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Chapter 1

Ideal quantum computing

1.1 Introduction to digital quantum computing

1.1.1 Qubits, gates, measurements

e A single qubit is a vector of unit length in the two-dimensional complex
vector space S spanned by

0= (5)- m=(1)- (1)

sSN=@Q)s (1.2)

with dimensionality 2V. A state of N qubits is represented by a vector of
unit length in SV,

e Example: A two-qubit vector space is spanned by

1 0 0 0
0 1 0 0
0 0 0 1

e In general, the i-th component of a basis vector of SV will be written as

1 fori= Z;‘V:_ol b;j27

1.4
0 else (14)

(Ibx—1bn—2 -+ -bo))i = {

with 0 < i < 2. From left-to-right we therefore write the most-significant
to least-significant bits. On occasion, we will write |i) for [by_1by—2 - - bo)
with ¢ = ij:_ol b;27 and use the function bit; (i) = b;.
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e A quantum gate is a unitary matrix acting on S¥.
e For a general state

2N 1

o) = 3wl (15)

i=0
. 2N _1 2
with ¥; € Cand 77 ;7 |¥;]° = 1 we define

2N _1

Py =Y [P (1.6)

i=0;bit; (i)=1

and a probabilistic measurement operation M; : SV — SV ® {0,1} that
with likelihood P;(|¥)) maps |¥) to

2N _1

0,
> ===l ®1 (1.7)
i=0;bit; (i)=1 P;(1¥))

or else to

2N 1

v, .
> ———l)wo. (1.8)
i=0;bit; (1)=0 1= P (|‘I’>)

This operation therefore maps a qubit to a qubit and a classical bit in a
probabilistic manner.

e The classical bit returned by M; is insensitive to a global complex phase
of the state. This is important since the classical bits are the only way
to extract information from the system. Global phases are therefore not
important.

e A set of quantum gates that when combined can generate an arbitrary
unitary matrix up to an arbitrary global phase is called universal.

e A digital quantum computer is a machine that can apply quantum gates on
N-qubit states and perform such measurements that provide a mapping
to classical bits. Such a machine is called universal if it can apply a
universal set of quantum gates.

1.1.2 Common one-qubit gates

e Hadamard

H= % G 11> (1.9)

Action: [0) — J5(10) + 1)), [1) = Z5(|0) — [1))
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e Phase shift gate

1 0
R¢:<O eid’)'

Action: [0) — [0), |1) — €i?|1)
e Pauli-X or NOT gate

0 1
X_NOT_(1 O)

Action: |0) — |1), |1) — |0)
e Pauli-Y

Action: [0) — i[1), [1) — —i[0)
o Pauli-Z

o I'= R7T/45 S = RT(/2

1.1.3 Common two-qubit gates

e Swap

SWAP =

S oo
o = o o
oo = O
_ o O O

Action: |00) — |00), [01) — |10}, |10) — |01), |11) — |11)
e CNOT

CNOT =cX =

OO O
o O = O
= O O O
O R OO

Action: [00) — [00), [01) — [01), |10} — |11), |11) — |10);

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

Here: least-significant bit is target bit, most-significant bit is control bit

Version for switched target and control bits in exercises.
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1.1.4 Quantum circuits

e A quantum circuit is a specific combination of gates and measurements.
We introduce a graphical representation.

e A qubit is represented by a single line

) ——
e N qubits may be grouped and written as
¢p) —+—
e A classical bit is represented by a double line
b; —_—
e The measurement of a qubit is represented as
[¥)
b; I

e A one-qubit gate operation is represented as

)

for the Hadamard gate and analog for other gates.

e The NOT gate has the special representation

V) —b—

e Gate applications are read from left to right, so

[¥) B
is represented as
BA) (1.16)

in matrix notation.

e CNOT with least-significant target bit is represented as
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| wtarget > ()

|¢control> —_——

One typically writes the least-significant qubit at the top. The case with
least-significant control bit will be discussed in the exercises.

e A general controlled one-qubit U operation is represented as

chontrol>

|wtarget>
where U could, e.g., be H or Ry, which is only applied to target bit if
control bit is 1.

e SWAP is represented as

1.1.5 Example: Bell states

The circuit

performs the Bell experiment. After the Hadamard the system is in state

L (J00) + Jo1)) (1.17)

S

2
and then after the CNOT in

1
— (]00) + |11)) . 1.18
7 (100) +111)) (1.18)
The four possible classical results then are measured with probability
1
P(00) = P(11) = 3 P(10) = P(01) =0. (1.19)

The bits are maximally correlated and we always find by = b;. Such correlation
between qubits is called entanglement and is at the core of many quantum
algorithms.



10 CHAPTER 1. IDEAL QUANTUM COMPUTING

1.1.6 Quantum simulator
e A digital quantum computer can be simulated on a classical computer.

e On the course webpage, there is a link to http://github.com/lehner/sqc,
a simple Python implementation of such a simulator; In this week’s ex-
ercises, we will discuss the usage of this library and we will use it to
implement some of the algorithms introduced in the lecture.

e Caveat: with increasing number of qubits N, the problem size for the
classical simulation increases as 2%.
1.1.7 Many-qubit gates

e It is useful to define

3 _ L (140 1—i
\/)?HR,F/QH2<1_Z. 1+Z.) (1.20)

with vVXvX = X =NOT.

e Extend the CNOT gate by another control gate to the C2NOT or Toffoli
gate. It can be implemented as

.
VR an)

——— — A% \N %

—O— X VX' VX —

e For controlled-U gate, replace v/ X by U; see also problem set 2. For
this, we will need

XY"=HR,,,H. (1.21)
e Similarly the C®NOT can be obtained from the C*"!NOT gate. For
C3NOT
_"—
RS —
= Pany D
o N
—— ol VX

With worker bits, we can implement this more efficiently, see problem set
2.
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e We can also trigger on a 0 bit value by adding additional NOT gates. We
write this with an empty circle

I_

_EB_

D
Ay

e Now we are ready to find a representation of a gate s(*/) on SN with
sy = 15), sW)|5) = |i), sED|I) = |I) for 0 < 4,5,1 < 2V and [ # 4, 5.
This matrix plays a crucial role in the proof of universality done in the
exercises

e Consider the bit-wise representation of ¢ and j. Let ¢ and j differ in n
bits, then we can define so-called Gray codes gy,, where go = 4, g, = J,
and ¢g,, and g,,_1 only differ in one bit.

Example: ¢ = 3 (011), j = 4 (100); go = 3 (011), g1 = 7 (111), g2 = 5
(101), g3 = 4 (100)

e We can implement s(9m:9m-1) by the CN~INOT gate with target bit being
the differing bit and triggering on the values of the common bits.

Example: go =5 and g3 = 4 from above

e Then

s — g(91.90) . .. g(gn—1,9n-2) g(gn:gn-1) ... g(91,90) (1.22)

Example: i =3, j =4

/3 (34) /'3 = N N
7 S 7 N UV

—o—OP

D
3
D
Ay
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1.1.8 Quantum parallelism
e For a general function
f:{0, 13" = {0,1} (1.23)
it will be useful to define
Up: SN @8 = 8Nes |z)ely) = lr)@lye f(z), (1.24)

where @ here means the modulo 2 operation. Such a function effectively
evaluates f for all possible values in parallel. We will also write |2) ®|y) =
|z, ). Note that the action on a general element of S ® S is defined by
the action on each basis element |z, y).

e Since we cannot implement a non-reversible gate operation (quantum gates
are unitary), we cannot map simply to |z) ® | f(x)). The simple reversible
choice of y @ f(z) will shown to be useful below.

e The circuit representation is

|z) —+ #— |z)
Uy
v) ly® f(x))
e For N =1, the state
|T) = Wy 0]0,0) + Po1|0,1) + U1 ,0]1,0) + Ty 1|1, 1) (1.25)

then would be mapped to

Us |W) = W0,0[0,0& f(0)) + ¥0,1]0, 1 f(0))
+ V101,09 f(1)) + Wil 16 f(1)). (1.26)

e Example: N =1, f(z) =1
We have

Urp |¥) = To0|0,1) + ¥0.1|0,0) + Ty 0]1,1) + Ty 4]1,0). (1.27)

or
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e Example: N =1, f(z) ==
We have
Us W) = Wg00,0) + Wo1]0,1) + Wy |1, 1) + ¥y 4]1,0). (1.28)

or

1.2 Quantum algorithms

1.2.1 Deutsch—Jozsa algorithm

e A simple example for a problem that can be solved exponentially faster
on a quantum computer than on a classical computer

e Problem: Given a function
f:{0,1}¥ = {0,1} (1.29)

that is either constant (maps always to either 0 or 1) or balanced (returns
0 for exactly half of the input domain and 1 else), find out if it is constant
or balanced.

e (lassical solution: evaluate function for all possible inputs and stop as
soon as answer is known
— Best case: first two evaluations differ = function is balanced

— Worst case: first 2V—! evaluations are identical = answer known
after 2V—1 4 1 evaluations

— For randomized selection of inputs: probability of misidentification
after n evaluations is < 2%

e Quantum algorithm (guaranteed result after one evaluation):

N N
10) HEN HEN r
Us
[ 771
) [}

The measured r = 0 if and only if f is constant. If f is balanced r # 0
will be measured.
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e Explanation:

We start with the input state (Mark states in diagram above)
Ty = [0)®N|1) .
After the Hadamard operations, we have

2N _1

ZW z)(10) ~ 1))

To illustrate the mechanism, we remind ourself that for N = 2

(H @ H)|00) = (H®1)\f(|00>+|01>)
%(|00) +]10) + [01) + [11))
and
H[1) = 7(|0> 1) -

V2

Then Uy produces

b= 3 el (00 1) - 19 1)

2N*1( 1)f@

Next we note

1

H|b Z bb’|b/

with b € {0,1} or generally

H®N‘x

g 1))

ﬁp

where

z = Z b1t blt mod 2

and bit;(z) is the value of the j-th bit of z.

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)
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Therefore the final state is

271 {yratf(@) _
Uy= Y ( 1)2N |2) |0>\/§|1> : (1.40)

x,2=0

Now if f(z) is constant, the amplitude of the z = 0 state is

2
271 (—1)f@

> | =1 (1.41)

z=0

and therefore with certainty » = 0 will be measured. If f(x) is balanced
the z = 0 amplitude is

2N _1 2
(—1)/ @

z=0

and due to the normalization of the state a value r # 0 will be measured.
So with a single application of the quantum circuit, we know the answer.

Run algorithm on sqc

In [1]: import sqc

In [4]: Nbits=2

def Uf_const(o): # N=1, f(x)=1
return o.NOT(1)

def Uf_balanced(o): # N=1, f(x)=x
return o0.CNOT(0,1)

In [5]: for Uf,n in [ (Uf_const,"f(x)=1"), (Uf_balanced,"f(x)=x") ]:
print("Run Deutsch-Jozsa for %s" % n)
print(" ")
# Psi0

psiO=sqc.operator (Nbits).X(1) * sqc.state(Nbits, basis=[ "|%d>|%d>" % (i%2,i//2) for i in rang

e(4) 1)
print("|Psi0> = ")
print(psi0)
print("")

# Psil
psil=sqc.operator (Nbits).H(0).H(1l) * psi0
print("|Psil> = ")

print(psil)
print("")
# Psi2

psi2=Uf (sqc.operator (Nbits)) * psil
print("|Psi2> = "

print(psi2)
print("")
# Psi3

psi3=sqc.operator (Nbits).H(0) * psi2
print("|Psi3> = ")

print(psi3)

print("")

# Measurement
psi4,r=psi3.measure(0)
print("Result: %d, %s is %s" % (r,n,["constant"”,"balanced"][r]))

print("")
print("")
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1.2.2 Grover algorithm

Problem:

Given a function
f:{0,1}" = {0,1} (1.43)

that is 1 for one value of zo with 0 < zo < 2 and 0 for all other values,
find zg.

Applications: Database search, cryptographic hash functions, factor n =
p * ¢ with p and ¢ prime (classical test division up to /n)

Classical solution requires O(2"V) evaluations of the function

Here, we illustrate a quantum algorithm which requires O(v/2"V) function
evaluations

The quantum circuit is:

O — eV

Gk
[ 71
B (7]
with
/N ] /N
G
N U. N
Uy
and

| U.

= | aeN F—210) (0] -1 HEN

For k ~ V2N we measure r = o with high likelihood 1 — O(1/2%)
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e Explanation:

We start with the input state (Mark states in diagram above)
Ty = [0)®N]1). (1.44)
After the Hadamard operations, we have

2N

DY =0 - 1) (1.45)

Neglecting the trivial last qubit, we can say that at this point the system

is in state
B 1 2= 2N 1 1
V) = [¢1) = Noxs ; ) =) 55— le) + o 18) (1.46)
with useful basis
0) = —m— ; 2) | (1.47)
18) = |zo) - (1.48)

We will find that the remaining operations live in the space spanned by
|a) and |3).

It is easy to verify that Uy : |z) |y) — |z) |y @ f(z)) performs a reflection
about |a) in this space, i.e.,

Ug(ala) +b[8)) = ala) = b[B) . (1.49)
Similarly
Us = H®N(2]0) (0] = 1) HY = 21]¢) (] ~ 1 (1.50)

i.e., Uy is a reflection about the vector |¢). Combined G therefore performs
a rotation in this space by

2N —1

cos(0/2) = N (1.51)
- \/%(1+O(1/2N)>. (1.52)

Tlustrate:
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A15)

After k applications
[W141) = G* 1) = cos(0x/2) ) + sin(6y/2) |B) - (1.53)
We find
O = (14 2k)6. (1.54)
For 0, ~ 7 we have the optimal solution or
ko~ (m/4)V2N | (1.55)

1.2.3 Parenthesis: Arithmetic gates, ancilla and garbage
qubits, uncomputing

e We now address how to implement generic arithmetic functions f(z) with

N-1
=Y b2, (1.56)
j=0
where b; € {0,1}.
e A circular left shift C; with
Crlby—1,--.,b0) = [bN—2,...,b0,bN_1) (1.57)

can be implemented with SWAP gates. Example N = 4:

|b0> 1 | |b3> ‘b0> ‘b3>
b)) — o bo) _ |b1) [bo) .
|b2) — — [b1) |b2) b1)
i T S )
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If by_1 = 0, this implements
f(z) =2z. (1.58)

If by_1 = 1, the circular left shift results in an odd number, however,
which we may not wish for an implementation of f(z) = 2z.

o A left shift
Sl|bN—1a~"7b0>: |bN—27'~';bOaO> (159)

can be implemented if we add a so-called ancilla qubit with fixed value
|0) to the circuit, resulting in an additional variable garbage qubit. We
again illustrate for N = 4:

bo) —  — 10)
b1) — 1 Ibo)
lba) — C1 |— |b1)
b3) — [ [b2)
Ancilla qubit |0) —  — |b3) Garbage qubit

This operation again coincides with f(z) = 2z, however, has a more gra-
cious overflow behavior (known from, e.g., C code) for by_; = 1.

e A circular right shift C, with
Cr[bn-1,..,b0) = |bo,bn—1,...,b1) (1.60)

can again be implemented with SWAP gates. Example N = 4:

by — =y b
) — g )~ =
S I Y )
o .
If by = 0, this implements
f(x) = 2)2. (1.61)

However for by = 1 (for odd numbers), we do not obtain a sensible result
for division by two.
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e A right shift

S lby-1,...

can again be implemented with ancilla and garbage qubits.

illustrate for N = 4:

bo) —

b1

|bs

Ancilla qubit |0) —

This operation coincides with f(x) = /2 for all .

) —
b2) —
>_

7b0> = |07bN717~"

— [b1)

— [2)

— 10)

— |bo) Garbage qubit

(1.62)

We again

e The need for ancilla and garbage qubits originates from the restriction to

use reversible (unitary) gates on a quantum computer.

e Since the value of a garbage qubit is variable, we cannot reuse it as an an-
cilla bit for another gate. We can, however, use intermediate information

and then uncompute it to restore the ancilla bit.

t

Example: Implement Uy for

fz) =

for 22 = 10,

else .

For N = 4, this can be implemented as

bo) —

— [bo)

— [b1)
— [b2)
— |bs)
— 10)

— |y @ f(z))

(1.63)
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1bo) — T — [bo)
b1) — l — [b1)

|b2> ] C’l C’r — |b2>

b3) — — |b3) 7
10) — — [0)

ly) & ly ® f(z))

where the C*NOT operation only acts for z = 10 (binary 1010).

This “uncomputation” now allows for multiple applications of this Uy with
only a single overall ancilla qubit.

e Next, we consider the function
flx)y=a+1. (1.64)

This can be implemented using elementary “half-adder” gates

la) — — la)

|by — O+:1/2 — |a @ by = Sum

Ancilla qubit |0) — — |ab) = Carry

|a) |a)
[b) p— la®b) .

0) —&—— lab)

We combine half-adders to implement the function. For N=3, e.g.,
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1) — 1)

bo) — O+:1/2 16)
0) — — — [bo)
b)) ——————— o+ 1/2 —— 1))
0) ———— — — |bob1)
[b2) O+1/2 — |b)
10) — [bob1b2)
with
N—-1
rHl=Y 2. (1.65)
5=0

e We can also add more generally
flx)=x+z (1.66)

with
N—-1 )
2= 2. (1.67)
§=0

For this we need to define a full-adder gate

o) — @
H— .
) — — |la ®b® c)= Sum
Ancilla qubit |0) — — |ab + c(a ® b))= Carry
|a) |a)
1) D D— |b)
|c) D la® b c)
0) ———— jab+ c(a® b))




1.2. QUANTUM ALGORITHMS 23

We combine full-adders to implement the function. For N=3, e.g.,

_O+

16)

O+
le1) [67)

o+t
|c2) — [b2)

with
N-1
rtz=Yy W2, (1.68)
=0

where we do not write the values of the garbage qubits.
e Similarly, we can implement subtraction.
e Finally, we consider multiplication of z and z, i.e.,
N-1 N-1
fl@)y=2z=Y b2 =3 " b;5](2), (1.69)
J,3'=0 j=0

where Slj (2) implements j left-shifts of the number z as defined above.
We note that we can implement binary multiplication as a combination of
such shifts and addition.

1.2.4 Example: Solving an equation using Grover’s algo-
rithm
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1.2.5 The quantum Fourier transform

e We define the quantum Fourier transform by its action on the basis |z)
with z € {0,...,2¥ — 1} by

2N 1
FT|z) = Z e2miak/2" (1.70)

e In the exercises, problem set 3, you will show that this is a unitary oper-
ation with

2N _1
1 ,
FT7a) = FT'|2) = = 37 e mEh/2 gy (1.71)
k=0

e It is useful to consider the bit-wise representation of

N N
x=Y z2N, k=Y k27, (1.72)
L =

with z;,k; € {0,1}. Note that here for convenience j = 1 corresponds to
the most-significant digit!

Then
FT ) — LQN_l 2mizk /2N
2 = o= > e k) (1.73)
_ i 2mie S0 /27 iy k) (1.74)
\/QTVkl, k=0
Lé ~ ik, ) (1.75)
(£l
:é 2”/2“] (1.76)
j=1 V2
e Since
e =1 (1.77)
for n € N,
N
2mie/2 _ H 2miz 2N 1T H p2miz 2N T (1.78)

I=N—j+1
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We therefore define the notation

T Ti41 Tm
O.I‘ll‘l_ﬁ.l R S — 5 + T 4+ ... 2m7l+1 (179)
and write
eQTri(E/Qj — eQTriO‘:L’N,]‘Jrl...:EN . (180)
We therefore have a product representation
N .
‘0> + 627TZO.JZN73'+1...ZEN |1>:|
FT|x) = 1.81
-®)| - (1.81)

Jj=1

_ |:|O> + e2mi0.xN |1>:| |:|0> + e2mi0.sN 1T N |1>j| o |:|0> 4 e2mi0.21.. TN ‘1>

V2 V2 V2

From this representation a circuit can be read off. Example N = 4:
4

|z) A—— FT ——F— =

[2a) [ 1 ]
js) H R, ]|

|22) HHM R Ry |

1) —{H | Ro | Bs | i

with

Rk = Rzﬂ./Qk . (182)

Note, we write again the least-significant bit on top.
Explanation:

Applying the Hadamard to the least-significant qubit |z4) produces

_1\z4 eZTriU.:r4
iy - DECIMD e g

which then needs to be placed as the most-significant result qubit by
SWAPs.

Similarly,

0 _|_e27ri0.ac3 1
Hlaa) = 2, (1.84)
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and therefore the controlled Ry gate with control qubit |x4) yields

|O> + eQﬂiO.mgeQﬂ'i/22r4 |1> ‘0> + 6271'2'0.:6314 |1>
7 - v , (1.85)

which we then also need to place as second most-significant result qubit
by SWAPs. Continuing this procedure provides the general circuit for FT
for arbitrary N.

e We therefore need to apply O(N?) gates to implement the quantum Fourier
transform for N qubits. Classically, the naive discrete Fourier transform
requires O(22") operations and even the Fast Fourier Transform algorithm
requires O(N2") operations.

1.2.6 Example: Addition through Fourier transform

e We now show that FT, FTT, and R, gates suffice to implement
Uy |z) = |(z +y) mod 2M) (1.86)
with z,y € {0,...,2Y —1}.

e Consider

2N _1

1 N
FT|z) = — 2mizk/27 | 1.87
) NoES ];] e |k) (1.87)

and applying R to the [-th qubit, counting = 1 for the most-significant
qubit and [ = N for the least-significant qubit,

2N 1
1 - N—1 N
RY L FT 1) = —— > 2rilekth2®0/2% ) (1.88)
27 /2! /
2N k=0
with
N .
k=Y k2", (1.89)
j=1
Then
N 2N 1 Y
l wi(x
[IRY | FTle) = — Y e2mithth/2T ) (1.90)
=1 k=0

eQﬂ'i(m—i—l)k/QN |k‘> ) (1.91)
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Therefore
N
l
FTY TR | FT|2) = [(z+ 1) mod 2V) . (1.92)
=1
It follows that
A T o0
l l
Uy =FT [ Ry) o | FT=FT [ Ry), 0| FT (1.93)
=1 =1
e Illustrate for N = 3:
Uy |3) = U, |011) (1.94)
= FT R R, RVFT |011) (1.95)
1 3) p(2 [ i i i
= ﬁFTTR;/LR;}QRS) 10) + 273/8 |1) 4 €27I0/8 |2) 4 27I9/3|3)

+ 6271'2'12/8 |4> + 627\'1'15/8 |5> + e27ri18/8 |6> + eQTrin/S |7>:| (196)

— L prir®) R®

N x/atlr /2

+ e2mi12/81100) 4 e27I15/8 |101) + £2TI18/8 |110) 4 221/ 111@
(1.97)

RM []000) + €*™3/% [001) + >3 (010) + €>™/% |011)

1 . . _
- ﬁFTTR(?’) R) 11000 + €273/8 |001) + 2716/8 |010) 4 2719/8 |011)

/4 7r/2|:
+ 627Ti16/8 |100> +62ﬂi19/8 |101> + 627Ti22/8 |110> + 627”:25/8 111>:|
(1.98)

1
_ L prtp®
VB T

+ eQ‘n’ilG/S |100> + e27‘ri19/8 |101> + 627ri24/8 |110> + 627Ti27/8 111>:|
(1.99)

[|000> + e2™3/81001) + 278/8 |010) + e2™1/8 |011)

1 ) ) )
= %FTT {|000> + e2™4/81001) + 2™8/81010) + €2712/8 |011)

+ 627Ti16/8 |100> 4 eQTriQO/S |101> + eQTr’i24/8 |110> + e?ﬂi28/8 111>:|
=FTTFT|4) = [4) . (1.100)

e Implementation on sqc:
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addition-through-gft

In [1]:

In [10]:

CHAPTER 1. IDEAL QUANTUM COMPUTING

import sqc
import numpy as np
from exercises import gft

Addition through Fourier transform

def add(y,op):
op=qft(op)
N=op.nbits
for i in range(N):
op=0p.Rz(1i,2.*np.pi*y/2.%*(N-1i))
op=qgft (op,inverse=True)
return op

st=sqc.state(5,basis=["[%d>" % i for i in range(2**5)])

print("Initial = 0\n",st)
st=add(3,sqc.operator(5))*st
print("Initial + 3\n",st)
st=add(7,sqgc.operator(5))*st
print("Initial + 3 + 7\n",st)

Initial = 0

1 * |0>
Initial + 3

1 % |3>
Initial + 3 + 7

1 % |10>

http://localhost:8888/notebooks/addition-through-aft.ipynb

1.2.7 Phase estimation

e Consider a unitary operation U with eigenstate |u) such that

Ulu) = Au) .

5/14/19, 11:59 AM

Page 1 of 1

(1.101)
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Taking the squared norm of both sides, we find
(ulu) = (ul UV |u)
= || (u|u) (1.102)
such that |A| = 1 and we can always write
U lu) = €™ |u) (1.103)
with 0 < ¢ < 1.

e Task: find a quantum algorithm to approximate ¢ for a general unitary
U. We attempt an N-bit approximation ¢ = /2 ~ ¢ with 0 < z < 2V
given |u).

e We require the implementation of a controlled-U’ gate with non-negative
Jj. Exercises: how to obtain such a gate from the H, R;, and CNOT gates.

e Circuit for N = 4, applied to eigenstate |u):

- .
-
FTt
0 —7]
0 —7]

) —— v Hor Ho Ho? F+—

with least-significant qubit on top.
Explanation:

After the initial Hadamard gates, the system is in state
1 2= 1
Ny ;:% ) [u) = Noxi [10) 4+ [1)] -+ []0) + [1)] |uw) - (1.104)
The controlled-U7 gates, add a phase to the |1) components, leaving the
system in state

2N 1

27mip2N 1 27i$2° 1 270
[10) + 292 )] - [Jo) + e2m |1>}|u>=mkz_oe k) Ju
(1.105)

1

V2N
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The U’ gates only act if the respective control bits are set, and then
produce the phase e27%%7

If there was an integer = such that ¢ = /2", then applying the inverse
Fourier transform, leaves the system in state |x) and thus measuring the
first N qubits yields z and thus ¢.

In general, there may only be (,Z; = 2/2N ~ ¢. It can be shown that for
|¢ — ¢| < 27™ and probability of success at least 1 — &, we need

1
N =n+ log, (2 + 25) (1.106)

qubits.

If we apply this algorithm to a general state

) =D cnfun) (1.107)

with eigenstates |u,), we will measure an approximation of eigenvalue n
with probability |c, |2.

For sufficiently many measurements can obtain all eigenvalues ¢.

Example 1: compute eigenvalues of

e—27'ri¢> 0
U= ( 0 o2mic (1.108)
with ¢ € [0, 1[. First need U7, which is straightforward

e—27ri¢j 0

Then, we need a circuit to implement the controlled-U7. Analog to prob-
lem set 02,

D
A\

R_2r¢;

D
A\




phase 5/15/19, 1:44 PM

In [1l]: dimport sqc
import numpy as np
from exercises import gft
import matplotlib.pyplot as plt

Phase estimation

http://localhost:8888/notebooks/phase.ipynb Page 1 of 9

phase 5/15/19, 1:44 PM

In [10]: def phaseEstimate(op,xbits,cuj):
N=len(xbits)
for i in reversed(range(N)):
op=op.H(xbits[i])
op=cuj(xbits[i],2**i,op)
op=qgft(op,mask=xbits,inverse=True)
return op

# Simple U = {{ Exp[I 2pi phi], 0}, { 0, Exp[-I 2pi phi] }}, always acting on LSB
def CU(i,k,op,phi): # i is control qubit, k is power
return op.Rz(0,2.*np.pi*phi*k).CNOT(i,0).Rz(0,-2.*np.pi*phi*k).CNOT(i,0)

def measure(Nxbits,Nmeasure,cuj):
Nbits=Nxbits+1l
xbits=list(range(1l,Nbits))

st0=sqgc.state(Nbits,basis=["|%g>|%d>" % ( (i//2) / 2**Nxbits,i%2) for i in range(2**Nbits)])
print("Initial = 0\n",st0)

stl=phaseEstimate(sgc.operator (Nbits).H(0),xbits,cuj)*st0

if Nmeasure == 0:
print("State after phaseEstimate\n",stl)
else:
res=sqc.sample(stl,Nmeasure,mask=xbits)

plt.bar([ (x//2) / 2**Nxbits for x in res.keys() ],res.values(),width=0.01)
plt.xlabel( 'phi')

plt.x1lim(0,1)

plt.ylabel( 'count')

plt.show()

http://localhost:8888/notebooks/phase.ipynb Page 2 of 9
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In [11]: measure(4,0,lambda i,k,op: CU(i,k,op,0.25))

Initial = 0
1 * |0o>|0>
State after phaseEstimate
0.707107 * |0.25>|1>
+ 0.707107 * |0.75>]|0>

In [12]: measure(4,1000,lambda i,k,op: CU(i,k,0p,0.25))

Initial = 0
1 * |[0>]0>

500

400

300

count

200

100

0.0 02 04 06 08 10

http://localhost: phase.ipynb Page 3 of 9

phase 5/15/19, 1:44 PM

In [13]: measure(4,1000,lambda i,k,op: CU(i,k,op,0.4))

Initial = 0
1 * |[0>]0>

300

0.0 02 04 06 08 10

http://localhost:8888/notebooks/phase.ipynb Page 4 of 9
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In [l4]: measure(5,1000,lambda i,k,op: CU(i,k,op,0.4))

Initial = 0
1 * |0o>|0>

300

count

100

0.0 0.2 04 06 08 10

http://localhost:

phase.ipynb

phase

In [15]: measure(6,1000,lambda i,k,op: CU(i,k,0p,0.4))

Initial = 0
1 * |0>]0>

0.0 02 04 06 08 10

http://localhost:8888/notebooks/phase.ipynb

5/15/19, 1:44 PM

Page 5 of 9

5/15/19, 1:44 PM

Page 6 of 9
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5/15/19, 1:44 PM

In [16]: measure(7,1000,lambda i,k,op: CU(i,k,op,0.4))

Initial = 0

1 * |0o>|0>
400
300
£
=
8 200
100
0 . | .
0.0 02 04 056 08 10

More general one-qubit matrices
In [1]: def CU2(i,k,op,phi,theta): # i is control qubit, k is power
return op.Rz(0,np.pi*(phi-theta)*k).CNOT(i,0).Rz(
0,np.pi*(theta-phi)*k).CNOT(i,0).Rz(i,np.pi*(theta+phi)*k)

http://localhost:8888/notebooks/phase.ipynb

Page 7 of 9

phase

5/15/19, 1:44 PM

In [19]: measure(7,1000,lambda i,k,op: CU2(i,k,0p,0.2,0.5))

Initial = 0
1 * |0>|0>

500

0.0 02 04 056 08 10
phi

In [2]: def CU2H(i,k,op,phi,theta): # i is control qubit, k is power

return op.H(0).Rz(0,np.pi*(phi-theta)*k).CNOT(i,0).Rz(
0,np.pi*(theta-phi)*k).CNOT(i,0).Rz(i,np.pi*(theta+phi)*k).H(0)

http://localhost:8888/notebooks/phase.ipynb

Page 8 of 9
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5/15/19, 1:44 PM

In [21]: measure(7,1000,lambda i,k,op: CU2H(i,k,0p,0.2,0.5))

Initial = 0
1 * |o>|0>

1000

800

600

count

400

200

0.0 02 04 06 08 10

In [ ]:

http://localhost:

phase.ipynb Page 9 of 9
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e Example 2: a more general

eQTri(') 0
U == ( 0 627”'(15 (1.110)

with ¢,0 € [0, 1] can be implemented with

———— Rr(s+0)j
Ui
—vl— o

e Example 3: A basis change such as

1 627riq5 + e2‘rr1',9 _627ri¢ _|_e27ri9
U— HUH = 5 <_62m¢ 4e2mib  G2mip | g2mib

D
A\

Rr(o-9);

D
A\

(1.111)

which should leave the eigenvalues unchanged can be implemented as

— o———

D
A\
D

Rr(4-0) D @—

1.2.8 Example: Order-finding

e Consider the problem of finding the least positive integer r for which

z" =1 mod n (1.112)

given positive integers x and n.
e Example: n=21,2=5

5' =5 mod 21, 52 = 4 mod 21, 5% =20 mod 21,  (1.113)
5% =16 mod 21, 5°=17mod 21, 5% =1 mod 21, (1.114)

such that r = 6.

e No classical algorithm of complexity O(logn) is known. Here, devise quan-
tum algorithm of O(logn).

e We will use this as part of Shor’s algorithm to factor integers.
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e Strategy:

1. Consider operator U*) defined through

|xy mod n) for y <n,
S {|y> e (1.115)

with integers 0 < z,y,n < 2.
2. We can show that

r—1
1 4
lus) = — E e 2mks/T |k mod n) (1.116)
VT
k=0

for 0 < s < r are eigenstates of Ugﬁ,xn) with eigenvalues

Ay = e2mis/T (1.117)
since
1 r—1 )
Ul(-,xn) us) = NG ];)672”““/7“ ’mkﬂ mod n) (1.118)
r—1
_ 627rzs/7"7 Ze—Zﬂ'z(k-‘rl)s/T ’xk-‘rl mod n> (1119)
" k=0
1 r—1
_ 2mis/r _— —2miks/r |,k
=e e " mod n (1.120)
e
= e2ms/T ) (1.121)

3. If we now perform the phase estimation algorithm with initial state

1 r—1 1 r—1 )
P) = — Ug) = — e 2mks/T 2k mod n 1.122
'>ﬁ;'>u;o | ) (1122)
r—1
- 2507,6 |2* mod n) = |1) (1.123)
k=0
we will find eigenvalues A; for s = 0,...,r — 1 from which we can

infer r.

e To find the eigenvalues of U = Ug(hxn) using the phase estimation algorithm,
we need a circuit to peform the controlled U2’ operation.

1. To this end, we first implement a controlled-addition of a constant
integer. We have shown in Sec. 1.2.6 how to implement

Us ly) = |(z +y) mod 27) (1.124)
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with z,y € {0,...,2% — 1} using only R, and FT gates. Replacing
the Ry and H gates in this circuit by controlled versions yields to
desired controlled-addition. We illustrate in the simulator.

controlled-addition-through-aft

In [1]: import sqc
import numpy as np
from exercises import cgft

Addition through Fourier transform with control bit

controlled-addition-through-aft

In [8]: def CRz(i,t,phi,o):
return o.Rz(t,phi/2.).CNOT(i,t).Rz(t,-phi/2.).Rz(i,phi/2.).CNOT(i,t)

def add(c,y,op,xbits):
op=caft (c,op,mask=xbits)
N=len(xbits)
for i in range(N):
Op=CRz(c,xbits[i],2.*np.pi*y/2.%*(N-i),0p)
op=cqft (c,op, inverse=True,mask=xbits)
return op

st=sqc.state(6,basis=["|3d>|%d>" % (i % 2%*5,i//2%*5) for i in range(2+*6)])

xbits=[0,1,2,3,4]
cbit=5

st=sqc.operator(6).H(cbit)*st
print("Initial = 0\n",st)

st=add(cbit, 3,sqc.operator(6),xbits=xbits)*st
print("Initial + 3\n",st)
st=add(cbit,7,sqc.operator(6),xbits=xbits)*st
print("Initial + 3 + 7\n",st)

Initial = 0

0.707107 * [0>]0>
+ 0.707107 * |0>|1>
Initial + 3

0.707107 * |0>]0>
+ 0.707107 * [3>|1>
Initial + 3 + 7

0.707107 * |0>]0>
+ 0.707107 * [10>]1>

In [ ]:

2. Next, we need a controlled-addition by a constant z modulo n < 2V

5/20/19, 10:58 PM

Page 102

5/20/19, 10:58 PM

Page 20f 2
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with z < n. Specifically, we want a gate that performs

ly) fory >mn,
Uenly) =S |z +y—n) forz+y>n, (1.125)
|z +y) else

The matrix representation of this gate is a simple permutation and
therefore unitary. The circuit will be discussed later.

3. Need to implement a (controlled) multiplication by constant 2 mod-
ulo n. Consider

N-1 N-1
y=>_ a2, z=Y b2 (1.126)
1=0 1=0

then the desired result is

N-1
z=zy mod n = Z a;c; mod n (1.127)
with
N-1
¢ = Z b;2"7 mod n. (1.128)
§=0

Note that ¢; only depend on z and n and can therefore be pre-
computed classically. Example:

x=25, n =21, N=5, (1.129)
=5, c1 =10, ey = 20, (1.130)
3 =19, ey =17 (1.131)

This can therefore be implemented with a gate for controlled addition
modulo n. First example: n = 2V
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multiply-with-constant

In [7]: import sqc
import numpy as np
from exercises import cqft

Addition through Fourier transform with control bit

multiply-with-constant

In [8]: def CRz(i,t,phi,o0):
return o.Rz(t,phi/2.).CNOT(i,t).Rz(t,-phi/2.).Rz(i,phi/2.).CNOT(1i,t)

def add(c,y,op,xbits):
op=cqft(c,op,mask=xbits)
N=len(xbits)
for i in range(N):
op=CRz(c,xbits[1],2.*np.pi*y/2.%*(N-1),0p)
op=cqft(c,op, inverse=True,mask=xbits)
return op

st=sqc.state(6,basis=["|%d>[%d>" % (i % 2**5,i//2**5) for i in range(2**6)])

xbits=[0,1,2,3,4]
cbit=5

st=sqc.operator(6).H(cbit)*st
print("Initial = 0\n",st)

st=add(cbit,3,sqc.operator(6),xbits=xbits)*st
print("Initial + 3\n",st)
st=add(cbit,7,sqc.operator(6),xbits=xbits)*st
print("Initial + 3 + 7\n",st)

Initial = 0

0.707107 * [0>]0>
+0.707107 * |0>]1>
Initial + 3

0.707107 * |0>]0>
+0.707107 * |3>|1>
Initial + 3 + 7

0.707107 * [0>]0>
+0.707107 * |10>]1>

5/20/19, 11:19 PM

Page 10f 4

5/20/19, 11:19 PM

Page 20f 4
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multiply-with-constant 5/20/19, 11:19 PM

Precompute ci

In [9]: def bits(y,N):
return [ (y//2**j) % 2 for j in range(N) ]
def ci(x,n,N):
b=bits(x,N)
return [ sum([ b[j]*2%*(i+j) for j in range(N) ]) % n for i in range(N) ]
In [5]: print(ci(5,21,5))

{5, 10, 20, 19, 17]

Multiplication by constant (without mod n)

Page 30f 4

multiply-with-constant 5/20/19, 11:19 PM

In [17]: def mult(x,op,xbits,tbits):
Nbits=len(xbits)
c=ci(x,2**Nbits,Nbits)
for i in range(Nbits):

op=add(xbits[i],c[i],op,tbits)
return op

st=sqc.state(6,basis=["|%d>[%d>" % (i % 2%%3,i//2**3) for i in range(2**6)])

xbits=[0,1,2]
tbits=[3,4,5]

st=sqc.operator(6).X(1)*st
print("Initial state\n",st)

st=mult(3,sqc.operator(6),xbits=xbits,tbits=tbits)*st
print("Mult by 3\n",st)

Initial state

1 % [2>]0>
Mult by 3
1 * |2>]6>

Page 4 of 4
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e Recapitulation/next steps:

1. For Shor’s algorithm, we need to find the smallest integer r for which
2" =1mod n (1.132)

for positive integers x and n.

2. We have shown that the phase estimation algorithm applied to the
gate

|xy mod n) for y <n,
U ly) = {|y> e (1.133)

for integers 0 < z,y,n < 2"V can be used to efficiently solve for r.
We therefore need a circuit to implement a controlled version of this
gate.

3. Have shown how to implement
U y) = |(z +y) mod 2V) (1.134)
as well as
U |y) = |2y mod 2™) (1.135)

with z,y € {0,...,2" — 1} using only R, and FT gates.

4. Next, we implement an auxilliary gate
U ) [6) = [y) [t (y <) (1.136)

where (y < z) evaluates to 1 if y < z and 0 else.

‘ Do this in the simulator ‘

5. With this auxilliary gate, we then implement

ly) fory >n,
UQEJ;) ly) =< |lz+y—mn) forz+y>n, (1.137)
|z + y) else

for n < 2V and x < n.
Do this in the simulator ‘

6. With this gate, we can then finally implement

U (1.138)

)

and can estimate its eigenvalues.

Do this in the simulator




modulo-add-and-multiply 5/22/19, 7:53 PM

In [1]:

In [2]:

In [3]:

In [4]:

In [5]:

import sqc

import numpy as np

from exercises import cqft, gft, CRz, cadd, add, SWAP, CSWAP, C2NOT, phaseEstimate
import matplotlib.pyplot as plt

Ify<c

def smallerThan(c,t,xbits,a,op):
# performs NOT operation on t qubit if x<c, a is ancilla qubit [0>
pbits=xbits + [a]
N=len(pbits)
op=add(2**N - c,op,pbits)
op=0op.CNOT(a,t)
op=add(c,op,pbits)
return op

def pr(i,start,width):
return (i//2**start)%(2**width)

st=sqc.state(6,basis = ["|%d>|%d>|%d>" % (pr(i,0,4),pr(i,4,1),pr(i,5,1))
for i in range(2**6)])

st=sqgc.operator(6).X(0).X(2)*st
par_xbits=[0,1,2,3]

par_tbit=5

par_abit=4

print(st)

1 * |5>]0>]|0>

for ¢ in range(2**4):

http://localhost:8888/notebooks/Untitled3.ipynb Page 1 of 16

modulo-add-and-multiply 5/22/19, 7:63 PM

stz=smallerThan(c,par_tbit,par xbits,par_abit,sqc.operator(6))*st
print("|x>]0>|(x < %d)> =\n" % c,st2)

[x>]0>](x < 0)> =
1 * |5>]0>|0>
[x>]0>](x < 1)> =
1 * |5>]0>]|0>
|x>]0>](x < 2)> =
1 * |5>]0>|0>
[x>]0>](x < 3)> =
1 * |5>]0>]0>
[x>]0>] (x < 4)> =
1 * |5>|0>]|0>
[x>]0>] (x < 5)> =
1 * |5>]0>|0>
[x>]0>](x < 6)> =
1 * |5>]0>]|1>
[x>]0>] (x < 7)> =
1 * |5>]0>]1>
|x>0>] (x < 8)> =
1 * |5>]0>|1>
|x>]0>](x < 9)> =
1 % |5>]0>]|1>
|x>]0>] (x < 10)> =
1 * |5>]0>|1>
|x>]0>] (x < 11)> =
1 * |5>]0>|1>
|x>]0>] (x < 12)> =
1 * |5>]0>|1>
|x>]0>] (x < 13)> =
1 * |5>]0>|1>
|x>]0>] (x < 14)> =
1 * |5>]0>|1>
|x>]0>] (x < 15)> =
1 % |5>]0>]|1>

Untitled3.ipynb Page 2 of 16

http://localhost:
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Addition modulo n

In [6]: def modadd(x,op,ybits,n,abits):
assert(len(abits)==3)
assert(x<n)
a=abits[0]
cO=abits[l] # vy < n
cl=abits[2] # y < n-x

op=smallerThan(n,c0,ybits,a,op)
op=smallerThan(n-x,cl,ybits,a,op)

# if c0 and not cl: y =y + X - n =->
op=C2NOT(c0,cl,a,op.X(cl)).X(cl)
op=cadd(a,x-n,op,ybits)
op=C2NOT(c0,cl,a,op.X(cl)).X(cl)

# if c0 and cl: y =y + x
op=C2NOT(c0,cl,a,op)
op=cadd(a,x,op,ybits)
op=C2NOT(c0,cl,a,op)

# untrigger c0 and cl based on result in y
op=smallerThan(x,cl,ybits,a,op)

# (x+y) & n < x -> cl was not set, after this cl will be equal to c0
op=0p.CNOT(c0,cl) # clear cl

op=smallerThan(n,c0,ybits,a,op) # clear c0

return op

st=sqc.state(7,basis = ["|%d>|a=%d>|c0=%d>|cl=%d>" %
(pr(i,0,4),pr(i,4,1),pr(i,5,1),pr(i,6,1)) for i in range(2¥*7)])

In [7]: print(st)
nar vhite=rn_1.2_321

http://localhost:8888/notebooks/Untitled3.ipynb Page 3 of 16
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par_abits=[4,5,6]
op=modadd(3,sqc.operator(7),par_ybits,11,par_abits)
opinc=add(1,sqgc.operator(7),par_ybits)

st0=st
for y in range(2**len(par_ybits)):
stl=op*st0

print("(%d + 3) %% 11 = \n" % y,stl)
st0=opinc*st0

1 * |0>|a=0>|c0=0>|cl=0>
(0 + 3) %11 =

1 * |3>|a=0>|c0=0>|cl1=0>
(1 +3) %11 =

1 * |4>|a=0>|c0=0>|c1=0>
(2 +#3) %11 =

1 * |5>]|a=0>|c0=0>|cl=0>
(3 +#3) %11 =

1 * |6>|a=0>|c0=0>|cl1=0>
(4 +3) %11 =

1 * |7>|a=0>|c0=0>|c1=0>
(5 + 3) % 11 =

1 * |8>|a=0>|c0=0>|cl=0>
(6 + 3) % 11 =

1 * |9>|a=0>|c0=0>|cl=0>
(7 +3) %11 =

1 * |10>|a=0>|c0=0>|cl=0>
(8 +3) % 11 =

1 * |0>|a=0>|c0=0>|cl=0>
(9 +3) %11 =

1 * |1>|a=0>|c0=0>|c1=0>
(10 + 3) % 11 =

1 * |2>|a=0>|c0=0>|cl1=0>
(11 + 3) % 11 =

1 * |11>]|a=0>|c0=0>|cl=0>
(12 + 3) % 11 =

1 * |12>]|a=0>|c0=0>|cl=0>
(13 + 3) % 11 =

http://localhost:8888/notebooks/Untitled3.ipynb Page 4 of 16
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In [8]:

1 * |13>]|a=0>|c0=0>|cl=0>
(14 + 3) % 11 =

1 * |14>|a=0>|c0=0>|cl=0>
(15 + 3) % 11 =

1 * |15>]|a=0>|c0=0>|cl=0>

Controlled addition modulo

def csmallerThan(cO,c,t,xbits,a,op): # control bit c0
pbits=xbits + [a]
N=len(pbits)
op=cadd(c0,2**N - c,op,pbits)
op=op.CNOT(a,t)
op=cadd(c0,c,op,pbits)
return op

def cmodadd(c,x,op,ybits,n,abits):
assert(len(abits)==3)
assert(x<n)
a=abits[0]
cO=abits[l] # y < n
cl=abits[2] # y < n-x

op=csmallerThan(c,n,c0,ybits,a,op)
op=csmallerThan(c,n-x,cl,ybits,a,op)

# if c0 and not cl: y =y + x - n =>
op=C2NOT(c0,cl,a,op.X(cl)).X(cl)
op=cadd(a,x-n,op,ybits)
op=C2NOT(c0,cl,a,op.X(cl)).X(cl)

# if c0 and cl: y =y + X
op=C2NOT(c0,cl,a,op)
op=cadd(a,x,op,ybits)
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In [9]:

OP=ULZNUL(CU,CLl,d,0p)

# untrigger c0 and cl based on result in 'y
op=csmallerThan(c,x,cl,ybits,a,op)
# (x+y) & n < x -> cl was not set, after this cl will be equal to c0

op=0p.CNOT(c0,cl) # clear cl
op=csmallerThan(c,n,c0,ybits,a,op) # clear c0
return op

st=sqc.state(8,basis = ["|%d>|a=%d>|c0=%d>|cl=%d>|c=%3d>" %
(pr(i,0,4),pr(i,4,1),pr(i,5,1),pr(i,6,1),pr(i,7,1)) for i in range(2**8)])

print(st)
par_ybits=[0,1,2,3]
par_abits=[4,5,6]
par_cbit=7
op=cmodadd(par_cbit,3,sqgc.operator(8),par_ybits,11,par_abits)
opinc=add(1,sqgc.operator(8),par_ybits)
st0=sqgc.operator(8).H(par_cbit)*st
for y in range(2**len(par_ybits)):
stl=op*st0
print("(%d + 3) %% 11 = \n" % y,stl)
st0=opinc*st0

1 * |0>]a=0>|c0=0>|cl=0>|c=0>
(0 + 3) % 11 =

0.707107 * |0>|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |3>]|a=0>|c0=0>|cl=0>|c=1>
(1 +3) %11 =

0.707107 * |1>|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |4>]|a=0>|c0=0>|cl=0>|c=1>
(2 +3) %11 =

0.707107 * |2>|a=0>|c0=0>|cl1=0>|c=0>
+ 0.707107 * |5>]|a=0>|c0=0>|cl=0>|c=1>
(3 +3) %11 =

0.707107 * |3>|a=0>|c0=0>|cl=0>|c=0>
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+ 0.707107 * |6>]|a=0>|c0=0>|cl=0>|c=1>
(4 +3) %11 =

0.707107 * |4>|a=0>|c0=0>|c1=0>|c=0>
+ 0.707107 * |7>]|a=0>|c0=0>|cl=0>|c=1>
(5 +3) % 11 =

0.707107 * |5>|a=0>|c0=0>|c1=0>|c=0>
+ 0.707107 * |8>|a=0>|c0=0>|cl=0>|c=1>
(6 +3) % 11 =

0.707107 * |6>|a=0>|c0=0>|cl1=0>|c=0>
+ 0.707107 * |9>]|a=0>|c0=0>|cl=0>|c=1>
(7 +3) %11 =

0.707107 * |7>|a=0>|c0=0>|cl1=0>|c=0>
+ 0.707107 * |10>|a=0>|c0=0>|cl=0>|c=1>
(8 + 3) % 11 =

0.707107 * |8>|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |0>|a=0>|c0=0>|cl=0>|c=1>
(9 +3) %11 =

0.707107 * |9>|a=0>|c0=0>|cl1=0>|c=0>
+ 0.707107 * |1>|a=0>|c0=0>|cl=0>|c=1>
(10 + 3) % 11 =

0.707107 * |10>|a=0>|c0=0>|c1l=0>|c=0>
+ 0.707107 * |2>]|a=0>|c0=0>|cl=0>|c=1>
(11 + 3) % 11 =

0.707107 * |11>]|a=0>|c0=0>|c1l=0>|c=0>
+ 0.707107 * |11>|a=0>|c0=0>|cl=0>|c=1>
(12 + 3) % 11 =

0.707107 * |12>]|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |12>|a=0>|c0=0>|cl=0>|c=1>
(13 + 3) % 11 =

0.707107 * |13>]|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |13>|a=0>|c0=0>|cl1=0>|c=1>
(14 + 3) % 11 =

0.707107 * |14>|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |14>|a=0>|c0=0>|cl=0>|c=1>
(15 + 3) % 11 =

0.707107 * |15>|a=0>|c0=0>|cl=0>|c=0>
+ 0.707107 * |15>|a=0>|c0=0>|cl1=0>|c=1>
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In [10]: def bits(y,N):
return [ (y//2**j) % 2 for j in range(N) ]

def ci(x,n,N):
b=bits(x,N)
return [ sum([ b[j]*2%*(i+j) for j in range(N) ]) % n for i in range(N) ]

# Now mod multiply

def modmultacc(x,n,op,ybits,tbits,abits):
assert(len(abits)==3)
Nbits=len(ybits)
assert(len(tbits)==len(ybits))
c=ci(x,n,2**Nbits)
for i in range(Nbits):

op=cmodadd (ybits[i],c[i],0p,tbits,n,abits)

return op

par_ybits=[0,1,2]
par_tbits=[3,4,5]
par_abits=[6,7,8]

st=sqc.state(9,basis = ["|%d>|%d>|a=%d>" %
(pr(i,0,3),pr(i,3,3),pr(i,6,3)) for i in range(2%*9)])
st=sqc.operator(9).X(1)*st

print("Start with\n",st)

op=modmultacc(3,5,sqc.operator(9),ybits=par_ybits,tbits=par_tbits,abits=par_abits)
st=op*st
print("Mult by 3 mod 5\n",st)

Start with

1 * [2>|0>|a=0>
Mult by 3 mod 5

1 * [2>|1>|a=0>
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In [11]: st=op*st
print("Mult by 3 mod 5\n",st)

Mult by 3 mod 5
1 * [2>|2>|a=0>

Modulo n multiply

In [12]: def egcd(a, b):
if a == 0:
return (b, 0, 1)
else:
g, ¥, x = eged(b % a, a)
return (g, x - (b // a) * y, y)

def modinv(a, m): # calculate modular inverse using the greatest common divisor
9, X, y = eged(a, m)
if g 1= 1:
raise Exception('modular inverse does not exist')
else:
return x ¥ m
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In [15]: def modmult(x,n,op,ybits,abits):
assert(len(abits)==3+len(ybits))
tbits=abits[:-3]
abits=abits[-3:]
Nbits=len(ybits)
nix=n - modinv(x,n)

op=modmultacc(x,n,op,ybits,tbits=tbits,abits=abits)
for i in range(Nbits):
Op=SWAP (ybits[i],tbits[i],0p)

op=modmultacc(nix,n,op,ybits,tbits=tbits,abits=abits)
return op

st=sqc.state(9,basis = ["|%d>|%d>|a=%d>" %

(pr(i,0,3),pr(i,3,3),pr(i,6,3)) for i in range(2%*9)])
st=sqc.operator(9).X(1l)*st
print("Start with\n",st)

par_abits=[3,4,5,6,7,8]

op=modmult(3,5,sgc.operator(9),ybits=par_ybits,abits=par_abits)
st=op*st
print("Mult by 3 mod 5\n",st)

Start with

1 * |2>|0>|a=0>
Mult by 3 mod 5

1 * |[1>]0>|a=0>

In [16]: st=op*st
print("Mult by 3 mod 5\n",st)

Mult by 3 mod 5
1 * [3>]0>|a=0>
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In [17]: st=op*st
print("Mult by 3 mod 5\n",st)

Mult by 3 mod 5
1 * [4>]0>|a=0>

In [18]: st=op*st
print("Mult by 3 mod 5\n",st)

Mult by 3 mod 5
1 * |2>|0>|a=0>

Controlled modulo n multiplication

In [20]: def cmodmultacc(x,n,op,ybits,tbits,abits,cbit):
assert(len(abits)==4)

tmpbit=abits[3]

Nbits=len(ybits)

c=ci(x,n,2**Nbits)

for i in range(Nbits):
op=C2NOT (ybits[i],cbit,tmpbit,op)
op=cmodadd (tmpbit,c[i],op,tbits,n,abits[0:3])
op=C2NOT (ybits[i],cbit,tmpbit,op)

return op

def cmodmult(x,n,op,ybits,abits,cbit):
assert(len(abits)==4+len(ybits))
tbits=abits[:-4]
abits=abits[-4:]
Nbits=len(ybits)

niv=n - mAadinw/(v n\
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....... e aan v \aagoan

op=cmodmultacc(x,n,op,ybits,tbits=tbits,abits=abits,cbit=cbit)
for i in range(Nbits):
Op=CSWAP (cbit,ybits[i],tbits[i],0p)

op=cmodmultacc(nix,n,op,ybits,tbits=tbits,abits=abits,cbit=cbit)
return op

par_ybits=[0,1,2]
par_abits=[3,4,5,6,7,8,9]
par_cbit=10

st=sqc.state(ll,basis = ["[%d>|a=%d>|c=%d>" %

(pr(i,0,3),pr(i,3,7),pr(i,10,1)) for i in range(2**11)])
st=sqgc.operator(11).X(1l).H(par_cbit)*st
print("Start with\n",st)

op=cmodmult(3,5,sgc.operator(1ll),ybits=par_ybits,abits=par_abits,cbit=par_cbit)
st=op*st
print("Mult by 3 mod 5\n",st)

Start with
0.707107 * |2>|a=0>|c=0>
+ 0.707107 * |2>]|a=0>|c=1>
Mult by 3 mod 5
0.707107 * |2>|a=0>|c=0>
+ 0.707107 * |1>]|a=0>|c=1>

In [21]: st=op*st
print("Mult by 3 mod 5\n",st)

Mult by 3 mod 5
0.707107 * |2>|a=0>|c=0>
+ 0.707107 * |3>|a=0>|c=1>
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Phase estimation

In [46]: par_ybits=[0,1,2]
par_abits=[3,4,5,6,7,8,9]
par_xbits=[10,11,12,13]

st=sqc.state(14,basis = ["[%d>|a=%d>|x=%d>" %
(pr(i,0,3),pr(i,3,7),pr(i,10,4)) for i in range(2%*14)])
st=sqc.operator(14).X(par_ybits[0])*st
print("Initial state\n",st)
opMM=dict ([ (2**j,cmodmult((3**(2**j)) % 5,5,sqc.operator(14),ybits=par_ybits,
abits=par_abits,cbit=par_xbits[j])) for j in range(len(par_xbits)) ])

Initial state
1 * |1>|a=0>|x=0>

http://localhost:8888/notebooks/Untitled3.ipynb Page 14 of 16



modulo-add-and-multiply 5/22/19, 7:53 PM

In [47]: def cujMM(cbit,j,op):
return op + opMM[J]

stl=phaseEstimate(sqc.operator(14),par_xbits,cujMM)*st
res=sqc.sample(stl,1000,mask=par_xbits)

plt.bar([ x / 2**len(par_xbits) for x in res.keys() ],res.values(),width=0.01)
plt.xlabel( 'phi')

plt.xlim(0,1)

plt.ylabel('count')

plt.show()

250

0.0 02 04 06 08 10
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In [48]: for x in sorted(res):
print(x, res[x])

0 277
4 214
8 268
12 241

In [51]: # Check
for i in range(5):
print(i,3**i % 5)

B W N RO
=N AW

In [ ]:
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1.2.9 Application: Shor’s algorithm

e We define the greatest common divisor
ged(a,b) =g (1.139)

for positive integers a and b to be the largest integer g that divides both
a and b.

e Shor’s algorithm to find a positive integer larger than 1 that divides an
odd, non-prime integer n:

Select a random integer a € {1,...,n — 1}

Let g=gcd(a,n)

If g # 1, return g

Find the order r of a modulo n (do this with the quantum algorithm)

If r is odd or a”/?2 = —1 mod n, go back to step 1

Let s+ = ged(a’/? +1,n)

If sy divides n and sy # n and s4 # 1, return s

® N oW

Return s_
e Example: n =91

1. Say a =87
2./3. g = gcd(a,n) =1
4. a% =1 mod n, therefore r = 6
5. a® mod n =27 # —1 mod n
6./7. Let s, = ged(a® 4+ 1,n) = 7. Found a factor!

e One can show that the probability of returning to step 1 in step 5 of
the algorithm is bound from above by 1/2™, where m is the number of
different prime factors in n.

e Once we are in step 6, we know that z = a’/2 mod n is a non-trivial
solution to #2 = 1 modn with 1 < z < n — 1. The lower bound is
guaranteed by the definition of r as being the order of ¢ modulo n, i.e.,
the smallest number satisfying " = 1 mod n.

e Since 22 = 1 mod n, we know that n divides 22 — 1 = (z — 1)(z + 1), i.e.,
n has a common factor with either x —1 or z + 1. Since 1 < x <n —1,
we have 0 < x — 1 < z + 1 < n and therefore the common factor cannot
be n itself. So either s; or s_ is the desired factor.

e Note that in the construction of the modular multiplication gate in the
last lecture, we have used the multiplicative inverse of a modulo n. Since
ged(a,n)=1, we are guaranteed that it exists. (This follows from Bézout’s
lemma.)
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e Combined with a primality test, such as the AKS test that can be im-
plemented with cost of O(log6 n), the described algorithm can be used to
factor an arbitrary integer into all prime number factors with logarithmic
cost in n.
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In [404]: import random

In [405]: def gcd(a, b):
return gcd(b, a % b) if b != 0 else a

def findOrder(x,n):
x0=x % n
for r in range(l,n):
if x0 $ n == 1:
return r
x0=x0 * x
assert(0)

o\°

n

In [406]: def findFactor(n):
for 1 in range(1l0):
a=random.randrange(1l,n)
print("Step 1 (%d): picked random a=%d" % (1,a))
g=gcd(a,n)
print("Step 2: gcd(a,n) = %d" % g)
if g != 1:
return g
r=findOrder(a,n)

print("Step 3: order a”"%d == 1 mod n" % r)
if r $ 2 == 0 and a**(r//2) $ n != n-1:
print("Step 4: test if r is even and != -1 mod n")
break
if 1 == 9:

print ("Could not find a factor, %d is very likely prime" % n)
return(1l)

sO0=gcd(a**(r//2)+1,n)

if n $ s0 == 0 and n != s0 and 1 != s0:
return sO

return gcd(a**(r//2)-1,n)
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In [407]: random.seed(19)
print ("Factor found: ",findFactor(91))

print("---=-")
print("Factor found: ",findFactor(15))

print("----=-")
print ("Factor found: ",findFactor(511))

Step 1 (0): picked random a=87

Step 2: gecd(a,n) =1

Step 3: order a”6 == 1 mod n

Step 4: test if r is even and != -1 mod n
Factor found: 7

Step 1 (0): picked random a=1

Step 2: gecd(a,n) =1

Step 3: order a”l == 1 mod n

Step 1 (1): picked random a=13

Step 2: gecd(a,n) =1

Step 3: order a”™4 == 1 mod n

Step 4: test if r is even and != -1 mod n
Factor found: 5

Step 1 (0): picked random a=459

Step 2: gcd(a,n) =1

Step 3: order a”"24 == 1 mod n

Step 4: test if r is even and != -1 mod n
Factor found: 73
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1.2.10 Parenthesis: RSA encryption

Consider a message of at most N bits, i.e., anumber m € {0,1,...,2V ~1}.

We define a public-key encryption system through a method to cheaply
create a random pair of public and private keys Kb and Kpiyv that satisfy

D(E(vapub)7Kpriv) =m (1140)

for computationally cheap functions D and E for any m. At the same
time, F shall be computationally prohibitively expensive to invert without
knowledge of Kiv.

Here we discuss one of the first and most popular implementations of this
idea: the RSA (Rivest—Shamir-Adleman) cryptosystem.

RSA enjoys widespread use, e.g., as a main protocol in SSL/TLS which
encrypts internet traffic sent over HT'TPS.

Key generation:

1. Select two large prime numbers p and ¢ and let n = pq

2. Then p(n) = (p—1)(g—1)

3. Let e be a random (small) odd integer with 0 < e < ¢(n) with
ged(p(n), e) =1

4. Let d be the multiplicative inverse of ¢ modulo ¢(n)

5. Let Kpup = (e,n) and Ky = (d,n)

Encryption and Decryption:

E(m, Kpyp) =m® mod n, (1.141)
D(c, Kpiv) = ¢ mod n. (1.142)
To show that
D(E(m, Kpub), Kpriv) =m (1.143)
for any m € {0,1,...,2¥ — 1}, we need three basic results of number

theory that we state without proof:

1. Fermat’s little theorem: Given a prime number p and any integer
a, we have a? = a mod p.

2. Euler’s generalization of Fermat’s little theorem: Given in-
tegers a and n with n = Hle p?j with prime numbers p; and pos-
itive integers a; and ged(a,n) = 1, we have a¥™ = 1 mod n for

_ 1k i—1
p(n) = Hj:l p?] (pj — 1)
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3. Chinese remainder theorem: Suppose my,...,m, are positive
integers such that any ged(m,;,m;) = 1 for all ¢ # j. Then the
system of equations

z = a; mod my, (1.144)
x = as mod mg (1.145)

(1.146)
z = a, mod m,, (1.147)

with integer a; has a solution that is unique modulo M = ], m,.

o We first write

D(E(m, Kpup); Kpriv) = m®? mod n = m****(™ mod n (1.148)

with proper integer k.

We first consider the case ged(m,n) = 1. Then Euler’s generalization of
Fermat’s little theorem yields (m*)#(™ =1 mod n and therefore

D(E(m, Kpub), Kpriv) =m mod n =m. (1.149)

If ged(m,n) # 1, then one of p and ¢ divides m. Without loss of generality,
assume p divides m. Then

m® =0 mod p=m mod p. (1.150)

Because ¢q does not divide m, ged(q,m) = 1 and therefore m~! mod q
exists and Fermat’s little theorem yields m?~! = 1 mod ¢. Therefore also
m?(™ = (m?1)P~1 = 1 mod ¢. Therefore also

me? = m k() — 1y mod ¢. (1.151)

The Chinese remainder theorem then yields that m®® = m mod n and
also in this case

D(E(m, Kpub), Kpriv) =m mod n =m. (1.152)

Now assume that we can implement Shor’s algorithm using a quantum
computer and therefore efficiently factor n, which is part of K,.,. We
can then learn p and ¢ and from e (also part of Kpub) cheaply learn d
and therefore K. Once we can properly run Shor’s algorithm on real
quantum hardware with, RSA is broken!
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In [4]: import random

In [5]: def egcd(a, b):
if a ==
return (b, 0, 1)
else:
g, ¥, X = egcd(b % a, a)
return (g, x - (b // a) * y, y)

def modinv(a, m): # calculate modular inverse using the greatest common
g, X, Y = egcd(a, m)
if g != 1:
raise Exception('modular inverse does not exist')
else:
return x ¥ m

In [9]: def make rsa keys(p,q,emax): # p and g are large prime numbers
n=p*q
phi=(p-1)*(g-1)
while True:
e=1+2*random.randrange(0,emax//2)
if egcd(phi,e)[0]==1: # phi and e need to be co-prime
break
d=modinv(e,phi)
return( (e,n), (d,n) )

#(pub_key, priv_key)=make rsa keys(337,683,100)
(pub_key, priv_key)=make rsa keys(20381027,2147483647,1000)

print("pub key",pub key)
print("priv_key",priv_key)

pub_key (61, 43767922191565469)
priv_key (30852796082280889, 43767922191565469)

http://localhost:8888/notebooks/RSA.ipynb Page 1 of 3
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In [10]:

In [12]:

In [14]:

5/27/19, 8:29 PM

def crypt(key, message):
assert(message >= 0 and message < key[l])

#return message ** key[0] % key[1l]

# Much faster implementation below

if key[0] ==

return 1
elif key[0] % 2 == 0:

return crypt((key[0]//2,key[1l]),message ** 2 % key[l])
else:

return (crypt((key[0]-1,key[l]),message) * message) % key[l]

encoded=crypt (pub_key,1231)
print (encoded)
print(crypt(priv_key,encoded))

28175087500667783
1231

alphabet=["' '] + [chr(ord('a')+i) for i in range(26)]
print (alphabet)

def str2int(st,alphabet):
N=len(alphabet)
r=0
for s in st:
r=N*r + alphabet.index(s)
return r

def int2str(i,alphabet):
N=len(alphabet)
r="
while i > 0:
r=alphabet[i % N]+r
i=i//N
return r

[I |’ |a|, |b|, Icl, ldl, lel, lfl, lgl, lhl, lil, ljl’ lkl, |l|, |m|,
lzl]

n , o , |p|, lql, |r|, 'S', ltl, lul, IV|, w , x , IYI’

encstr=int2str(crypt(pub_key,str2int("hello world",alphabet)),alphabet)
print(encstr)
print(int2str(crypt(priv_key,str2int(encstr,alphabet)),alphabet))

nhuzumhakrp
hello world

http://localhost:8888/notebooks/RSA.ipynb Page 2 of 3



Chapter 2

Real quantum computing

2.1 Real quantum hardware

2.1.1 Characteristics of real quantum computers

e A single qubit is typically mapped to a setup that can be approximated by
a two-level system. The effects of other states must be largely suppressed.

e Let us assume that those two states, |0) and |1), are eigenstates of the
Hamiltonian, with energies Fy and F; and AE = Fy — Ey > 0.

e Through interactions with the environment, the excited state |1) will relax
to the ground state |0) with an average energy relaxation time 7;. With
constant decay rate, the population N7 of the excited state will deplete
exponentially as

Ni(t) = N(0)e ¥/, (2.1)

A good qubit therefore needs large T7. T3 is sometimes also called spin
relaxation time or longitudinal relaxation time.

e The time-evolution of a general superposition
[(t =0)) =co|0) +c1|1) (2.2)
is given by
(1)) = e [co [0) + 2Pl 1)] (2.3)
where we have used the convention of i = 1.

e Since an overall phase is not observable, time evolution has the same
effect as the Ry gate. Also, without loss of generality, we may restrict the
discussion to Eg = 0.

69
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e In a digital quantum computer, the phase generated from time evolution
must be hidden from the user.

e In practice, the time-evolution is better described by a t-dependent energy
[(t)) = co [0) + e o 4AEM ey 1) (2.4)

with a time-dependent AF(7). Such time-dependence can, e.g., originate
from irregularities in a magnetic field.

The deviation from AFE(7)=const is often referred to as decoherence and
two common measures are defined:

1. The Ramsey experiment to determine the decoherence time 75: We
start with a |0) state and apply the Hadamard, leaving the system
in state

1 1
—0)+—=1
Vo1

We then let the system evolve in time by ¢ yielding

) (2.5)

1 1 g
— [0) + —=e "t o ATAE(T) |1y 2.6
V2 0 V2 ) (2.6)
Then we apply another Hadamard gate yielding
1 ot 1 ot
5 (1 +eiks dTAEW) 0)+3 (1 — ik dTAEW) . (27

Then we measure the qubit and find 0 with probability
1 —iftdarapmpe L1 '
Py(t) = Z'l +e "o | = 3 + 5 cos drAE(T) | . (2.8)
0

In an ideal system with no decoherence and AFE(7) = AE, we would
find

, 1 1
pideal () = 3 + 5 cos (tAE) . (2.9)

In a fully decohered system, we would instead average over random
phases ¢ = fot drAE(T), yielding

1 [ 1 1 1
Pdecoh —_ - - —— 21
S o7 J, d¢o [2 + 5 coS (¢)] 5 (2.10)

In many cases, the decoherence effects are well described by an ex-
ponential onset

1 1 ;
Poreal(t) — 5 + 5 COS (AtAE) eft/Tz (211)

defining the Ramsey decoherence time 75
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2. The Hahn echo decoherence time T5: We start with a |0) state and
apply the Hadamard, leaving the system in state

10+ 5= 1) (212)
V2 V2 '
We then let the system evolve in time by /2 yielding
1 1 )2
—0) + —=e "t ATAEM) 1) 2.13
7 |0) 7 1) (2.13)
We then apply a NOT gate to find
1 1 )2
— 1) 4+ —=eH e ArAEM) |0y 2.14
7 1) 7 10) (2.14)
We then wait another t/2 yielding
L e-ion 1) + L e-igo |0) . (2.15)
V2 V2
with
t
01 :/ drAE(T), (2.16)
t/2
t/2
oo :/ drAE(T). (2.17)
0

Finally we apply a Hadamard and find

56_2% (1 + e—l(¢1—¢o)) |0> 4 §6—l¢o (1 _ 6—1(¢'1—¢0)) ‘1> . (2.18)

Measuring in this system yields 0 with

2

14 s (61 — ¢0) - (2.19)

1 .
Po(t) — 1 ’1 4 e~ Ud1—¢0) 5 5

In an ideal system with no decoherence we have AE(7) = AE and
thus ¢1 = ¢g and

Pideal() = 1. (2.20)
In a fully decohered system, we have a random ¢; — ¢ and therefore
measure
L2 (11 1
pglecon (¢ :—/ do |+ = = 2.21
et = 5 [ do |5+ gees(e) =5 2D

In many cases, the decoherence effects are again well described by an
exponential onset

11
Preal(t) = oha ie*t/ﬂ (2.22)

defining the decoherence time T5.
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The system needs to have a reliable way to prepare the initial state |0).

The system needs a reliable readout procedure to measure the qubits.
If a qubit returns an incorrect bit with probability &,,, we call &,, the
measurement error.

The application of a universal set of gates must be defined, e.g., Ry, H,
and CNOT.

The application of such gates must yield only small errors. To this end,
gate errors are typically defined using randomized benchmarks. The idea
is to apply a random set of n gates and their inverse gate(s) to the initial
state of the system |0). We then measure the ground state with probability

Po=(1-¢)" (2.23)

with gate error e. There are many variations of this protocol including
errors for individual gates.

e The system must be sufficiently connected that a CNOT between all qubits
can be implemented, given a sufficient number of swap gates.

On occasion CNOTs are only implemented in one direction and the iden-
tity

 —{e{A-

—

————
—o— [
H
is used to implement the reverse gate.

2.1.2 Survery of universal digital quantum computers (2020)

e As of summer of 2020, there are two publicly available universal digital
quantum computer vendors: Rigetti and IBM

e Both machines use a variation of charge qubits called transmon qubits
that we will describe later

e Rigetti (www.rigetti.com): In summer of 2019 offered a 16 qubit machine

with
Ty = 25us, Ty =20us, (2.24)
Em = 0.07, €1—qubit gate, RB = 0.045, (225)
€2_qubit—gate, RB = 0.1. (226)

The topology of the qubits (with lines denoting allowed two-qubit gates)
is:
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These are 16 qubits with an odd numbering

In summer of 2020, 31 qubit machine with

Ty = 29us, T, = 18us, (2.27)
Em = ?, €1—qubit gate, RB = 0.0021, (228)
€2—qubit—gate, RB = 0.0434. (2.29)

e IBM (quantum-computing.ibm.com) offers the following machines to the
public:

1. IBM Q Melbourne with 14 qubits

Ty = 50us, Ty = 23us, (2.30)
Em = 0.026, Egate, & = 0.0025 . (2.31)

The topology of the qubits (with arrows from A to B allowing a
CNOT with control bit A and target bit B) is:

© RO2020,0
@@0 020

2. IBM Q Tenerife with 5 qubits

Ty = 50us, Ty = 21ps, (2.32)
Em = 0.047, Egate, BB = 0.0006 . (2.33)
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3. IBM Q Yorktown with 5 qubits

T =42us, Ty = 37us, (2.34)
€m = 0.056, Egate, RB = 0.00036 . (2.35)

With the approximation that we can apply on the order of 1/egatc gates
in practice, these systems can apply on the order of 400, 1600, and 2800
gates until errors dominate.

e Give tour of IBM Q Experience, toQASM function, run Deutsch-Jozsa

2.1.3 Example of hardware implementation: IBM 5 qubit
systems

e Schemeatic of IBM 5 qubit systems
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Y RO R1

BO

I[W’(&]R

There are five qubits (squares 0 to 4), five read-out resonators (R0 to R4),
and two bus resonators (B0 and B1)

\J

4

e The qubits are an improved version of a so-called Cooper pair box called
transmon qubit.

e The Cooper pair box is a superconducting island connected via Josephson
junctions (two Al superconductors coupled through a thin AlOx insulator)
to a bulk reservoir:

e In the superconducting island pairs of electrons form so-called bosonic
Cooper pairs which can tunnel through the Josephson junction.

e There are two energy scales: the Josephson coupling energy E;, and the
charging energy FE¢ (the energy to add another Cooper pair)

e The number of Cooper pairs transferred to the island (island minus bulk)
is N and with the offset charge IV, the Hamiltonian can be written as
He 3 [Bely = )2 IN) (8] = (9 (114 | + 1 (V)
N=—oc0
(2.36)
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The transmon version of this qubit has large E;/Eq, which leads to sta-

bility against IV, fluctuations:

E/Ec=1

En/Eon

0051152253 ng

EJ/EC =20

—_
o o b

En/Eon

0051152253 ng

Use lowest two states for qubit. The energy difference between these states
shall be Aw; for qubit i.

e Each qubit has slightly different resonance frequencies. For the IBM
Tenerife system:

Qubit

QO
Q1

Q2
Q3
Q4

w;/21 (GHz)

5.2464

5.2983

5.3383

5.4261

5.1745

These frequencies are all in the microwave region.

e The read-out resonators are connected to a single qubit and can inject a
microwave tone to the qubits and infer the qubit state from the measured
response; such microwave impulses also allow for the effective implemen-

tation of the Hadamard gate.

e The R, gate is implemented virtually, by adjusting in software the accu-

mulated phase of the |1) states.

e The bus resonators use a so-called cross-resonance technique to implement
the CNOT between the connected qubits. The idea is to send a microwave
tone to the bus B0 or B1 appropriately chosen for the control and target
qubits which can be shown to create the desired entanglement between
the respective qubits. The details of the process are not symmetric, so the
CNQOT can only be implemented directly in one direction.
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2.2 Formal treatment of quantum noise

Before discussing how to model and then correct noise in a real quantum com-
puter, it is useful to introduce additional notation.

2.2.1 Principal system and environment

e In a real quantum computer, the desired state space SV (the principal
system) is coupled to an environment E such that the total Hilbert space
‘H is given by

H=S"®E. (2.37)

e The principal system and environment interact with each other.

e Without loss of generality, we can embed E in a S™ such that we often
will restrict the discussion to E = SM.

e In general, the result of such interactions cannot be written as a product
of a vector in SV and SM (entanglement), such that the physical state is
not well described by an element of SV by itself. We will, however, see
that it may be desribed by a statistical ensemble of states in S™.

e Example (Bell state):
Consider 1-qubit principal system (least-significant bit) and a 1-qubit en-

vironment (most-significant bit) prepared in the state (color and arrow)

D pysient) = % (J00) + 1)) . (2.38)

Let us demonstrate that even if we restrict measurements and gates to the
principal system, there is no state |¥principal) in S ! that is indistinguish-
able from |Wphysical)-

We first note that measuring the principal qubit in state |0) and |1) will
have identical probability 1/2 such that any candidate state in S* needs
to be of the form

1 i
|\I/principal> = ﬁ (|0> +e ¢ |1>) (239)
with real ¢.
If we now apply the Hadamard to the principal qubit 0, we find

HO |Wppsicar) = 5 (/00) +101) +[10) — [11)) (2.40)

1
2
1 2 2

H(O) |\I/principa1> = 5 ((]— +e ¢) |0> + (1 —€ ¢) |1>) (241)
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such that in the full physical system, we would still measure the principal
qubit in state |0) and |1) with probability of 1/2 but for |¥pyincipal), We
would measure 0 and 1 with probability

(1 —cos(9)) . (2.42)

l\D\»—A

Py =5 (14 cos()) P =

So only ¢ = 7 is still allowed.

If we now apply R,/ and then another Hadamard to the principal qubit,
we find

1 . . .
HO R, HO |Wphysical) = i ((1+4)00) + (1 — ) |01) + (1 — ) [10) + (1 +

(2.43)
7r/2 1
V2

In the physical system the principal qubits are still equally likely, however,
in state |¥principal) we would always measure 0.

HORE, HO 1@ sincipar) (1+1)]0) . (2.44)

There is no state in the principal system that captures fully the
information in the physical system even if we only measure and
apply gates in the principal system.

2.2.2 Mixed states, density matrix, and quantum opera-
tions

e As demonstrated above, a principal system SV coupled to its environment
cannot be adequately described by a single state in S™.

e We will show below that a better description is a statistical ensemble of
states in S™V.

e For such a statistical ensemble of states |n) € SV with probability p,,, we
define the density matrix

pP=> pnln)(n|. (2.45)

If the ensemble only has one state, we say that this matrix describes a
pure state and in any other case say that it describes a mixed state.

It is common to refer to the matrix p as the state of the total system.
e This matrix has the property

an iln) (nld) an (n| <Z| ) =Y (nln)pn an—l

n

(2.46)

where the sum over 7 is over a full basis.

We can also show that p? = p if and only if it describes a pure state.

i)[11))
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The expectation value with an arbitrary state |¢) is

Wlplp) = paldn)(nly) = pal(nld)? > 0. (2.47)

A map £ with

P =Ep) (2.48)

is called a quantum operation. We will call a quantum operation that
preserves the trace a quantum channel.

Applying a unitary matrix to the system is given by

Eulp) = anU |n) (n|UT . (2.49)
e We define non-unitary projection matrices P, 5, through
Pig, lbn-1---bo) = &, 5, [bN—1-"-bo) , (2.50)

with bits b; € {0,1} and 0 < i < N and a corresponding quantum opera-
tion

Ep; (p) = Pi,BiPPZE. . (2.51)

i

e Then measuring the qubit i returns a value b; with probability

Py (p) =Tr [Er,, ()] (2.52)
and after measuring this value, the system is in state

(‘:Pi,ﬂi (;0)

e P {EPW (p)] : (2.53)

e Let the qubits of SV be partitioned in sets A and B, then we can define
a reduced

ot =Tralo = 3 (blolt) (2.54)

beB

with sum over a basis in B such that for a general matrix M = M, ® 15,
where the first factor acts on qubits A and the second factor acts on qubits
B, we have

Trg [Eai(p)] = Y D paMalbln) (n|0)M] = Enr, (p*). (2.55)
beB n
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e This yields a procedure to generate the mixed state in the principal system

that is indistinguishable from the full physical state by only applying gates
in the principal system and measuring in the principal system.

Consider the following. We first apply in the full physical system p an
arbitrary gate U = UP'nciPal @ 1 where the first factor acts on the prin-
cipal system. We then measure a qubit ¢ of the principal system. The
probability of measuring b; is then given by

P, (E0(p)) = Tx [Py, (UpUT P, )| (2.56)
= Trprincipal |:Trenvir0nment [P b, (UpU TPJ;)H (2.57)
= Trpincipal | P, (U Trenvironment [o] (UP )P, )]
= Trprincipal | €, (Egprncivn (PP1))] (2.58)
= Py 5, (Egvnciom (pPP21)) (2.59)

So by construction the state pP¢iPal is indistinguishable from
pPhysical a5 long as we only measure and apply gates in the prin-
cipal system.

Example: For the Bell-state, discussed above, we have

pphysical _ % (]00Y + |11)) ((00] + (11]) (2.60)

and therefore
PP = Ty ironment [P (2.61)
= ((0] ® 1)pP™(0) @ 1) + (1] @ )P (1) ® 1) (2.62)
= S0yl + 3l (2.63)

Conversely, if we have a mixed state in the principal system, we can extend
it by an environment of equal size E = SV and consider the pure state

[wPhvsical) =% = /pn ) |n) (2.64)

such that
TI-EH\I/physical> <,l,physica1” = Z /DD |n> <m| <m| n> (2.65)
= an [n) (n| = pprincipal (2.66)

Here we have assumed without loss of generality that the states |n) are
orthonormal. (If they are not, we expand them in such a basis and can
still write it in the same way.) This procedure is called purification.



2.2. FORMAL TREATMENT OF QUANTUM NOISE 81

e Let us now consider a U acting on both principal system and environment.
Then we can show that

Trenvironment [5U (pphysical)] = Z EkpprincipalE]]; (267)
k

with Ej acting only on the principal system. We call this the operator
sum representation. We call Ej, the operation elements or Kraus
operators. These operators depend on the state of the environment!

It is in general possible to find different equivalent sets of operation ele-
ments, such that the operator sum representation is not unique.

e For a quantum channel the operation elements need to satisfy

Tr [EU (pphysical)] — Z Tr [EkpprincipalE;i} (268)
k
= Ty pprincipal <Z E;iEk> L 1 (269)
k
for general pPrnciPal gyuch that
S ElE =1 (2.70)

k

2.2.3 Noise channels

e We can use the operator sum representation to represent quantum noise
channels involving both the principal system and its environment in terms
of the principal system only.

e The phenomenological effects described by 77 and T, as well as the gate
errors can on a more fundamental level be described as combinations of
individual quantum noise channels. We will give the most important ex-
amples below.

e The bit-flip channel, which flips a bit with probability 1—p, can be written
using operation elements

EO = \/]31, El = 1-— pX (271)

with all matrices acting on the affected qubit. The corresponding noise
operation is given by

E(p) =pp+(1-p)XpX. (2.72)

We can show that Tr€(p) =p+ (1 —p) = 1.
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e The phase-flip channel, which gives the |1) state a relative minus sign with

probability 1 — p, can be written using
Ey =1, Ey=+\1-pZ (2.73)

The depolarizing channel single qubit, which moves a pure state closer to
a completely mixed state, can be written as
1—

E(p) = Tl +pp, (2.74)

where with probability p, the state remains unchanged. An operator sum
representation is given, e.g., by

1 1
By = 5/1+3p1, By = 5v/1-pX, (2.75)
1 1
Ey=g\/1-pY, By =\/1-pZ. (2.76)

Similarly for n qubits and d = 2™ a depolarizing channel can be defined
with

1 _
Elp) = Tpl +pp. (2.77)

The phase decoherence effect can be modelled by applying a random phase
to the |1) state, see also problem set 7. For a system in a pure state

[¥) =al0) +b]1) (2.78)

with p = [¢) ()| we can write this effect as

E(p) = F / dORy 1) (] R/ (2.79)
2 ab*e —A
= (aJZlA ‘b|2 ) (2.80)
with A = ¢/Tb.

The limiting procedure discussed in problem set 7 can be shown to yield
this Gaussian distribution due to the central limit theorem.

The effect of suppressing the off-diagonal terms can be modelled by

Fo = (é \/1in> , B = (8 \(/);3) (2.81)
with e = /T — p.

As discussed above, the representation is not unique and in fact

EO = \/al, El =+v1- aZ (282)
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with a = (1 + /1 — p)/2 gives an equivalent representation.

Interestingly, this is identical to the phase flip channel. This has the
important consequence that correcting for phase flips is as good as
correcting for infinitesimal small phase fluctuations!

e The energy relaxation process described by 77 can be described by the
amplitude damping operation defined by

Fo = <é \/107» , B = (8 \oﬁ> (2.83)

with y=1— e #/T1,

If p = |1) (1], then

o =" EupB] = [0) (0] v+ 1) (1] (1 - ) (2.84)
k

such that the excited state population over time is

Ni(t) = N (0)e ¥/, (2.85)

2.2.4 Fidelity and trace distance

e Before discussing how to correct errors on a quantum computer, it is useful
to quantify the noise introduced by the noise channels. We will use these
metrics to show improvement after error correction.

e In general, we will be concerned with measures of distance between the
original state p and the state o = Ey(p), where U is a quantum channel.

e A simple measure is the trace distance
1
D(p,o) = §Tr lp— o] (2.86)
with
Al = VAtA (2.87)

and the square root being defined through vAvA = A.

e An alternative popular measure is the fidelity defined as

F(p,0) = Tr {m} . (2.88)

e By definition F(p, p) = 1.
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One can show that
F(UpUt,UcU") = F(p,0) (2.89)
for unitary U and density matrices p and o.
One can also show that F(o,p) = F(p,0).
We always have 0 < F(o,p) < 1.
In the case of a pure state o = |¥) (¥| one can show that
F(p,0) = v (¥[p[¥) (2.90)

such that the square of the fidelity is given by the overlap between ¥ and
p.

2.2.5 Simulating quantum noise

We next discuss how to implement a simple noise model in the simulator
(sqc).

One possibility: replace pure states of N qubits (2VV-dimensional vectors)
by density matrices (2" x 2V-dimensional matrices). Disadvantage: large
memory and computation requirements for large N.

Alternative: use interpretation of the density matrix as statistical ensem-
ble of pure states and extend this to quantum operations.

Let the system start in a pure state p = |¥) (¥| and let us apply the
quantum channel

E(p) = ErpEf (2.91)
k

with Kraus operators Ej. Then, we define

1
VY= —F,|U 2.92
) = =B |¥) (2:92)
with
pr = (U] E[E; &) . (2.93)

If we now replace with probability ps the state |¥) by |V} ), on average
the system will be left in the state

P= e [ (W =D B W) (W Ef =Y EwpEL. (2.94)
k k k

This procedure therefore creates on average the correct density matrix.
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e In the simulator, we implement a simple noise model in which each gate
operation is followed by an energy relaxation process with

S N R

with v = 1 — e~ Teate/T1 and gate operation time Tigate.

e In addition, we will follow each gate and relaxation process with a depo-
larization channel

DPdepol. err
5(p) = pfl + (1 — Pdepol. err)p7 (296)

with gate-specific depolarization error pgepol. err- We have given the Kraus
operators for this channel previously.

e Finally, readout errors are parametrized by probability preadout With which
an additional NOT operation is added before a measurement.

e On the IBM Q experience, 71 ~ 50us and the gate times for the non-
virtual gates are approximately 0.5 — 1us.

e Example 1: Bell states (noise-bell.ipynb)



noise-bell 6/24/19, 9:10 PM

In [15]: dimport sqc
import matplotlib.pyplot as plt

Nbits=2
sqc.seed(13)

# Create noise model
nm=sgc.noise.model.simple(
Tl = 50,
gate times = { "H" : 0.5, "cNOT" : 1.0, "Rz" : 0.0, "X": 0.5 },
qubit readout errors = [ 0.05, 0.05 1],
gate depolarization p = { "X" : 0.05, "cNOT" : 0.1, "Rz" : 0.0, "H
" 0.1}
)

# Create Bell state
op=sgc.operator (Nbits).H(0).CNOT(0,1)

# Initial state
sO0=sgc.state(Nbits)

# Sample
res=sqgc.noise.sample(nm,op,s0,1000)
x=sorted(res.keys())

y=[ res[i] for i in x ]

plt.bar([ sO.basis[i] for i in x ],y,width=0.05)

Out[15]: <BarContainer object of 4 artists>

400 A
350 1
300
250
200
150 -
100 -

[00> [01> [10> 11>

http://localhost:8888/nbconvert/html/noise-bell.ipynb?download=false Page 1 of 2
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e Example 2: Energy relaxation (noise-t1.ipynb)

87



noise-t1 6/24/19, 9:05 PM

In [40]: import sqc
import matplotlib.pyplot as plt

Nbits=2
sqgc.seed(13)

# Create noise model
nm=sqgc.noise.model.simple(
Tl = 50,
gate_times = { "H" : 0.0, "CNOT" : 0.0, "Rz" : 10, "X": 0.0 },
qubit_readout_errors = [ 0.0, 0.0
gate_depolarization p = { "X" : 0.

1
0, "CNOT" : 0.0, "Rz" : 0.0, "H" : 0.0 }
)

# Operator
def get_op(t):
op=sqc.operator (Nbits).X(0)
for i in range(t):
op=op.Rz(0,0) # just wait for Imus
return op

def val(d,x):
return d[x] if x in d else 0

# Initial state
sO=sqc.state(Nbits)

# Sample

x=range(30)

y=[ val(sgc.noise.sample(nm,get_op(i),s0,100),1) for i in x ]
yerr=[ n**0.5 for n in y ]

plt.ylim(0,110)

plt.errorbar(x,y,yerr=yerr)

http://localhost:8888/nbconvert/html/noise-t1.ipynb?download=false Page 2 of 3

noise-t1 6/24/19, 9:05 PM

Out[40]: <ErrorbarContainer object of 3 artists>

100 4

20

In [ ]:

http://localhost:8888/nbconvert/htmli/noise-t1.ipynb?download=false Page 3 of 3
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e Example 2: Deutsch-Jozsa (noise-depol.ipynb)
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noise-depol 6/24/19, 9:13 PM

In [5]: import sqc
import matplotlib.pyplot as plt

Nbits=2
sqgc.seed(13)

# Create noise model
nm=sqgc.noise.model.simple(
Tl = 50,
gate_times = { "H" : 0.0, "CNOT" : 0.0, "Rz" : 0.0, "X": 0.0 },
qubit_readout_errors = [ 0.0, 0.0
gate_depolarization p = { "X" : 0.

1
0, "CNOT" : 0.0, "Rz" : 0.2, "H" : 0.0 }
)

# Operator
def get_op(t):
op=sqc.operator (Nbits).X(0)
for i in range(t):
op=op.Rz(0,0)
return op

def val(d,x):
return d[x] if x in d else 0

# Initial state
sO=sqc.state(Nbits)

# Sample

x=range(30)

y=[ val(sgc.noise.sample(nm,get_op(i),s0,100),1) for i in x ]
yerr=[ n**0.5 for n in y ]

plt.ylim(0,110)
plt.errorbar(x,y,yerr=yerr)

http://localt o t/html/noise-depol.ipynb?dowr Page 2 of 3

noise-depol 6/24/19, 9:13 PM

Out[5]: <ErrorbarContainer object of 3 artists>

100

20

In [ ]:

http://localt o wert/html/noise-d l.ipynb?dowr | Page 3 of 3
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e Example 3: Phase estimation (noise-phase.ipynb)

Also show run on IBM Q experience
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noise-phase 6/24/19, 9:14 PM

In [2]: import sqc
import numpy as np
from exercises import gft
import matplotlib.pyplot as plt

In [27]: | # Create noise model for a typical 2019 quantum computer (taken from ibmgx4)
nm2019=sgc.noise.model.simple(
Tl = 40,
gate_times = { "H" : 0.5, "cNOT" : 1.0, "Rz" : 0.0, "X": 0.5 },
qubit_readout_errors = [ 0.043, 0.073, 0.184, 0.35, 0.26 1],
gate_depolarization_p = { "X" : 0.005, "CNOT" : 0.05, "Rz" : 0.0, "H" : 0.005 }

Phase estimation

In [29]: def phaseEstimate(op,xbits,cuj):
N=len(xbits)
for i in reversed(range(N)):
op=op.H(xbits[i])
op=cuj(xbits[i],2**1i,0p)
op=qft(op,mask=xbits,inverse=True)
return op

# Simple U = {{ Exp[I 2pi phi], 0}, { 0, Exp[-I 2pi phi] }}, always acting on LSB
def CU(i,k,op,phi): # i is control qubit, k is power
return op.Rz(0,2.*np.pi*phi*k).CNOT(i,0).Rz(0,-2.*np.pi*phi*k).CNOT(1i,0)

def measure(nm,Nxbits,Nmeasure,cuj):
Nbits=Nxbits+1
xbits=1list(range(1l,Nbits))

http://localt o wert/htmi/noi h il ? Page10of 5
noise-phase 6/24/19, 9:14 PM
st0=sqc.state(Nbits,basis=["|%g>|%d>" % ( (i//2) / 2**Nxbits,i%2) for i in range(2**Nbits)])

print("Initial = 0\n",st0)
op=phaseEstimate(sqc.operator(Nbits).H(0),xbits,cuj)
print(len(op.m), "gates")

#print(op.toQASM())

if Nmeasure == 0:
print("State after phaseEstimate\n",stl)

else:
res=sqc.noise.sample(nm,op,st0,Nmeasure,mask=xbits)

plt.bar([ x / 2**Nxbits for x in res.keys() ],res.values(),width=0.01)
plt.xlabel('phi'")

plt.x1lim(0,1)

plt.ylabel( 'count')

plt.show()

print(res)

http://localt o wert/html/noi: hase.i| ? Page 2 of 5
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In [30]: measure(nm2019,4,1000,lambda i,k,op: CU(i,k,op,0.3))
Initial = 0
1 * |0>]0>
61 gates

0.0 02 04 06 038 10
phi

{6: 44, 1: 75, 12: 65, 4: 56, 0: 63, 3: 69, 11: 65, 5: 74, 13: 86, 7: 65, 9: 75,

14: 45, 2: 51,
8: 67, 15: 62, 10: 38}

http://localt o wert/htmi/noi h

Page 3 of 5

noise-phase 6/24/19, 9:14 PM

In [31]:  # Divide readout errors by 10
nm2019divl0ro=sqgc.noise.model.simple(
T1 = 40,
gate_times = { "H" : 0.5, "CNOT" : 1.0, "Rz" : 0.0, "X": 0.5 },
qubit_readout_errors = [ 0.0043, 0.0073, 0.0184, 0.035, 0.026 ],
gate_depolarization_p = { "X" : 0.005, "CNOT" : 0.05, "Rz" : 0.0,

"H" : 0.005 }
)

measure(nm2019div10ro,4,1000,lambda i,k,op: CU(1i,k,0op,0.3))

Initial = 0
1 % |0>|0>
61 gates

100

€
3
8
40
20 ‘ ‘
0 T T y
08 1

00 02 04 06
phi

0

{13: 73, 1: 53, 9: 85, 15: 40, 6: 41, 8: 37, 5: 104, 12: 61, 11: 99,

7: 60, 3: 94, 0: 56, 4: 63
, 10: 58, 2: 36, 14: 40}

http://localt o wert/html/noi: h Page 4 of 5



noise-phase 6/24/19, 9:14 PM

In [32]: # Divide readout errors and gate errors by 10
nm2019divl0rog=sqgc.noise.model.simple(
Tl = 40,
gate_times = { "H" : 0.5, "CNOT" : 1.0, "Rz" : 0.0, "X": 0.5 },
qubit_readout_errors = [ 0.0043, 0.0073, 0.0184, 0.035, 0.026 1],
gate_depolarization_p = { "X" : 0.0005, "CNOT" : 0.005, "Rz" : 0.0, "H" : 0.0005 }
)

measure(nm2019div10rog,4,1000,lambda i,k,op: CU(i,k,op,0.3))
Initial = 0

1 * |0>]0>
61 gates

225

count

=]

T

06

|,‘||
08 1

{4: 73, 11: 214, 0: 26, 3: 49, 9: 69, 13: 71, 1: 55, 15: 24, 7: 31, 5: 200, 14: 23, 2: 19, 12:
44, 10: 60, 8: 22, 6: 20}

50 | I
25
||, L]
0 02 04

0. 0

phi

In [ ]:

http://localt o wert/htmi/noi h il Page 5 of 5
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2.3 Quantum Error Correction

2.3.1 The three-qubit bit flip code

e We start by considering only the bit flip channel. This addresses, e.g.,
energy relaxation noise.

e In general redundancy is needed to detect and correct an error: replace
the physical qubits by logical qubits

|0L) = |000) , 1) = |111) , (2.97)
i.e., we use three physical qubits to encode a single logical qubit.

e This allows for correction of a single bit flip but not for multiple bit flips
at the same time.

e Need to know if a specific qubit was flipped. Formalized by syndrome

projectors
Py = |000) (000| + |111) (111], (2.98)
P, =|001) (001 + |110) (110] , (2.99)
P, ={010) (010 + |101) (101, (2.100)
P; = |100) (100| + |011) (011] , (2.101)
(2.102)

indicating no error (Pp) or an error on qubit i € {1,2,3} for P;.
e Formally, a bit flip on qubit I € {1,2,3} is introduced by channel
&(p) = (1 —pp+pXipX, (2.103)

with physical qubit error rate p. We will drop the index [ when we consider
a single physical qubit.

If we consider this channel to act on a logical qubit with three physical
qubits, we use

E(p) = E1(E(E(p))) = (1—p)Pp+ (1 — p)QpZijXj

+p%(1—p) Z X XmpXm X + PP X1 X0 X3pX3 X0 Xy, (2.104)
j<m
where [X;, X;] = 0, so the order of application does not matter.
e Similarly, a correcting map acting on a logical qubit can be written as
3 3

Eeorr(p) = PopPo+ Y X;PipPX; = > X, P.pP.X, (2.105)
i=1 pn=0

with Xy = 1.
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e Next, we quantify the improvement through error correction using the

fidelity metric.
Recall that for a pure/mixed state combination
Flp, [0) (¥]) = /{0 p[9) (2.106)

such that for the original case of a single bit-flip channel acting on a
physical qubit, we have

FE(1W) (]), [0) (¥])? =1 —p+p| (V] X V) [*. (2.107)
If we now restrict the state to a physical qubit
|[¥) =al0) +b]1) (2.108)
we find
(U| X |T) =a*b+b*a (2.109)
and therefore
F(E( ) (W), [9) (¥])* > 1~ p. (2.110)

If we now consider the case of a logical qubit with both error channel and
correction channel, we find

F(Ecors[E(1W) (TN, [2) (W)

3
=> (1= p)* [ (U P X, [9) >+ (1= p)°p Y _ | (V] X; P, X, |W)
n=0 J

P (1=p) Y W X X PuX |9) [P+ 9 (0] X3 X2 X0 P X [0) P

j<m
(2.111)
If we now restrict the discussion to a logical qubit
¥y =al0L) +b|1L) = a]000) + b|111) (2.112)
we have
(] P X, ) = 6,0, (U] X, P, X, |0) = 6, (2.113)
<\I" XijPHXM |\I/> = 6u05mj , <\I" X3X2X1PMXH “1/> = 6H0(a*b + b*a)
(2.114)
such that

F(Econ[E(1W) ()], W) (])?
=1 —-p)P+3(1-p°2p+pila*b+bal®>>1-3p* +2p°.  (2.115)
For sufficiently small p, we have therefore reduced the error of order p

to an error of order p?. In fact, we improve the fidelity compared to the
original case as long as p < 1/2.
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e To implement the correction channel we cannot simply measure all qubits
to detect error since this would destroy the quantum state.

e There is a simple circuit that can restore one physical qubit to the correct

value
%) S— [¥)
|0) v error —&
|0) D D

This circuit, however, does not preserve the logical qubit and can therefore
at best be used once. (Need an ancilla reset circuit after this.)

e A better circuit using two ancilla bits and corresponding syndrome mea-
surements is given by

) l —@ ®
0) D 4

102110D)

)L

=

=
10117

®

=)
Jan\
v

0) OO

Let ag (top) and a; (bottom) be the results of the ancilla measurements,
then the four possible syndromes are indicated by

‘ a0:0 a():l
a1=O PO P2
a1:1 P3 Pl

Depending on the syndromes, we apply a X; and depending on the a;, we
apply a NOT gate to the ancilla bits to reset them.

e Example: Let the system start in state

W) @ |00) = a|0.) ©]00) +b|1L) @ |00) = a|000) @ |00) + b[111) @ |00) ,
(2.116)

where we separate out our logical qubit from the two ancilla bits. Let us
now imagine the first bit flips, i.e., the system is in state

a|001) ]00) + b|110) © |00) (2.117)
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then the ancilla qubits will be modified to
a]001) ® [11) + b |110) ® |11) (2.118)

and measurement of the ancilla bits returns ap = a3 = 1, while leaving the
superposition intact! This works here because by construction the ancilla
bits will always be the same for both terms of the superposition.

Finally, as a result of ag = a1 = 1, we apply NOT gates to both ancilla
qubits and the first physical qubit such that we are left with our original
state

|¥) ®|00) = al0z) ®[00) +b|1.) ® [00) . (2.119)

There is still a problem if the error occurs during the correction step, we
return to this point later.

e Example in sqc:



bit-flip-code

In [6]:

import sqc
Nbits=5

# Initial state

op0=sgc.operator (Nbits).H(0).Rz(0,0.5)
s0=op0*sqgc.state(Nbits)

print("Initial physical state")
print(s0)

# Create logical state

opl=sqgc.operator (Nbits).CNOT(0,1).CNOT(0,2)
sl=opl*s0

print("Logical state")

print(sl)

# Bit-flip error
op2=sgc.operator (Nbits).X(1)
s2=op2*sl

print("After bit-flip error")
print(s2)

# Correction circuit

opc=sgc.operator (Nbits).CNOT(0,3).CNOT(1,3).CNOT(0,4).CNOT(2,4).M(3,0).M(4,1)

# If
opc=opc.IF(1).X(1).X(3).ENDIF()
opc=opc.IF(2).X(2).X(4).ENDIF ()
opc=opc.IF(3).X(0).X(3).X(4).ENDIF()

s3=opc*s2
print("After correction circuit")
print(s3)

http://localhost:8888/notebooks/bit-flip-code.ipynb

bit-flip-code

op=op0+opl+op2+opc
print("Entire circuit in QASM")
print(op.toQASM())

Initial physical state
0.707107 * |00000>
+ (0.620545+0.339005j) * |00001>
Logical state
0.707107 * |00000>
+ (0.620545+0.339005j) * |00111>
After bit-flip error
0.707107 * [00010>
+ (0.620545+0.339005j) * |00101>
After correction circuit
0.707107 * |00000>
+ (0.620545+0.3390053) * |00111>
Entire circuit in QASM
OPENQASM 2.0;
include "gelibl.inc";
greg qr[5];
creg cr[5];
h gr[0];
rz(0.159154943091895%pi) gr[0];
cx qr[0],qr[1l];
cx qr[0],qr[2];
x qr[l];
cx qr(0],qr[3];
cx qr(l],qr[3];
cx qr(0],qr[4];
cx qr(2],qr[4];
measure gr[3] -> cr[0];
measure gr[4] -> cr[l];
if (cr==1) x qr[l];
if (cr==1) x qr([3];
if (cr==2) x qr(2];
if (cr==2) x qr[4];

http://localhost:8888/notebooks/bit-flip-code.ipynb

6/26/19, 8:13 PM

Page 10f 3

6/26/19, 8:13 PM

Page 2 of 3
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2.3.2 The three-qubit phase flip code
e Next, we discuss how to correct for phase flips, i.e., spurious Z gates.

e We previously already noted that the quantum channel for a phase flip is
identical to the one for infinitesimally small phase fluctuations. So if we
protect against sign flip, we protect against small phase fluctuations!

e Note that
Z=HXH, (2.120)

as well as
HZH =X, (2.121)

i.e., after performing a basis change with H, the X and Z gates switch
roles.

e Therefore we can obtain a circuit that protects against phase flips by
applying Hadamard gates on all physical qubits of a logical qubit before
and after the error circuit. Example:

) (i 4] o— [v)
|0) o @— error —@ vt
o) —d— a1 HH] 0

e Write out circuit with two ancilla measurements and additional Hadamard
gates!

e Let us demonstrate this for arbitrary spurious Ry in the circuit using two
ancilla qubits. We again start in state

%) ® |00) = a]0z) ® [00) + b[1) ® |00) = a]000) @ [00) + b[111) @ |00) .
(2.122)

We then perform the Hadamards and are in state

1

7 Z (a+ (=1)"0T™1F72p) Inyning) ® 00) (2.123)

no,n1,n2=0
After an Ry on the first qubit, we have

1
1 )
— g (a + (—1)motmtn2p)eiono |poning) @ 00) (2.124)

no,n1,n2=0
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and after applying the next Hadamards

1
1 Z (_1)m0n0+m1n1+m2n2
8

Mmo,m1,ma,n0,n1,m2=0
X (@ + (—1)m0FmEn2p)eiono mom me) @ |00)
= az, [000) ® |00) + az_ [001) @ |00)
+ bz4 |111) ® |00) 4 bz_ |110) ® |00)

with

1+ e
Z4+ = B)

and |z |2+ [2_]> = 1.
Then the ancilla qubits will be modified to

az+ 1000) ® [00) + az_ |001) @ |11)
+bzy |111) ® [00) 4+ bz_ [110) @ |11) .

101

(2.125)

(2.126)

(2.127)

(2.128)

Now measuring the ancilla bits can either result in ap = a; = 0 and

(a]000) @ |00) + b|111) ® |00))

|24
orag=a; =1 and
(a]001) ® [11) + b]110) ® \11))%.

(2.129)

(2.130)

In the first case, we are done since overall phases are not resolvable by
further measurements. In the second, we proceed as before and are left

with our original state

|¥) ®100) = a|0z) ®[00) +b|1.) ®]00) .

So indeed, this code protects against arbitrary phases!

e Example in sqc:

(2.131)



phase-flip-code

In [29]: dimport sqc
import numpy as np

Nbits=5

# Initial state

op0=sqc.operator (Nbits).H(0).Rz(0,0.5)

s0=op0*sgc.state(Nbits)

print("Initial physical state")

print(s0)

# Create logical state

opl=sqc.operator (Nbits).CNOT(0,1).CNOT(0,2)

sl=opl*s0
print("Logical state")
print(sl)

# R phi error
phierr=0.9

op2=sqc.operator(Nbits).H(0).H(1).H(2).Rz(0,phierr).H(0).H(1).H(2)

s2=op2*sl

print("After phase error")

print(s2)

# Correction circuit

opc=sqc.operator (Nbits).CNOT(0,3).CNOT(1,3).CNOT(0,4).CNOT(2,4).M(3,0).M(4,1)

# If

opc=opc.IF(1).X(1).X(3).ENDIF()
opc=opc.IF(2).X(2).X(4).ENDIF()

opc=opc.IF(3).X(0).X(3).X(4).ENDIF()

s3=opc*s2

print("After correction circuit")

print(s3)

http://localhost:8888/notebooks/phase-flip-code.ipynb

phase-flip-code

# For aesthetical reasons,

correct for expected overall phase

zplus=(l+np.exp(lj*phierr))/2
zminus=(l-np.exp(lj*phierr))/2

if opc.cval ==

s3.v = [ x*abs(zplus)/zplus for x in s3.v ]
else:
s3.v = [ x*abs(zminus)/zminus for x in s3.v ]

print("Phase rotated (case %d)" % opc.cval)

print(s3)

Initial physical state
0.707107 *
+ (0.620545+0.3390057) *
Logical state
0.707107 *
+ (0.620545+0.3390057) *
After phase error
(0.573326+0.2769487)
+ (0.133781-0.2769487)
+ (0.25018-0.1789077)
+ (0.370365+0.5179127)
After correction circuit
(0.307567-0.6367123) *
+ (0.575172-0.4113127j) *
Phase rotated (case 3)
0.707107 *
+ (0.620545+0.3390057) *

In [ ]:

In [ ]:

http://localhost:8888/notebooks/phase-flip-code.ipynb

[00000>
|00001>

|00000>
|oo111>

|00000>
|00001>
|00110>
[00111>

|00000>
|00111>

|00000>
|0o0111>

6/26/19, 9:21 PM

Page 1 of 3

6/26/19, 9:21 PM

Page 2 of 3
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2.3.3 The Shor code

e To protect against arbitrary one-qubit noise channel, we need to protect
against the action of arbitrary Kraus operator Ej.

e Can always write
Er =crol +cpx X +epyY + ez 2 (2.132)

with Pauli matrices X, Y, Z, and complex co, crkx, Cky, and ciz.

e Note that Y = ¢X Z and therefore protecting against bit flips (X), sign flips
(Z), and combined bit and sign flips (XZ) is sufficient to protect against
an arbitrary one-qubit noise channel.

e A simple realization is the 9-qubit Shor code, combining the 3-qubit bit
and phase flip codes:

02) = 231/2<|ooo> + 111>) ® (|ooo> + |111>> 2 <|ooo> + |111>) ,

(2.133)
1) = 231/2<|ooo> - 111>) ® (|ooo> - |111>> 2 <|ooo> - |111>) .
(2.134)

This code is identical to applying the three-qubit bit flip code and the
three-qubit phase flip code in succession.

e By design, this therefore protects against arbitrary one-qubit noise chan-
nels. Show this explicitly in problem set 10.

e Example circuit:
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) [H] o H] q
0) <> o)

0) & O

0) —6 [H] &

0) & error [

0) o) &

0) o H] o H] 0
0) <> 0!

0) & O

e We can define gates acting on the logical bits |01,) and |1,). The operators

9
112 7z,
=1

with X; and Z; acting on physical qubits ¢ € {1,2,...,9}, for example,
satisfy

X=X Z

9
I1x (2.135)
=1

Xr|0z) =1z) , X |1p)=101), (2.136)
Z1|0L) =|0z) , ZplL) =—1z) . (2.137)

Note that these have indeed not been switched. Such gates can be used
in the error gate of the Shor code.

e Example in sqc:

%)



shor-code

In [5]:

In [62]:

import sqc
import numpy as np

from exercises import C2NOT

Nbits=9

# Initial state

op0=sgc.operator (Nbits).H(0).Rz(0,0.5)
sO0=op0*sgc.state(Nbits)
print("Initial physical state")

print(s0)

Initial physical state

0.7071

07

* 1000000000>
+ (0.620545+0.339005j) * |000000001>

def Spread(a,b,c,op):
return op.CNOT(a,b).CNOT(a,c)

def Correct(a,b,c,op):

return C2NOT(b,c,a,op.CNOT(a,b).CNOT(a,c))

def Reset(bits,op):
for a in bits:

op=op.M(a,0).IF(1l).X(a).ENDIF()

return op

# Create logical state

opl=Spread(0,1,2,

Spread(3,4,5,
Spread(6,7,8,

Spread(0,3,6,sqc.operator(Nbits)).H(0).H(3).H(6))))

# Correction circuit

opc=Correct(0,3,6,Correct(0,1,2,Correct(3,4,5,Correct(6,7,8,sqc.operator(Nbits)))).H(

http://localhost:

shor-code

In [63]:

[sh de.ipynb

0).H(3).H(6))

# Reset ancilla bits circuit

opr=Reset (range(1l,9),sqgc.operator (Nbits))

# Print logical state
sl=opl*s0
print("Logical state")

print(sl)

Logical state
(0.469396+0.1198567)

+ o+ o+ o+ o+ o+

*
(0.0306044-0.1198567) *
(0.0306044-0.1198565) *
(0.469396+0.1198567) *
(0.0306044-0.1198567) *
(0.469396+0.1198563) *
(0.469396+0.1198567) *
(0.0306044-0.1198567) *

# General one-qubit error

phierr=0.

9

for errbit in range(9):

print("Errbit", errbit)

op2=sqc.operator (Nbits).Rz(errbit,phierr).X(errbit).H(errbit)

s2=op2*sl
print("After phase error")
print(s2)

s3=opc*s2
print("After correction circuit")
print(s3)

s4=opr*s3
print("After ancilla reset")

http://localhost:

h

de.ipynb

|000000000>
[000000111>
[000111000>
[000111111>
[111000000>
[111000111>
[111111000>
[111111111>

7/1/19, 1:36 PM

Page 1 of 3

7/119, 1:36 PM

Page 2 of 3
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print(s4)

before=s4[1]/s4[0]
after=s0[1]/s0[0]

print(before/after)
Errbit 0
After phase error
(0.331913+0.084751373) * |000000000>
+ (-0.331913-0.0847513j) * |000000001>
+ (0.0798399-0.0357306j) * |000000110>
+ (0.0798399-0.0357306j) * |000000111>
+ (0.0216406-0.0847513j) * |000111000>
+ (-0.0216406+0.08475135) * |000111001>
+ (0.139932+0.3126787) * |000111110>
+ (0.139932+0.3126787) * [000111111>
+ (0.0216406-0.0847513j) * |111000000>
+ (-0.0216406+0.0847513j) * |111000001>
+ (0.139932+0.3126787) * |111000110>
+ (0.139932+0.31267837) * |111000111>
+ (0.331913+0.08475137) * |111111000>
+ (-0.331913-0.0847513j) * |111111001>
+ (0.0798399-0.0357306j) * |[111111110>
+ (0.0798399-0.0357306j) * |111111111>

After correction circuit

http://localhost:8888/notebooks/shor-code.ipynb Page 3 of 3
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2.3.4 Stabilizer formalism

— The bit flip, phase flip, and Shor codes are special cases of stabilizer
codes.

— Formalism is based on properties of the Pauli group with elements
G1 ={+1,4+il, £ X, £iX, 1Y, £iY, £+ Z, +iZ} (2.138)

acting on a single qubit and
Gn=() G (2.139)
i=1

acting on n qubits. Note that any two elements of G,, either commute
or anticommute.

— Let S be a subgroup of G,,. We define a n-qubit vector space

Vs = {|¢>

gl¥) =¥)vg € S} (2.140)

and we say S is the stabilizer of V.

— We can show that all elements of S for which dim Vg # 0 commute
with each other and are not equal to —1, +i1. We will from now on
exclude trivial stabilizers S with dim Vg = 0 from the discussion.

— If we can write every element of S as a product of independent op-
erators in {K; € S}, we say the K; generate S. Independence in
this context means that no K; can be written as a product of other
generators. Such a set is not unique.

— It suffices to check that K; |[¢) = |¢) for each K; to establish that
V) € Vs.

— If S has n — k generators, we have dim Vg = 2¥ and we can select
k logical qubits from Vg. To assign the k logical 0 and 1 bits, we
pick operators Z.,...,Z; € G, that commute with all elements of
G, and use the eigenvalues of Z; to define the logical bits. Resulting
codes are called [n, k] stabilizer codes.

— In the case of k = 1, dim Vs = 2 and the logical Z = Z; is selected
to have eigenvectors |0z) and |11) with eigenvalues 1 and —1.

— If an error F € G,, is applied to a logical state |¢,), we have
KGE ) = (1) E|¢r) (2.141)

with m; =0 if [K;, E] =0 and m; = 1 if {K;, E} = 0. Similarly, if
no error occurred, we find

Kj L) = [Yr) (2.142)
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by construction. Therefore measuring the n—k eigenvalues 1, ..., Bn_k
(syndromes) of K7, ..., K, gives us insight into possible errors. If
one of the F; is -1, an error occurred. If only values of +1 are mea-
sured, we can only be sure that no error occurred if £ anticommutes
with at least one K.

— In addition, however, if two errors E; and E; yield the same syn-
dromes f3;, we cannot correct for both.

— The set of correctable errors can be formalized by defining the nor-
malizer

N(S)={E € G,|EgET € S,¥g € S}. (2.143)

We can then show that the set of error gates {E;} C Gy, is correctable
if BBy ¢ N(S)— S for all j and k.
— Example (3-qubit bit flip code):

S={1,2125,227Z5, 7,173} (2.144)
with Z; acting on qubit [ € {1,2,3}. A possible set of generators is
K\ =717y, Koy =217 (2.145)

and a logical Z can be selected as
7 =717575. (2.146)

It is straightforward to check that [Z, K;] = 0 and that

Vs = span{|000) , |111)} . (2.147)
Furthermore
Z1000) = [000) = |0z) , (2.148)
Z|111) = —[111) = — 1) . (2.149)
We can show that
{1, Xy, Xa, X3} (2.150)

is a correctable set as discussed above. The syndromes for X, e.g.,
are

p1=P02=-1. (2.151)

Similarly, this code can correct {1, Y7, Y2, Y3}, however not {1, Z1, Zs, Z5}
(since they commute with all syndromes).
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— Example (9-qubit Shor code):

A possible set of generators is

Ky = 7175, Ky = ZyZs, (2.152)

K3 = 7475, Ky = Zs 7, (2.153)

Ks = 7773, Ko = Zs 7y, (2.154)

K7 = X1XoX5X4X5Xes, Ks=X4X5XcX7XsXg  (2.155)

and

. 9

Z=]]x: (2.156)
=1

This corresponds to the Shor code. It is straightforward to check
that this formally corrects for arbitrary single qubit errors.

— Consider a [n, 1] stabilizer code, i.e., n physical qubits and n — 1 sta-
bilizers K1,...,K,_1. As shown above, to correct for a general one-
qubit error, we need to detect and correct X, Z, and X Z errors on the
n physical qubits. Therefore, we need to detect at least 3n syndromes.
At the same time, we will have 2"~ ! —1 possible syndromes indicated
by measurements of eigenvalues §; of K; (81 = ... = fp—1 = 1 indi-
cates no error). Therefore we need

2"l —1>3n (2.157)

which can be satisfied for n > 5.

— Example 3 (5-qubit code, minimal size to correct for general one-
qubit errors):

A possible set of generators is

K1 = X177 X4, Ko = XoZ374 X5, (2.158)
Ky = X1X32475 , Ky = 70 X2 X475 (2.159)

and

z=]]%-. (2.160)

i=1

We will discuss this code in detail in problem set 11. For now, let us
explicitly give the syndromes §; for the error set {1, X;, Z;, X; Zi|l €
{1,2,3,4,5}}:



110 CHAPTER 2. REAL QUANTUM COMPUTING

E B B2 Bz P
X1 1 1 1 -1
Zs |1 1 -1 1
X5 1 1 -1 -1
Z |1 -1 1 1
Zo 1 -1 1 -1
X4 1 -1 -1 1

X:Zs | 1 -1 -1 -1
X, |-1 1 1 1
Zy |11 1 a1
Zi |11 1 1

X:Z -1 1 -1 -1
X; | -1 -1 1 1

XoZy | -1 -1 1 -1

X375 | -1 -1 -1 1

X4Z4 | -1 -1 1 -1

We see that the syndromes §; uniquely match to the errors and there-
fore allow for their correction.

— In order to construct a logical state for a general stabilizer code, we
can proceed as follows.

We first remember that for any operator with U? = 1, we have
Ult)==+|L) (2.161)
for
) = 1+ 0) [9) (2.162)

for a general state |¢) with | |£) | # 0.

Therefore we can create logical |07) and |11) by normalizing the
vectors

0)=(1+2) H 1+ K;)[¥) (2.163)
=1

n—k
1) H 1+ K;) [¥) (2.164)

for any |¢) resulting in non-vanishing |6 L> and |1 L>.
— Example (three-qubit bit-flip code):
First note that
7

W) = (14 Z122) (1 + Z2Z5) Y _ [n) = 4(|000) + [111)) . (2.165)
n=0
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Therefore
00) = (1 +2) W) = (1 + Z122Z5) [4) =8[000) ,  (2.166)
1LYy =(1-2) W) =1~ Z12:25) |¢') = 8|111) (2.167)
and thus

02) = |000) , 1) = [111) . (2.168)

Example (9-qubit Shor code):
We first note that

6 291
W) =T]Q+K) D cnln) (2.169)
=1 n=0

= 2%(¢( |000000000) + ¢7 [000000111) + c56 |000111000) + 63 [000111111)
+ Caas |111000000) + c455 [111000111) + c504 |[111111000) + c511 |111111111)) .
(2.170)
Then (skip next, directly define double prime)

(14 K7) |¢") = 2[(co + ¢504)(]000000000) + [111111000))
+ (e7 + ¢511)(/000000111) + [111111111))
+ (c56 4 c445)(J000111000) 4 |111000000))
+ (ce3 + €a55)(|000111111) + [111000111))] .
(2.171)

and

") = (1+ Ks)(1+ Kr)[¢') = (2.172)
26[(co + c504 + Cos + ca55)(/000000000) + [111111000) + [000111111) + [111000111))

=caA

+ (¢7 + ¢s11 + C56 4 C448)(J000000111) 4 [111111111) + [000111000) + [111000000))] .

=CB

(2.173)
Finally

0L)=1+2)[w") = (2.174)
25(ca + ¢5)[(]000000000) + [111111000) + [000111111) + |111000111))

+ (J000000111) + [111111111) + [000111000) + |111000000))] ,
(2.175)

1) =1-2)|y") = (2.176)
26(c4 — e5)[(/000000000) + [111111000) + [000111111) + |111000111))

— (1000000111} 4 [111111111) + [000111000) + [111000000))]
(2.177)
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and therefore

0,) = 231/2(|000> + |111>) ® <000> + |111>> ® (|000> + |111>) ,
(2.178)

1
1) = 23/2<|OOO> — |111>) ® <OOO> — |111>> ® <|OOO> — |111>> .
(2.179)
— As discussed above, we may assume that the system is in either a

+1 or a -1 eigenstate of each generator K; corresponding to the syn-
dromes ;.

We can measure 3, e.g., using the circuit

0)

[¥)r : U ) F

with [1),; being the encoded qubit and U = K; using a single ancilla
qubit.
Before the measurement, the system is in state

SAH D)), ©10) + (- U) ) @ 1) (2.150)

If the system is in a +1 eigenstate of U, the second term vanishes
and the system is in

) ©10) (2.181)
and if it is in a —1 eigenstate, we find
[¥); ®11) . (2.182)

Therefore, measuring the ancilla bit a, we learn the syndrome §; =
(—1)* while leaving [¢) p = [¢);.

— Using these ingredients, we will create the circuit for the 5-qubit error
correcting code in problem set 11.

2.3.5 Gottesman Knill Theorem

— Using the stabilizer formalism, one can prove the following remark-
able theorem by Gottesman and Knill:
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— Any circuit that only includes a CNOT, H, and R4 with ¢ = 7/4 can
be simulated on a classical computer in polynomial time!

— Any such circuit, therefore cannot yield an exponential speedup over
a classical algorithm!

— Note that this covers a large set of entangled systems of the Bell type!

— Furthermore, note that this only restricts the angle ¢ compared to a
fully universal set.
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Comment: FlexNow anmeldung, problem set 10, compact notation for
problem 1 can be done on one page.

2.3.6 Fault tolerance — general idea

— We have so far considered circuits of the form

—/L| prepare |—| error |—| correct |—/LV

where N physical qubits encode a single logical qubit. We considered
an error to occur with probability p on any of the N physical qubits
within the error gate. We have then shown that we can reduce the
error rate to O(p?).

— To reduce the error rate on the entire circuit to O(p?), we introduce
the concept of fault tolerant (FT) gate operations. We define FT
to mean that a failure of a FT gate operation (including the case of
a pre-existing error on a single physical input qubit) may only result
in an error on a single physical qubit per encoded logical qubit.

— If we had FT preparation, FT logical gate, and F'T correction circuits,
we can produce arbitrary circuits which at the end have a single qubit

error per logical qubit with O(p) and two or more qubit errors per
logical qubit with O(p?).

— Then using the redundancy in the encoded states (majority voting),
we can FT measure the final logical qubits with overall error rate

O(p®).
— Example (Bell state):
Original circuit:

Assuming an error to occur with probability p on any of the qubits at
any point in the circuit, the resulting measurements will be incorrect
with probability O(p).

FT circuit with N physical qubits per logical qubit:

FT .
|0>®N ] prep FT H | FT — bo
|OL> meas.
FT
CNOT]
|0>®N | FT prep. | |FT Ly,
0r) meas.
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Assuming p to be an upper bound of the failure probability of a single
FT operation and n the number of FT operations, the circuit failure
is bound by n?p?. Note that n here scales with the number of total
failure locations in the entire circuit!

FT circuit with N physical qubits per logical qubit with
error-correction (EC):

FT pr. FT FT FT FT
oN | | || L L
10) [0r) EC ITH EC EC meas.
FT
CNOT]
O®N_FT pr.| |FT FT || | |FT [ |FT
10) |0L) EC EC EC meas.

This circuit only fails if two physical qubit errors accumulate before
the error correction steps. We can bound the failure rate by counting
the number ¢ of possible 2-error combinations that can occur during
the application of an FT EC, FT gate, and another FT EC combina-
tion. The FT EC gates, therefore localize the failure rate compared
to the previous circuit.

— Finally, N logical qubits can again be encoded, e.g., using a stabilizer
code, reducing the overall error rate to O(p*). For n such levels, we
would require N™ physical qubits and reduce the error rate to O(p").
The resulting codes are called concatenated codes.

2.3.7 Threshold theorem

— Let us assume that errors on individual physical qubits occur inde-
pendently with probability p per given fixed time step.

— Furthermore, assume logical gate operations, to leading order, fail
with a probability of at most p(Ll) = ¢p? for a FT circuit as discussed
in the previous section. ¢ here is an upper bound for the number of
possible 2-error combinations that can occur during the application
of an error correction circuit, the logical gate operation, and another
error correction circuit.

— Concatenating codes to two levels then bounds the failure probability
of a second-level logical gate operation by p(Lz) = c(p(Ll))2 = c3p*. And
for g concatenated levels

Y = . (2.183)

— From this it follows that we can make the failure rate of the g-level-
encoded circuit arbitrarily small as long as ¢p < 1 and we go to
appropriate order in g.



116 CHAPTER 2. REAL QUANTUM COMPUTING

— By studying optimal implementations of F'T operations, one typically
finds that once p < py, with pg, ~ 1076 — 107, stable quantum
computation is possible.

2.3.8 Fault tolerant operations

e When constructing logical gate operations Uy, for stabilizer codes with
stabilizer group S, we need Uy, [¢), € Vg for |¢), € Vs. Since

ULKULUL [)p = ULKi [9), = UL [¥), (2.184)

for a generator K;, we need that ULKiUz € S. Any such gate Uy, encodes
a logical unitary gate operation. Logical Hadamard H and X, e.g., are
then defined by

HZH =X, Z=-7X. (2.185)
For 5-qubit code, e.g.,
X = X1 X0 X3X, X5 (2.186)

is the logical X. (A simple product does not work, e.g., for the Hadamard
in the 5-qubit code.)

e A logical gate that we can write as a product of individual gates acting
on only one physical qubit per logical qubit is called transversal and is
by construction FT. discuss.

e FT constructions for other logical gates are possible but will not be dis-
cussed here. Often they rely on transversal gates involving additional
ancilla bits, which are then measured to project to the gate of interest.

e FT syndrome measurement, logical state preparation, and measurement
of classical bits can both be performed using a FT version of

0 —{#

71
LM

discussed in the last lecture. If we set M = K;, we can measure the
syndrome f;. If we then repeat the circuit for all generators of a stabilizer
code, the resulting state will be a logical state. By then FT measuring,
Z, and if needed applying a FT X gate, we can create logical states in a
FT manner. For M = Z, the circuit yields a FT measurement circuit of
a classical bit.

e Combined with a FT syndrome measurement, we need a F'T application of
error gates E; to create the FT EC circuit. These are typically transversal,
so straightforward to construct.
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e Let us construct a FT measurement circuit. Let us assume that we have a
transversal implementation of the logical-M gate. Then the above circuit
looks like

o @) i

A

[0, |

[0, |

assuming three physical bits per logical qubit for concreteness. This is not
FT because a single error on the ancilla is propagated to multiple physical
qubits.

A better circuit uses one ancilla bit per controlled M;

10) —
0) — CATH DECODE
0) —
@
@
@

The CAT H circuit needs to prepare the cat state
|000) + |111) (2.187)

in a reliable way. To do this, we first use a combination of H and CNOT
gates

—#]

fan
A

D
Ay
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to create the state assuming no error. We then use an additional ancilla
qubit, to measure all possible error syndromes such as Z; Zs for the prepa-
ration of the cat state. If any such measurement fails, we reset the ancillas
and start the CAT H gate again. If an error occurs after partial verifica-
tion on a single ancilla qubit, it will only affect a single physical qubit of
the logical qubit and FT is preserved.

Finally, the DECODE gate applies the H and CNOT gates of the CAT
H circuit in reverse before measuring the top ancilla. If an error occurs
during this step, the measurement will be wrong. We therefore repeat the
entire circuit 3 times and take a majority vote to eliminate O(p) errors.



Chapter 3

Scientific quantum
computing

e Use quantum computer to simulate other quantum systems

e Some problems are exponentially difficult with classical algorithms (real-
time evolution of Minkowski field theory, simulation at real chemical po-
tential) but polynomially complex on a quantum computer.

e For now map problem to quantum computer and simulate on classical
computer. Once fault-tolerant quantum computing is available, we can
transfer the circuits to a real quantum computer and scale up the problem
size.

3.1 One-dimensional spin-chain

Consider the Hamiltonian

_ ENX: Qi (3.1)
open— 2 4 z z+1 2 a .

of the one-dimensional transverse-field Ising model with open boundary
conditions. For a magnetic field g < 1, the system is ferromagnetically
ordered at zero temperature and a paramagnet for g > 1.

e We can also study the case with periodic boundary conditions

N N
1 g
Hyeriodic = —3 z_; ZiZiy1 + 5 Z:Xi (3.2)
with ZN+1 = Zl.

119
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e On a quantum computer, we can simulate a unitary matrix such as the
transfer matrix

T = exp(itH). (3.3)

e We will employ a general Trotterization technique to create a circuit for
T. First remember the Baker-Campbell-Hausdorff formula

log(exp(tA) exp(tB)) = t(A + B) + %tQ[A, Bl +O(t%). (3.4)
With this, we can show that
exp(t(A + B)) = (exp(tA/N)exp(tB/N))Y + O(t/N)  (3.5)

for any positive integer N. We can also derive an improved relation

N
exp(t(A+ B)) = (exp(tA) exp(iB) exp(tA)> + O(t*/N?)

2N N 2N
(3.6)
exp(-i ) (oxp( LBy exp( 2 a)) exp(c =) + O2/N?)
= exp(=— xp(— xp(— xp(—=— .
PN PINZ/ 9Py PN
(3.7)
e With this, we can approximate T by products of matrices
TV = exp(itng) (3.8)
and
(i) o1
Tl = exp(—ztiZiZH_l) . (39)
Both cases are of the form
exp(i0M) = cos(6)1 + isin(9) M (3.10)
with M? = 1.
e We then can express the respective sums as products of elementary gates
using
XR,(0)XR,(0)HR,(—20)H = cos(0)1 +isin(§) X (3.11)
and

CNOT(1,0)XoR. 0(0)XoR. 0(—0)CNOT(1,0) = cos(8)1 + isin(6) Zo Z;
(3.12)

with CNOT(c,t) having control qubit ¢ and target qubit t. One-qubit
gates act on the qubit denoted in the subscript.
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In [1l]: dimport sqc
import numpy as np
from exercises import CRz,qft,twoSiteTIMsz
import matplotlib.pyplot as plt

In [2]: def CT(c,sbits,Ntrot,dt,op,params):
imp=params[2]
if not imp:
for i in range(Ntrot):
op=CTO0(c,sbits,dt/Ntrot,op,params)
op=CT1(c,sbits,dt/Ntrot,op,params)
else:
op=CTO0(c,sbits,dt/Ntrot/2.,0p,params)
for i in range(Ntrot-1):
op=CT1(c,sbits,dt/Ntrot,op,params)
op=CTO0(c,sbits,dt/Ntrot,op,params)
op=CT1(c,sbits,dt/Ntrot,op,params)
op=CTO0(c,sbits,dt/Ntrot/2.,0p,params)
return op

http://localhost: / dil ansverse-field-ising-model.ipynb Page 10f 18
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In [3]: def CTO(c,sbits,dt,op,params): # prod j exp(i (dt g / 2) X J)

g=params[0]

for s in sbits:
a=dt*g/2.
# X.Rp[a].X.Rp[a].H.Rp[-2 a].H
op=op.H(s)
op=CRz(c,s,-2.*a,op)
op=op.H(s)
op=CRz(c,s,a,op)
op=op.X(s)
op=CRz(c,s,a,op)
op=op.X(s)

return op

def CT1l(c,sbits,dt,op,params): # CNOTOl.XA.RA[t].XA.RA[-t].CNOTO0I
periodic=params[1]
nmax=len(sbits)
if not periodic:
nmax=nmax - 1

for i in range(nmax):
a=sbits[i]
b=sbits[ (i+1)%len(sbits)]
1=-dt/2.
op=0p.CNOT (b, a)
op=CRz(c,a,-1,0p)
op=op.X(a)
op=CRz(c,a,l,op)
op=op.X(a)
op=0p.CNOT (b, a)

return op
In [7]:  # extrapolation with and without improved trotter

xvals=[]
yvalsr=[]

http://localhost: di ansverse-field-ising-model.ipynb Page 2 of 18
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yvalsrQ=[]
yvalsi=[]
yvalsiQ=[]

for N in range(30,80):

sl=cT(0,[1,2,3,4],N,1.5,sgc.operator(5).X(0),[0.5,False,False])*sqc.state(5)
slo=CcT(0,[1,2,3,4],N,1.5,sgc.operator(5).X(0),[0.5,False,True])*sgc.state(5)

xvals.append(1/N)
yvalsr.append(sl[3].real)
yvalsrQ.append(slQ[3].real)
yvalsi.append(sl[3].imag)
yvalsiQ.append(slQ[3].imag)

plt.x1im(0,0.04)
plt.plot(xvals,yvalsr)
plt.plot(xvals,yvalsrQ)
plt.show()

plt.x1im(0,0.04)
plt.plot(xvals,yvalsi)
plt.plot(xvals,yvalsiQ)
plt.show()

0.28720

0.28715

0.28710

0.28705

0.28700

nnocac

http://localhost:
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o

-

In [5]:

In [35]:

del 7/18/19, 12:08 PM

# time-dependent plot
xvals=[]
yvals=[]
yvals2=[]

for

plt.
plt.
plt.

100
099
098
097
0.96
0.95
094
093

092

tstep in range(30):
t=0.2*tstep
xvals.append(t)

sl=cT(0,[1,2,3,4],10,t,sqgc.operator(5).X(0),[0.2,False,True])*sgc.state(5)
yvals.append(abs(sl[1])**2.)

sl=CcT(0,[1,2,3,4]1,20,t,sqgc.operator(5).X(0),[0.2,False,True])*sgc.state(5)
yvals2.append(abs(sl[1])**2.)

plot(xvals,yvals)
plot(xvals,yvals2)
show ()

# ground state for g=0

def

bits(y,N):

- — el lAasatn o A e 2t iams

http://localhost:

dim-transver:

o

/ dil ansverse-field-ising-model.ipynb Page 5 of 18

def

def

del 7/18/19, 12:08 PM

revurn | \y//<4°%J) % £ IOC J 1 Lrduge(n) |

SZ(res,nsites):
ntot=0.0
dtot=0.0
for x in res:
n=res|[Xx]
dtot+=n
bs=[ -1 if b == 1 else 1 for b in bits(x,nsites)]

ntot+=n*sum(bs)
return ntot/dtot/nsites

avgzZ(nsites,g,pbc):
op=sqgc.operator (nsites+1).X(0)
sO0=op*sqgc.state(nsites+1)
print(s0)

xvals=[]
yvals=[]
yvals2=[]

dt=0.8
Tdt=CT(0,range(l,nsites+1),10,dt,sqgc.operator(l+nsites),[g,pbc,True])
sl=s0
for tstep in range(25):

t=dt*tstep

xvals.append(t)

res=SZ(sqc.sample(sl, n=1000, mask=range(l,nsites+1)),nsites)
yvals.append(res)

if nsites == 2 and pbc == False:
yvals2.append(twoSiteTIMsz(t,qg))
elif nsites == 2 and pbc == True:

yvals2.append(twoSiteTIMsz (t*2,g/2))

s1=Tdt*sl

http://localhost:

di ansverse-field-ising-model.ipynb Page 6 of 18
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plt.ylim(-1.1,1.1)
plt.plot(xvals,yvals, 'ro')
if len(yvals2) != 0:

plt.plot(xvals,yvals2)
plt.show()

In [36]: avgZ(2,0.5,False)
avgz(2,0.5,True)
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-1.00
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[

* 001>

100
0.75
0.50
0.25
0.00
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-0.25
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-0.75
-1.00

00 25 50 75 100 125 150 175 200

In [37]: avgZ(2,1,False)
avgz(2,1,True)

1 |001>

100
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0.50
0.25
0.00
-0.25
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-1.00

00 25 50 75 100 125 150 175 200

1 % 001>

100
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0.25
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In [38]:

0.00 \
-0.25
-0.50

-0.75

-1.00

00 25 50 75 100 125 150 175 200

avgz(4,0.5,False)
avgZ(4,0.5,True)
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1 * |00001>
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0.50
0.25
http://localhost: dil ansverse-field-ising-model.ipynb
dim-transverse-field-ising-model
0.00
-0.25
-0.50
-0.75
-1.00
00 25 50 75 100 125 150 175 200
In [39]: avgZ(6,0.5,False)
avgZ(6,0.5,True)

1 * |0000001>

10071 @ o
075 ®ece0000%00 0000,%,,° °®
050
025
0.00

-0.25

-0.50

-0.75 1

-1.00

T T T T

00 25 50 75 100 125 150 175 200

1 * |0000001>

1001 @
. oo %o
eve0, 0ea0® ®e ®eee®
075 e %o

050

http://localhost:

/ di ansverse-field-ising-model.ipynb

7/18/19, 12:08 PM

Page 9 of 18

7/18/19, 12:08 PM

Page 10 of 18



dim-transverse-fi

In [40]:

0.25
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avgZ(4,1.5,False)
avgz(4,1.5,True)
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In [92]:

-0.50 [ ]

-0.75

-1.00

00 25 50 75 100 125 150

def phaseEstimate(op,xbits,cuj):
N=len(xbits)
for i in reversed(range(N)):
op=op.H(xbits[i])
op=cuj(xbits[i],2**i,0p)
op=gft(op,mask=xbits,inverse=True)
return op

def period(x):
if x > np.pi:
return x - 2*np.pi
return x

def measure(Nxbits,Nsites,Nmeasure,cuj,prep=None):

Nbits=Nxbits+Nsites
sbits=list(range(0,Nsites))

xbits=list(range(Nsites,Nbits))

175

7/18/19, 12:08 PM

Page 11 of 18

7/18/19, 12:08 PM

st0=sqgc.state(Nbits,basis=["|%g>|%s>" % ( period(2.*np.pi*(i//2**Nsites) / 2**Nxbits),bin(i%2**

if prep == None:
st0=sqgc.operator (Nbits)*st0
else:

st0=prep*st0

http://localhost:

di ansverse-field-ising-model.ipynb

Page 12 of 18
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print("Initial = 0\n",st0)

stl=phaseEstimate(sqc.operator (Nbits),xbits,cuj)*st0

if Nmeasure == 0:
print("State after phaseEstimate\n",stl)
else:

res=sgc.sample(stl,Nmeasure,mask=xbits)

plt.bar([ period(2.*np.pi*x / 2**Nxbits) for x in res.keys() ],res.values(),width=0.06)
plt.xlabel('eval*t')

plt.xlim(-np.pi,np.pi)

plt.ylabel('count')

plt.show()

In [8l]: # two-site model at g=0 has evals at +-1/2
measure(5,2,100,lambda c,n,op: CT(c,range(2),40,2*n,0p,[0.0,False,True]))

Initial = 0
1 * |0>|0b0>

100

count

20

I
w
!
~
|
—
(=]
=
o
wH

http://localhost: dil ansverse-field-ising-model.ipynb Page 13 of 18
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In [84]: # two-site model at g=0 has evals at +-1/2
measure(5,2,100,lambda c,n,op: CT(c,range(2),40,2*n,0p,[0.0,False,True]))
measure(5,2,100,lambda c¢,n,op: CT(c,range(2),40,2*n,0p,[0.5,False,True]))
measure(5,2,100,lambda ¢,n,op: CT(c,range(2),40,2*n,0p,[0.7,False,True]))

Initial = 0
1 * |0>|0b0>

80
60
€
3
8
40
20
04 T L T T T T
-3 -2 -1 0 1 2 3
eval*t

Initial = 0
1 * |0>|0b0>

count

20
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dim-transver:

In [97]:

|d-ising-model
10 | |
04 T B — T T
-3 -2 -1 0 1 2
eval*t
Initial = 0
1 * |0>|0b0>
40
30
€
3
8
20
10
ol, | | ' I . , -I
-3 - -1 0 1 2
eval*t

measure(5,4,100,lambda c,n,op: CT(c,range(4),40,0.5*n,0p,[0.5,False,True]))

# Adiabatic-type method with a single time step
pr=CT(8,range(4),40,1.0,sqc.operator(9).X(8),[0.25,False,True]).X(8)
measure(5,4,100,lambda c,n,op: CT(c,range(4),40,0.5*n,0p,[0.5,False,True]),pr)

# Adiabatic-type method with two steps

pr=CT(8,range(4),40,1.0,sqgc.operator(9).X(8),[0.1666,False,True])
pr=CT(8,range(4),40,1.0,pr,[0.33333,False,True])

pr=pr.X(8)

measure(5,4,100,lambda c,n,op: CT(c,range(4),40,0.5*n,0p,[0.5,False,True]),pr)

http://localhost:

dim-transver:

o

dil ansverse-field-ising-model.ipynb
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# We can also print out the state vector to get a better idea of the corresponding eigenstates:

#measure(5,4,0,lambda c,n,op: CT(c,range(4),40,0.5*n,0p,[0.5,False,True]))

Initial = 0
1 * |0>|0b0>

70

60

50
= 40
3
8

30

20

10

oLy ; l s - : :

-3 -2 -1 0 1 2
eval*t
Initial = 0
(0.0557817-0.9733153) * |0>]|0b0>

+ (0.0991756+0.06238297) * |0>]|0bl>
+ (0.0495826+0.08962337) * |0>|0bl0>
+ (-0.0111469+0.008942167) * |0>]|0bl1l>
+ (0.0495826+0.08962337) * |0>|0b100>
+ (-0.0123218) * |0>|0bl01>
+ (-0.0135016+0.00212857) * |0>|0b110>
+ (-0.000580179-0.0016343475) * |0>|0bl1l1l>
+ (0.0991756+0.06238297) * |0>]|0b1000>
+ (-0.0123224+0.006813337) * |0>|0b1001>
+ (-0.0123218) * |0>]|0b1010>
+ (-0.000292665-0.0016942j) * |0>|0bl011>
+ (-0.0111469+0.008942167) * |0>|0b1100>

http://localhost:

di ansverse-field-ising-model.ipynb
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+ (-0.000292665-0.0016942j) * |0>|0bl101>
+ (-0.000580179-0.001634343) * |0>|0bl110>
+ (0.000192028-0.0001069155) * |0>|0bl111l>

60
50
L4
=
3
83
20
10 | |
0l NP § B § N N E—— T T
-3 -2 -1 0 1 2 3
eval*t

Initial = 0
(-0.938018-0.067997237) * |0>]0b0>

+ (0.158204-0.1235277) * |0>|0b1>
+ (0.115664+0.004045657) * |0>|0b10>
+ (0.00301014+0.04300797) * |0>|0bl1>
+ (0.115664+0.004045657) * |0>|0b100>
+ (-0.019009+0.01552757) * |0>|0b101>
+ (-0.0244576+0.02075193)  * |0>|0b110>
+ (-0.00776577-0.005040175) * |0>|0blll>
+ (0.158204-0.1235277) * |0>|0b1000>
+ (-0.00734637+0.0422007j) * |0>|0b1001>
+ (-0.019009+0.01552753) * |0>|0bl1010>
+ (-0.00656182-0.006465985) * |0>|0b1011>
+ (0.00301014+0.04300797) * |0>]|0b1100>
+ (-0.00656182-0.006465985) * |0>|0b1101>
+ (-0.00776577-0.005040175) * |0>|0b1110>
+ (0.000954531-0.002367383) * |0>|0bl111>
http://localhost: / dil ansverse-field-ising-model.ipynb Page 17 of 18
dim-transverse-field-ising-model 7/18/19, 12:08 PM
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130 CHAPTER 3. SCIENTIFIC QUANTUM COMPUTING

3.2 One-dimensional free particle

e Consider the Hamiltonian

with

(3.13)

(3.14)

and Quantum Fourier Transform matrix FT for a system with L = 2V

sites encoded in N qubits.

e We map out the Hilbert space in position space using

N—-1
=Y w2
0

with N qubits and

2t fori < N —1
w; = .
—2'fori=N—-1
In this way

& la) = x|z)

with z € {—2N-1 . 2N=-1 1}

e We have
T = ¢t = FTfeizn (33) #p
Furthermore
N
=) =1 Zi~ 7+ Z.Z))
i,7=0
= Nl
:Z+§ZwlZl+Z 14]21'2]'
i=0 i,5=0
1 1Nl N1
_ - N - 7. Y
=5 2+4) +5 _ wZZmL_ Z = Z:Z,
=0 4,j=0;i#j

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



3.2. ONE-DIMENSIONAL FREE PARTICLE 131
using
N—1
> wi=-1 (3.23)
i=0
Therefore
L T R N—-1 e
ezaz _ 62712 H 62 5 Zj oz (324)
= 1,j=0;1#]
since all Z; commute.
e Similarly to the gates derived in the previous section, we find
eZi — cos(e) + isin(@)Zj = X]‘RZJ‘ ((9)XjRZ7j(—(9) 3.25)
=R, ;(—20). (3.26)
e Furthermore, it is instructive to consider
[N-1
elad _ o tia H eféiaijj (3.27)
_j:O
[N-1
L
=e 2% H e BV R, ji(awy) (3.28)
_j O
N—1
=[] R-.j(aw;). (3.29)
§=0
e Therefore
‘ =
e’ = FTT H ( ) FT (3.30)
[N—
_ T
=FT H <2N J) FT (3.31)
since €2™ = 1. Note that this is just the addition through FT circuit of

Sec. 1.2.6 (note the conventions for most-significant bits), i.e., as expected

e’ generates translations
e?|z) = |(z 4+ 1) mod L)
with

(3.32)

(3.33)
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e We will consider a simple wave packet of the form

p) = 3 P |a) (3.34)
=0

1=0

]f[ Rz,i(in)Hi] |0) (3.35)

to study propagation of spatially-smeared moving particles.
e Now implement numerically (one-dim-free-particle.ipynb):

— Free-particle transfer matrix
— Propagation of localized particle (uncertainty principle)

— Propagation of spatially-smeared particle



one-dim-free-particle

In [5]:
In [6]:
http://localt 18888,

7/22/19, 8:48 PM

import sqc

import numpy as np

from exercises import CRz,qft,cqft
import matplotlib.pyplot as plt

import matplotlib.animation as animation

def period(x,L):
if x >= L/2:
return x - L
return x

def w(j,N):
assert(j<N and j>=0)
if j == N-1:
return -2%%j
return 2**j

def CexpIaX(c,a,xbits,op):
N=len(xbits)
for j in range(len(xbits)):
op=CRz(c,xbits[j],a*w(]j,N),op)
return op

def CexpIaP(c,a,xbits,op):
N=len(xbits)
op=qgft (op,mask=xbits,inverse=False)
op=CexplaX(c,a*2.*np.pi / 2**N,xbits,op)
op=qgft(op,mask=xbits,inverse=True)
return op

nxbits=5

nabits=1

nbits=nxbits+nabits

s0=sqc.state(nbits,basis=["|%d>|%d>" % (x//2**nxbits,period(x%2**nxbits,2**nxbits))
for x in ranae(2**nbits)1)

hapter3, dim-free-particle.ipynb Page 10of 7

one-dim-free-particle

In [7]:

7/22/19, 8:48 PM

sl=sqgc.operator(nbits).X(1l).X(2).X(nxbits)*s0
print(sl)
s2=CexpIaP(nxbits,11,range(nxbits),sqc.operator(nbits))*sl
print(s2)

1 % |1>]6>
1 * |1>|-15>

def CexpIaX2(c,a,xbits,op):
N=len(xbits)
l=a/12.*(2.+4.**N)-a/2.
op=CRz(c,xbits[0],1,CRz(c,xbits[0],1,0p.X(xbits[0])).X(xbits[0]))
for j in range(len(xbits)):
op=CRz(c,xbits[]j],-a*w(j,N),op)
for i in range(len(xbits)):
if i != j:
t=a/4.*w(j,N)*w(i,N)
ga=xbits[i]
gb=xbits[]]
op=op.CNOT(gb,ga)
op=op.X(ga)
op=CRz(c,ga,t,op)
op=op.X(ga)
op=CRz(c,ga,-t,op)
op=o0p.CNOT(gb,ga)
return op

def CexpIaP2(c,a,xbits,op):
N=len(xbits)
op=qft(op,mask=xbits,inverse=False)
op=CexplaX2(c,a*(2.*np.pi / 2**N)**2.,xbits,op)
op=qgft (op,mask=xbits,inverse=True)
return op

http://localhost:

hapter3 dim-free-particle.ipynb Page 2 of 7



one-dim-free-particle

In [8]: s3=CexplaX2(nxbits,l,range(nxbits),sgc.operator(nbits))*sl
print(np.log(s3[6+2**nxbits])/1j+12.*np.pi)

(36-7.389922007661198e-163)

In [9]: def timeEvolutionPlot(dt,steps,sl):
Tdt=CexpIaP2(nxbits,dt,range(nxbits),sqc.operator(nbits))
print(len(Tdt.m))
sn=sl
for tstep in range(steps):

res=sqc.sample(sn, n=100, mask=range(nxbits))
sn=Tdt*sn

xvals=[ period(x,2**nxbits) for x in res.keys() ]
yvals=res.values()

plt.xlabel('x")
plt.xlim(-2**nxbits/2,2**nxbits/2)
plt.ylabel('count')
plt.title('t=%g' % (tstep*dt))
plt.bar(xvals,yvals,width=0.75)
plt.show()

http://localt o hapter3, dim-free-particle.ipynb

one-dim-free-particle
In [10]: print(sl)
timeEvolutionPlot(0.1,30,s1)

1 % |1>|6>
439

t=0

100

count

20

-15 -10 -5 0 5 10 15

http://localhost: hapter3 dim-free-particle.ipynb

7/22/19, 8:48 PM

Page 3 of 7
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one-dim-free-particle 7/22/19, 8:48 PM

In [11]: | # Time-periodicity: all eigenvalues are multiple of (2pi/L)*#*2 -> once smallest eval has 2pi-period
# entire system has 2pi-periodicity -> temporal loop
Tcrit=2*np.pi / (2*np.pi/32)**2.
timeEvolutionPlot(Tcrit/20,21,s1)

439
=0
100
80
. 60
c
3
8
40
20
T T T T T T T
-15 -10 -5 0 5 10 15

In [12]: # Now discuss circuit to create smeared packet
#def Rot(i,t,op):
# return op.Rz(i,-np.pi/2).H(i).Rz(i,-2*t).H(i).Rz(i,t).X(i).Rz(i,t).X(i).Rz(i,np.pi/2)

#sl=CexpIaP(nxbits,0.5,range(nxbits),sqc.operator(nbits).X(0).X(nxbits))*s0

nxbits=8

nabits=1

nbits=nxbits+nabits

s0=sqc.state(nbits,basis=["|%d>|%d>" % (x//2**nxbits,period(x%2**nxbits,2**nxbits))
for x in range(2**nbits)])

http://localt o P / dim-free-particle.ipynb Page 5 of 7

one-dim-free-particle 7/22/19, 8:48 PM

def createSource(xbits,p,op):
n=len(xbits)
for i in range(n):
op=op.H(xbits[i]).Rz(xbits[i],-p*2%*1i)
return op

sl=createSource(range(0),2*np.pi/2**nxbits*64,sqc.operator(nbits).X(nxbits))*s0
print(sl)

timeEvolutionPlot(5,4,s1)
#s2=expIaP2(0.3,range(nxbits),sqgc.operator(nxbits))*sl
#s3=qft(sqc.operator (nxbits),mask=range(nxbits),inverse=False)*s2
#timeEvolutionPlot(0.1,30,s3)

1 % |1>]0>
1156

=0

100

count

20

T T T T
-100 -50 0 50 100

http://localt o hapter3 dim-free-particle.ipynb Page 6 of 7



one-dim-free-particle

sl=createSource(range(4),2*np.pi/2**nxbits*64,sqc.operator(nbits).X(nxbits))*s0

In [13]:
print(sl)
timeEvolutionPlot(5,4,s1)
0.25 * [1>]0>
+ -0.255 * |1>]|1>
+ (=0.25) * |1>]|2>
+0.255 * [1>]3>
+ 0.25 * |1>]4>
+ -0.255 * |1>|5>
+ (-0.25) * |1>]|6>
+ 0.25j * [1>]7>
+ 0.25 * |[1>]8>
+ -0.255 * |1>]|9>
+ (-0.25) * |1>]10>
+ 0.25j * [1>]11>
+0.25 * | 1>]12>
+ -0.25j * |1>]13>
+ (=0.25) * |1>]|14>
+ 0.25j * |1>]|15>
1156
t=0
r
http://localt 88, hapter3, dim-free-particle.ipynb

7/22/19, 8:48 PM
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3.3. ONE-DIMENSIONAL PARTICLE IN TIME-INDEPENDENT POTENTIAL137

3.3 One-dimensional particle in time-independent
potential

e Consider the Hamiltonian

a2

H= g—m L V(). (3.36)

e We construct the transfer matrix again by trotterizing the two

52

To(t) = etz (3.37)
and

Ty (t) = V@t (3.38)
e First test case: potential wall with

f <z<
V() = Vo forzg<ax<ua, . (3.39)
0 else

For appropriate choices of xy and z; this can simply be implemented by
a controlled R, .

Now implement numerically (one-dim-particle-time-independent-potential.ipynb):

— Transfer matrix

— Propagation of wave packet and scattering for V"> 0, V > 0 and
V<0

e Next example: Harmonic oscillator
V(z) = ~mw?a? (3.40)

Now implement numerically (one-dim-particle-time-independent-potential.ipynb):

— Transfer matrix

— Propagation of wave packet, eigenvalues and states
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In [1l]: dimport sqc
import numpy as np
from exercises import CRz,gft,C2NOT
import matplotlib.pyplot as plt

In [2]:  # Only implement improved trotter
def CT(c,xbits,Ntrot,dt,op,params):

op=CTO0(c,xbits,dt/Ntrot/2.,0p,params)

for i in range(Ntrot-1):
op=CT1(c,xbits,dt/Ntrot,op,params)
op=CTO0(c,xbits,dt/Ntrot,op,params)

op=CT1(c,xbits,dt/Ntrot,op,params)

op=CTO0(c,xbits,dt/Ntrot/2.,0p,params)

return op

# Helper
def period(x,L):
if x >= L/2:
return x - L
return x

def w(j,N):
assert(j<N and j>=0)
if j == N-1:
return -2%%j
return 2**j

# exp(I a x)
def CexpIaX(c,a,xbits,op):
N=len(xbits)
for j in range(len(xbits)):
op=CRz(c,xbits[]],a*w(j,N),op)
return op

# exp(T a b)

http://localt o hapter3, dim-particle-ti il -potential.ipynb Page 1 of 12
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def CexpIaP(c,a,xbits,op):
N=len(xbits)
op=qgft(op,mask=xbits,inverse=False)
op=CexpIlaX(c,a*2.*np.pi / 2**N,xbits,op)
op=qgft (op,mask=xbits,inverse=True)
return op

# exp(I a x°2)
def CexpIaX2(c,a,xbits,op):
N=len(xbits)
l=a/12.%*(2.+4.**N)-a/2.
op=CRz(c,xbits[0],1,CRz(c,xbits[0],1,0p.X(xbits[0])).X(xbits[0]))
for j in range(len(xbits)):
op=CRz(c,xbits[]],-a*w(]j,N),op)
for i in range(len(xbits)):
if i != j:
t=a/4.*w(j,N)*w(i,N)
ga=xbits[i]
gb=xbits[]]
op=o0p.CNOT(gb,ga)
op=op.X(ga)
op=CRz(c,ga,t,op)
op=op.X(ga)
op=CRz(c,ga,-t,op)
op=op.CNOT(gb,ga)
return op

# exp(I a p°2)

def CexpIaP2(c,a,xbits,op):
N=len(xbits)
op=qgft(op,mask=xbits,inverse=False)
op=CexplaX2(c,a*(2.*np.pi / 2**N)**2.,xbits,op)
op=qgft (op,mask=xbits,inverse=True)
return op

# Simple potential
def C2Rz(cO0,cl,t,phi,o):

http://localhost: hapter3 dim-particle-ti i -potential.ipynb Page 2 of 12
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o0=CRz(c0,t,phi/2.,0)
0=C2NOT(c0,cl,t,0)
o=CRz(c0,t,-phi/2.,0)
0=CRz(c0,cl,phi/2.,0)
0=C2NOT(c0,cl,t,0)
return o

In [3]:  # Kinetic term
def CTO(c,xbits,dt,op,params):
mass=params[0]
return CexplaP2(c,dt/2.0/mass,xbits,op)

# Potential term
def CT1l(c,xbits,dt,op,params):
VO=params[1]
c0=xbits[-1]
cl=xbits[-2]
return C2Rz(c,c0,cl,V0*dt,op.X(c0)).X(c0)

In [4]: nabits=1
nxbits=5
nbits=nabits+nxbits
s0=sqc.state(nbits,basis=["|%d>|%d>" % (x//2**nxbits,period(x%2**nxbits,2**nxbits))
for x in range(2**nbits)])
s1=CT1(nxbits,range(nxbits),l.,sqgc.operator(nbits).H(0).H(1).H(2).H(3).H(4).X(nxbits),[1,1])*s0

print(sl)

0.176777 * |1>]0>
+ 0.176777 * |1>]1>
+ 0.176777 * |1>]2>
+ 0.176777 * |1>]3>
+ 0.176777 * | 1>]4>
+ 0.176777 * |1>]5>
+ 0.176777 * |1>]6>
+ 0.176777 * |1>]7>
+ (0.0955129+0.1487523) * |1>|8>

http://localt 18888, hapter3, dim-particle-ti il -potential.ipynb Page 3 of 12
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+ (0.0955129+0.1487523) * |1>]|9>
+ (0.0955129+0.1487523) * |1>|10>
+ (0.0955129+0.1487523) * |1>|11>
+ (0.0955129+0.1487525) * |1>]12>
+ (0.0955129+0.1487523) * |1>|13>
+ (0.0955129+0.1487523) * |1>|14>
+ (0.0955129+0.1487525) * |1>|15>
+ 0.176777 * |1>|-16>
+ 0.176777 * |1>|-15>
+ 0.176777 * |1>|-14>
+ 0.176777 * |1>]-13>
+ 0.176777 * | 1>]-12>
+ 0.176777 * |1>]-11>
+ 0.176777 * |1>]-10>
+ 0.176777 * |1>]-9>
+ 0.176777 * |1>]-8>
+ 0.176777 * |1>]-7>
+ 0.176777 * |1>]-6>
+ 0.176777 * |1>|-5>
+ 0.176777 * |1>]-4>
+ 0.176777 * |1>]-3>
+ 0.176777 * | 1>|-2>
+ 0.176777 * 1> -1>

In [5]: def timeEvolutionPlot(dt,steps,sl,Ntrot,params):
Tdt=CT(nxbits,range(nxbits),Ntrot,dt,sqc.operator(nbits),hparams)
print(len(Tdt.m))
sn=sl
for tstep in range(steps):

res=sqc.sample(sn, n=100, mask=range(nxbits))
sn=Tdt*sn

xvals=[ period(x,2**nxbits) for x in res.keys() ]
yvals=res.values()

plt.xlabel('x")
N1+ vlim(-2%*n¥hita/? 2%%nv¥hita/2)\

http://localhost: hapter3 dim-particle-ti i -potential.ipynb Page 4 of 12
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plt.ylabel('count')
plt.title('t=%g' % (tstep*dt))
plt.bar(xvals,yvals,width=0.75)
plt.show()

e = emmem— e =,

def createSource(xbits,p,op):
n=len(xbits)
for i in range(n):
op=op.H(xbits[i]).Rz(xbits[1],-p*2**i)
return op

nabits=1

nxbits=8

nbits=nabits+nxbits

s0=sqgc.state(nbits,basis=["|%d>|%d>" % (x//2**nxbits,period(x%2**nxbits,2**nxbits))
for x in range(2**nbits)])

sl=createSource(range(4),2*np.pi/2**nxbits*64,sqgc.operator(nbits).X(nxbits))*s0
print(sl)

http://localt

0.25 * |1>]0>
+-0.255 * |1>]|1>
+ (-0.25) * |1>]2>
+0.255  * |1>]3>
+ 0.25 * |1>]4>
+-0.255 * |[1>]5>
+ (-0.25) * |1>]|6>
+ 0.257 * [1>]7>
+ 0.25 * |1>]8>
+ -0.255 * |1>]|9>
+ (-0.25) * |1>]10>
+ 0.257 * [1>]11>
+ 0.25 * |1>]12>
+ -0.255 * |[1>]|13>
+ (-0.25) * |1>]|14>
+0.255  * |1>]15>

hapter3 dim-particle-ti i -potential.ipynb
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In [6]:

timeEvolutionPlot(2,30,s1,10,[0.5,3.5]) # Hard wall

6

count

S

, : (—
-100 -50 0 50 100

10

count

http://localhost:

hapter3 dim-particle-ti i -potential.ipynb

7/23/19, 9:57 AM

Page 5 of 12

7/23/19, 9:57 AM

Page 6 of 12



dim-particl

In [7]:

http://localt

independent-potential

14066

count

10

timeEvolutionPlot(2,30,s1,10,[0.5,2.0])

=0

T
-100

/

T
-50

one-dim-particle-time-independent-potential

In [8]:

In [9]:

http://localt

.

particle-ti

-potential.ipynb

timeEvolutionPlot(2,30,sgc.operator(nbits).X(6)*sl1,15,[0.5,-3.0])
20521

10

count
o

t=0

# Next: harmonic oscillator,
def CT1l(c,xbits,dt,op,params):

-100

-50

mass=params[0]
omega=params|1]
return CexplaX2(c,dt*mass/2.*omega**2.,xbits,op)

.

first propagation,

particle-ti

-potential.ipynb

then eigenspectrum

7/23/19, 9:57 AM
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In [10]: timeEvolutionPlot(2,30,s1,10,[0.5,0.2])
21076

=0

10

count
o

T T T
-100 -50 0 50 100

In [31]: def phaseEstimate(op,xbits,cuj):
N=len(xbits)
for i in reversed(range(N)):
op=op.H(xbits[i])
op=cuj(xbits[i],2**i,0p)
op=qgft (op,mask=xbits,inverse=True)
return op

def periodPi(x):
if x > np.pi:
return x - 2*np.pi
return x

def measure(Nxbits,Nsites,Nmeasure,cuj,prep=None,x0=-np.pi,xl=np.pi):
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Nbits=Nxbits+Nsites
sbits=list(range(0,Nsites))
xbits=list(range(Nsites,Nbits))
st0=sqgc.state(Nbits,basis=["|%g>|%d>" %

( periodPi(2.*np.pi*(i//2**Nsites) / 2**Nxbits),
period(i%2**Nsites,2**Nsites)) for i in range(2**Nbits)])

if prep == None:
st0=sqgc.operator (Nbits)*st0
else:

st0=prep*st0
print("Initial = 0\n",st0)

stl=phaseEstimate(sqc.operator(Nbits),xbits,cuj)*st0

if Nmeasure ==
print("State after phaseEstimate\n",stl)

else:
res,resstates=sqgc.sample(stl,Nmeasure,mask=xbits,save_states=True)

plt.bar([ periodPi(2.*np.pi*x / 2**Nxbits) for x in res.keys() 1,
res.values(),width=5.0/2.0**Nxbits)

plt.xlabel('eval*t"')

plt.xlim(x0,x1)

plt.ylabel('count')

plt.show()

# show two most sampled states
evs=list(reversed(sorted(list(res.values()))))[0:2]

for e in evs:
imax=list(res.values()).index(e)
ev=resstates[list(res.keys())[imax]]
print(ev)

http://localhost: hapter3 dim-particle-ti i -potential.ipynb Page 10 of 12
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Xres=sqgc.sample(ev,Nmeasure,mask=sbits)
xvals=[ period(x,2**Nsites) for x in xres.keys() 1
yvals=xres.values()

plt.xlabel('x")
plt.xlim(-2**Nsites/2,2**Nsites/2)
plt.ylabel('count')
plt.bar(xvals,yvals,width=0.75)
plt.show()

In [32]: np.random.seed(13)
measure(7,5,100,lambda c¢,n,op: CT(c,range(5),10,0.2*n,0p,[0.5,1]))

+ (=0.190757+0.3295827) * [0.539961>|-3>
+ (-0.22261+0.4430957) * [0.539961>|-2>
+ (-0.0177286-0.0197247) * 0.539961>|-1>
b
20
215
]
8
10
5
D 4
-15 -10 -5 0 5 10 15
X
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In [33]: measure(9,5,300,lambda c,n,op: CT(c,range(5),10,0.2*n,0p,[0.5,1]),
prep=sqc.operator(14).H(0).H(1),x0=0,x1=1)

70

3

count
]

20

10

(0.613292+0.1578697) * |0.110447>| 0>
+ (0.470934+0.1170197) * ]0.110447>|1>
+ (0.223008+0.05497257) * ]0.110447>|2>

In [ ]:
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3.4 Omne-dimensional real scalar quantum field
theory

e Consider a one-dimensional real scalar quantum field theory with periodic
boundary conditions on a spatial lattice with n, positions defined by the
Lagrangian

L= z;) %qﬁ(m,t) rgﬁt + A2 mﬂ oz, 1) (3.41)

with z € {0,...,ns — 1}, t,m € R, and
and d)(_lat) = d)(ns - ]-at)v d)(nsvt) = ¢(Oat)

e The canonical momentum for the field is then given by the appropriate
functional derivative

7T(.13, t) = 831¢(I,t)L = at¢(x7 t) (343)
and the Euler-Lagrange equation
8¢(x7t)L = 8t7r(x, t) (344)
with is
ns—1
— 1
0= az?¢(xat) - aqb(w,t) Z §¢(xvt) [¢(x + 17t) + (,25(1’ - 1at) - (2 + m2)¢(x,t)]
=0
(3.45)
= atzd)(xa t) - [d)((l? + 17 t) + (;5(1 - 1; t) - (2 + m2)¢(l‘, t)} (346)
= (07 — A* + m?*)¢(, ). (3.47)
e Next, we consider free-field solutions by first performing a discrete Fourier
transform
ns—1
1 . , o
) = dE 2mizk/ns itE kL E 3.48
ort) = e [AB 3 TG E)  (34)
yielding
AN ~
(—E2 + (2 sin ()) + m2> o(k,E)=0. (3.49)
N
e Defining

v = (25 ()’ 50
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we can then write the free field solution

1 —iw 2wxk/n
fr(z,t) = NN wttizmak/n, (3.51)
with
(07 — A2 +m?) fr(z,t) =0 (3.52)
and
ns—1 1
Z fie(@,t) fro (@, 1) = ﬁfgk,k' ) (3.53)
z=0 k
ns—1
1 — 2wt
Z fk(.’b,t)fk/ ({L'7t) = %5k7,k/€ . (354)

e To quantize the theory, we first make the ansatz for the real field

ns—1

o) = D [fulaw g + fi (2, )a] (3.55)

k=0

and operators aj such that

m(z,t) = —i Z_ W, [fk x,t)ag — fi (z, t)ak] . (3.56)
k=0
Then
Z_ (x,t)(wrp(z,t) + in(z,t)) . (3.57)

We quantize the fields canonically, i.e., require

[(b(x’t)vﬂ-(yat)] = iém,y ) [¢($,t>,¢(y,t)] = [W(l‘,t),ﬂ'(y,t)] =0 (358)

yielding
[dk; &k’] = i fl: (l‘, t)fl:’ (y’ t)[wk(b(xv t) + iﬂ(ﬂ?, t)7 U)k'¢(y, t) + Z'7T(y, t)]
x,y=0
(3.59)
= SZ fk; L,y t fk’(y7 ) [wk’[ ( )7¢(y7t)] +wk[¢(x,t)77r(y,t)]]
x,y=0
(3.60)
= 3 F () f (o) [ — we] =0 (3.61)

=0
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and also
[dk’ d;] = i f]:(l‘, t)fk’ (ya t)i [wk’ [7‘(’(1‘, t)’ (b(ya t)] — Wk [(ﬁ(.]?, t)v 7T(y, t)]]
x,y=0
(3.62)
= 3 i) () [+ 0] = G (3.63)
x=0

Then Hamiltonian is given by a Legendre transformation of the Lagrangian

This looks like a Harmonic oscillator for each mode number k. Note: we
1 ns—1
have a vacuum energy offset Eo = 5> /%" wg.

In a quantum field theory, particles can be created and destroyed. Relevant
degrees of freedom for non-interacting theory: occupation number

alag (3.64)

A,

of particles with mode number k.

Possible implementation on quantum computer (suppress mode number)
at = Vie®, a=e""Vi (3.65)

with n, qubits for

ne—1
~ . i 1- 21
&= Z 2 (3.66)
=0
and the corresponding p defined in the previous section. We identify the
eigenstates of 7 with the eigenstates |0),...,|2" — 1) of .
This has
s s 1 fi 2Me — 1
(a,af] [n) = (e P&e® — &) jny =9 ) (3.67)
1 — 27 else
and
filn) = nin) , (3.68)
a' |n) = vn+ 1 mod 27 |n + 1 mod 2"°) , (3.69)
aln) = v/n|n —1 mod 2™°) . (3.70)

This approximates the full theory well for sufficiently small energies and
therefore occupation numbers.

Note again that & and p here are operators defined in previous sections
and have nothing to do with position and momentum in the quantum field
theory.
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e Implementation of e for two qubits is simple CNOT and NOT gates:
e = NOT(0)CNOT(0,1) (3.71)
with control qubit first and target qubit second parameter in CNOT.
Draw circuit, exercise with occupation numbers from 0 to 3.

e With this, the derivation of the free transfer matrix is again straightfor-
ward but will not be shown explicitly here.

e We need n, qubits per site, so a total of N = n,ns qubits.

e Finally, we add an interaction term to the Lagrangian such as a ¢(x,t)*
term. Then need to expand in ax to find transfer matrix.



