorbar(rsl, vml, Vel, fmt="o", label="V(r) with t=1")

plt.legend()
plt.show()

return (a_in_fm, a_in_fm err, rs2, Vm2, Ve2, par_mean, par_cov)

betas = [5.5,5.6,5.7,5.8,5.9]
a_mean_err = []
for beta in betas:
a_mean_err.append(lattice_spacing([f"8c8_{beta}/su3.{it}" for it in range(105,300,5)]1))
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fig, ax = plt.subplots()

plt.xlabel("beta")
plt.ylabel("a/fm")

ax.errorbar(betas, [a[0] for a in a mean_err], [a[l] for a in a mean err], fmt="o", label="a(beta)/fm")

plt.legend()
plt.show()

fig, ax = plt.subplots()

plt.xlabel("a/fm")
plt.ylabel("g(a)")

ax.plot([a[0] for a in a mean_err], [(6/b)**0.5 for b in betas], marker="+", label="g(a)")

plt.legend()
plt.show()
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fig, ax = plt.subplots()
plt.xlabel("r/fm")
plt.ylabel("V(r)/Gev")

# merge all

for i in range(2,len(betas)):

r_in_fm = []

V_in Gev = []

V_in_GeV_err = []

for j in range(len(a_mean err[i][2])):
r_in_fm.append(a_mean err[i][0]*a_mean_err[i][2][]])
V_in_GeV.append((a_mean_err[i][3][j]-a_mean err[i][5][0])/a_mean err[i][0]*0.1973)
V_in_GeV_err.append(a_mean_err[i][4][j]/a_mean_ err[i][0]*0.1973)

ax.errorbar(r_in_fm, V_in GeV, V_in_GeV_err, fmt="o", label=f"beta={betas[i]}")

plt.legend()
plt.show()

# Show also coarser
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fig, ax = plt.subplots()
plt.xlabel("a/fm")
plt.ylabel("sigma/(GeV/£fm)")

# merge all

a_in_fm = []

sigma_in_GeV = []

sigma_in_GeV_err = []

for i in range(len(betas)):
a_in fm.append(a_mean_err[i][0])
sigma_in_GeV.append(a_mean_err[i][5][2]/a_mean_err[i][0]**2.%0.1973)
sigma_in_GeV_err.append(a_mean err[i][6][2,2]**0.5/a_mean err[i][0]**2.%0.1973)

#sigma in GeV.append(a mean err[i][5][1]*0.1973)
#sigma in GeV_err.append(a mean err[i][6][1,1]**0.5%0.1973)

ax.errorbar(a_in_fm, sigma_in_GeV, sigma_in_GeV_err, fmt="o")

#plt.legend()
plt.show()
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Homework: Compute the Coulomb coefficient B in units of GeV fm with V(r) = A + B/r + or for the same lattice spacings and make a similar plot to the one for o.

def glueball Al _correlator (U0, nsmear):
Usmear = g.copy(U0)
L = U0[0].grid.gdimensions
for i in range(nsmear):
Usmear = g.gcd.gauge.smear.stout(Usmear, rho=0.15,orthogonal_dimension=3)
Pfieldl, Pfield2 = g.gqcd.gauge.loops.rectangle(Usmear,
[[ (mu,1,nu,l) for mu in range(3) for nu in range(mu)],
[ (mu,3,nu,1l) for mu in range(3) for nu in range(3) if mu != nu]],
field=True)
return (
[®/(L[0]*L[1]*L[2]) for x in g.slice(Pfieldl,3)],
g.sum(Pfieldl) / Pfieldl.grid.gsites,
[®/(L[0]*L[1]1*L[2]) for x in g.slice(Pfield2,3)],
g.sum(Pfield2) / Pfield2.grid.gsites

#generate_ensemble(8, 32, 5.7, 100, 10000, 5)
generate_ensemble(8, 32, 5.9, 100, 5000, 5)

GPT : 23458.421117 s : Initializing gpt.random(test,vectorized ranlux24_24_64) took 3.69549e-05 s
GPT : 23458.458663 s : SU(2)-subgroup heatbath 0 has P = 1.0

GPT : 23792.066852 s : SU(2)-subgroup heatbath 250 has P = 0.5823681093358043
GPT : 24085.247532 s : SU(2)-subgroup heatbath 500 has P = 0.5820270769700736
GPT : 24375.536335 s : SU(2)-subgroup heatbath 750 has P = 0.5827176520994317
GPT : 24667.319774 s : SU(2)-subgroup heatbath 1000 has P = 0.5821944491517359
GPT : 24956.718762 s : SU(2)-subgroup heatbath 1250 has P = 0.5823229107943341
GPT : 25246.901014 s : SU(2)-subgroup heatbath 1500 has P = 0.5830595553523381
GPT : 25535.126178 s : SU(2)-subgroup heatbath 1750 has P = 0.5831393794879535
GPT : 25824.375946 s : SU(2)-subgroup heatbath 2000 has P = 0.5831170585874009
GPT : 26116.473709 s : SU(2)-subgroup heatbath 2250 has P = 0.5807010396911295
GPT : 26403.073038 s : SU(2)-subgroup heatbath 2500 has P = 0.5815773381540428
GPT : 26691.175756 s : SU(2)-subgroup heatbath 2750 has P = 0.5829950881588777
GPT : 26980.989076 s : SU(2)-subgroup heatbath 3000 has P = 0.5817829587379455
GPT : 27274.689568 s : SU(2)-subgroup heatbath 3250 has P = 0.5814936616603346
GPT : 27566.837664 s : SU(2)-subgroup heatbath 3500 has P = 0.5805751461356455
GPT : 27855.261779 s : SU(2)-subgroup heatbath 3750 has P = 0.5800671857797849
GPT : 28138.893678 s : SU(2)-subgroup heatbath 4000 has P = 0.5804503576728808
GPT : 28421.909804 s : SU(2)-subgroup heatbath 4250 has P = 0.5816100159724532
GPT : 28706.761141 s : SU(2)-subgroup heatbath 4500 has P = 0.5817419634089783
GPT : 28989.230684 s : SU(2)-subgroup heatbath 4750 has P = 0.5819070143898305
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operators_5p7 = []

for it in range(105,10000,5):
operators_5p7.append(glueball_ Al correlator(g.load(f"8c32_5.7/su3.{it}"), 6))
print(it,end="\r")

9995

operators_5p9 = []

for it in range(105,5000,5):
operators_5p9.append(glueball_Al_correlator(g.load(f"8c32_5.9/su3.{it}"), 8))
print(it,end="\r")

4995

def bin_data(res, bin_size):
assert len(res) % bin_size ==
n = len(res) // bin_size
return [ sum(res[bin_size*i:bin size*(i+1)])/bin_size for i in range(n) ]

def jackknife variance estimator(f, x):
N = len(x)
X = sum(x) / N
mean = f(X)
return sum([ (£((N*X - x[j])/(N-1)) - mean)**2 for j in range(N)])*(N-1)/N

def correlate(X, P):
pdelta = [x - P for x in X]
Lt = len(pdelta)
return np.array([ sum([ pdelta[t]*pdelta[(t+dt) % Lt] for t in range(Lt)]) for dt in range(Lt)],dtype=np.complex128)

def glueball_spectrum(operators, a_in_ fm):
plaquettel = np.mean([op[l] for op in operators])
plaquette2 = np.mean([op[3] for op in operators])

correlatorsl=[correlate(op[0],plaquettel) for op in operators]
correlators2=[correlate(op[2],plaquette2) for op in operators]

1div8 = len(correlatorsl)-(len(correlatorsl)%8)

errl=[y**0.5 for y in jackknife variance_estimator(lambda x:x, correlatorsl)]
err2=[y**0.5 for y in jackknife_ variance_estimator(lambda x:x, bin_data(correlatorsl[0:1div8],4))]
err4=[y**0.5 for y in jackknife_ variance_estimator(lambda x:x, bin_data(correlatorsl[0:1div8],8))]
print("Binning study of correlator (nbin=1,4,8):",err1l[0], err2[0], err4[0])

corrl=np.mean(correlatorsl,axis=0)

emp_mean_1 = [ np.log(corrl[t]/corrl[t+l]) for t in range(4)]

err_emp_l=[y**0.5 for y in jackknife variance_estimator(lambda x: np.array([np.log(x[t]/x[t+1]) for t in range(4)]), bin_data(correlatorsl(
corr2=np.mean(correlators2,axis=0)

emp_mean_2 = [ np.log(corr2[t]/corr2[t+l]) for t in range(4)]

err_emp 2=[y**0.5 for y in jackknife variance_estimator(lambda x: np.array([np.log(x[t]/x[t+1]) for t in range(4)]), bin_data(correlators2[(
fig, ax = plt.subplots()

plt.ylim(0,2)

ax.errorbar(range(len(emp mean_ 1)), emp mean_ 1, err_emp_ 1, marker="+")

ax.errorbar(range(len(emp _mean 2)), emp _mean_ 2, err_emp_ 2, marker="+")

#plt.legend()
plt.show()

print("t=1",emp_mean 1[1]*0.1973/a_in_fm,err emp 1[1]*0.1973/a_in_fm, "GeV")
print("t=2",emp_mean 1[2]*0.1973/a_in_fm,err emp 1[2]*0.1973/a_in_fm, "GeV")
print(f"\n beta = {betas[2]}, a = {a_mean_err[2][0]:.2f} fm\n")
glueball_ spectrum(operators_5p7, a_mean_err[2][0])

print(f"\n beta = {betas[4]}, a = {a_mean_err[4][0]:.2f} fm\n")
glueball_ spectrum(operators_5p9, a_mean_err[4][0])

beta = 5.7, a = 0.17 fm

Binning study of correlator (nbin=1,4,8): (9.195666010766062e-07+0j) (1.1338207652267015e-06+0j) (1.235564926411823e-06+07)
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Homework (optional): Generate an even finer ensemble with same physical volume as the 8 = 5.9 ensemble, determine the lattice spacing and measure the Af* glueball
mass. You should find that once the lattice spacing is sufficiently small, that the glueball state remains at constant energy in GeV (see, e.g., https://doi.org/10.1016/0370-
2693(88)91510-9). The A]* glueball state in quenched QCD is at 1.6(1) GeV.
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