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Let C be an algebraically closed �eld of characteristic 0 complete with respect to a non-archimedean,
non-trivial absolute value, with residue �eld of characteristic p > 0. Later this will be the completion of
the algebraic closure of a �eld K complete with a discrete valuation. But it is important that we don't
restrict ourselves to the completion of the algebraic closure of a p-adic �eld.

Basic concepts of p-adic Hodge theory involve to associate to C the �eld of p-adic periods BdR,
which is complete with respect to a discrete valuation vdR and has residue �eld C. Therefore it makes
sense to consider B+

dR = {vdR > 0}. We also have a subring of this Bst ⊂ BdR which comes with two
endomorphisms N a derivation and ϕ a Frobenius map such that Nϕ = pϕN . We can de�ne a subring

Be :=
{
b ∈ Bst

∣∣ N(b) = 0, φ(b) = b
}
,

which is a still a huge ring, but we have the following:

Theorem 0.1. (Be)
∗ = Q∗p and Be is a principle domain.

Remark 0.2. Berger showed that this is a Bezout domain, then Fontaine could show that it is a principle
domain and this was a crucial step towards re-proving, in a more general way, the fundamental lemma of
p-adic Hodge theory.

Now we can de�ne X.

1 The curve X

1.1 First de�ntion

Let Xe := SpecBe. There is a natural way to compactify this to a compplete curve by one point
X = Xe

∐
{∞}. Since Be ⊂ BdR and BdR comes with a valuation vdR it makes sense to restrict vdR to

Ce = FracBe and de�ne OX,∞ = {x ∈ Ce | vdR(x) > 0}. Then X = Xe
∐

SpecCe
Spec OX,∞. A priori

this is not a scheme, but in fact, we can show

Proposition 1.1. This is a separated, integral, noetherian, normal regular scheme and we have

X = Xe
∐

SpecCe

Spec OX,∞ = Xe
∐

SpecBdR

SpecB+
dR

moreover the structure sheaf is given by

Γ(U,OX) =

{
Γ(U,OXe) if ∞ /∈ U,
Γ(U\{∞},OXe) ∩B+

dR if ∞ ∈ U
.

This is a reasonable scheme, if one removes one point, one gets the spectrum of a principal domain.
This is very helpful to describe vector bundles.

1.2 Vector bundles on X

To a vector bundle F on X we associate a pair (F e, F̂∞), where F e = Γ(Xe,F ) is a free Be-module

of �nite rank and F̂∞ = B+
dR ⊗OX,∞ F∞ is the completed �ber at in�nity and this is a B+

dR-lattice in
F dR = BdR ⊗Be F e. This gives an equivalence of categories of vector bundles over X and such pairs.

We can calculate the cohomology of a vectorbundle over X. There is only H0 and H1 to calculate of
course, and we have an exact sequence

0→ H0(X,F )→ F e⊕F̂∞ → F dR → H1(X,F )→ 0,

where H0(X,F ) is just the intersection of F e and F̂∞ and the middle morphism is given by (α, β) 7→ α−β.
The fundamental sequence of p-adic Hosge theory is

0→ Qp → Be ⊕B+
dR → BdR → 0,
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so for F = OX , taking into account that

Oe
X = Γ(Xe,OX) = Be,

ÔX,∞ = B+
dR ⊗ OX,∞ = B+

dR

OX,dR = BdR ⊗ Oe
X = BdR

Be ∩B+
dR = Qp

we see that
H0(X,OX) = 0 and H1(X,OX) = 0.

So this is �almost� a P1, but not quite as we will see later.
Now we want to give a more intrinsic de�nition of X and study its structure. In particular classify the

vector bundles on X. Moreover, we will see, that the constructions are completely functorial, so that it
is reasonable to consider a Galois action on X. As a consequence it makes sense to try to recover p-adic
hodge theory as a special case of this.

2 Another de�nition of X

To a triple (F,E, π), where F is an algebraically closed �eld of characteristic p > 0, complete with respect
to a non-trivial absolute value, E is a non-archimedean locally compact �eld of residue �eld Fq ⊂ F and
π is a uniformiser of E, we associate a curve X = X(F,E, π). The curve de�ned earlier is recovered by
taking F = F (C) (yet to be de�ned), E = Qp and π = p.

2.1 The �eld F (C)

Let C be the �eld from the beginning, that is algebraically closed of characteristic 0, complete with respect
to a non-trivial non-archimedean absolute value that we can assume to be normalised to |p| = 1

p . To C

we associate a �eld F (C) of characteristic p > 0 by taking sequences of consecutive pth roots

F (C) =
{
x = (x(n))n∈N0

∣∣ x(n) ∈ C, (x(n+1))p = x(n)
}
.

Multiplication is componentwise and addition is given by (x + y)(n) = limm→∞(x(n+m) + y(n+m))p
m

.
Furthermore, the absolute value of C extends naturally to an absolute value of F (C) via |x|F (C) = |x(0)|C .
One can see easily that this satis�es all the conditions required. Now we proceed to construct X.

2.2 Rings of �functions�

Let E be the unique �eld containing E such that it is complete with respect to a discrete valuation
extending the one from E, π is also a uniformiser of E , and the residue �eld is F . To describe E more
explicitely, we have to distinguish between two cases.

Equicharacteristic: E = FqLπM and E = F LπM.

Mixed characteristic: [E : Qp] <∞ and E = E ⊗W (Fq) W (F ).

There is a unique section of the projection OE → F ,

[·] : F → OE , a 7→ [a]

which is [a] = a in equicharacteristic and the Teichmüller representative in mixed characteristic. For both
cases we have a notation for elements in E in terms of [·]

E =

{ ∑
n�−∞

[an]πn
∣∣ an ∈ F} .
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The �bounded� subring is de�ned by

Bb =

{ ∑
n�−∞

[an]πn ∈ E
∣∣ ∃C s.t. |an| 6 C∀n

}
.

For later use note that this ring come with an endomorphism ϕ sending
∑

[an]πn 7→
∑

[aqn]πn. The ring
we will be working with is a completion of this bounded ring with respect to certain norms. For ρ ∈ [0, 1]
we can de�ne a norm in the following way: for f =

∑
[an]πn ∈ Bb let

|f |ρ =

{
q−r , r = min{k|ak 6= 0} if ρ = 0

sup |an|ρn if 0 < ρ 6 1

and these norms are in fact multiplicative. For an interval I ∈ [0, 1] let BI be the completion of Bb with
respect to the norms corresponding to the ρ ∈ I. Then B[0,1] = Bb and if I ∈ J then the natural map
BJ → BI is injective. The ring we are interested in is

B := B]0,1[.

2.3 De�nition of the curve X

We de�ne YI = SpecBI and Y = (YI)I⊂]0,1[. This is not a scheme but can be seen as ind-scheme,
that is a directed system of schemes (although the transition maps are not immersions) coming from
the fact that BJ → BI is injective whenever I ⊂ J . The automorphism ϕ of Bb induces isomorphisms
Y[aq,bq ] → Y[a,b] and therefor an automorphism of the ind-scheme Y . Likewise, ϕ induces an automorphism

of B = B]0,1[ = lim←BI . Therefore, the cyclic group ϕ
Z acts on Y and B and we can de�ne the curve X

in two ways.

X := Y/ϕZ (in the category of ind-schemes)

X := ProjP where P =
⊕
d∈N0

Pd and Pd =
{
b ∈ B

∣∣ ϕ(b) = πdb
}
.

The second de�nition is in general a better working de�nition but the �rst one is useful if covering spaces
are considered.

2.4 The graded ring P

For simplicity we will restrict ourselves to E = Qp and π = p (for general case one needs Lubin-Tate but
this is su�cient to prove the results of p-adic hodge theory). To determine the graded pieces of P :

� Per de�nitionem P0 = Bϕ = ker(ϕ− 1) = Qp

� P1 is isomorphic to the principal units of OF U = 1 + mF via U → P1, u 7→ log [u]

� The higher P 's are more complicated. For d > 0, o 6= x ∈ Pd there exist t1, . . . , td ∈ P1 such that
x = t1 · · · td, and this is unique up to permutation. Are ring with this property is called graded
factorial.

Moreover, for any maximal ideal m ∈ B there is λ ∈ mF (not unique) such that m = (p − [λ]). Since
P1 ⊂ B it makes sense to consider m∩P1 which is the log of a unique Zp line in U . This gives an
equivalence of categories

{ closed maximal ideals of B } ←→ { free Zp-modules of rank one of U } .

A formal consequence of the previous results is

Proposition 2.1. � X is separated noetherian integral of dimension 1.
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� There are bijections

|X| ←→ Qp−lines in P1 ←→ |Y |/ϕZ.

� For a closed point x ∈ X, OX,x is a DVR where the residue �eld is algebraically closed complete

wrt real valued valuation extending from E. Moreover, X\{x} = SpecBe,x where Be,x is a principal

domain

This is the situation described at the beginning.

2.5 Vector bundles over X

Linebundles: Any line bundle of X of degree d ∈ Z is isomorphic to OX(d), which makes sense because
X is the Proj of a graded ring. Therefore

PicX ≡ Z .

We have H1(X,OX(d)) = 0 for d > 0 but H1(X,OX(d)) 6= 0 for d < 0, consequently X is not P1 because
H1(P1,OP1

(−1)) = 0.
Vectorbundles: Let F 6= 0 be a vector bundle over X of rank r ∈ N and degree d ∈ Z. The slope is

de�ned to be the fraction µ(F ) = d
r ∈ Q.

De�nition 2.2. A vector bundle E is semi-stable if for all sub-vector bundles F µ(F ) 6 µ(E ). It is
stable if the inequality is strict.

In this setting the Harder-Narasimhan theorem holds (see earlier notes). It splits but not canonically.
Therefore we have more things than just OX(d)'s. To classify them we need to study coverings of X. This
is not too hard because X can be seen as the ind-scheme Y modulo a cyclic group.

For h ∈ N let Eh/E be an unrami�ed extension of degree h. Then de�ne

Xh := Y/ϕhZ = X(F,Eh, π),

and this is a cyclic covering of degree h of X. In fact this is just a base change

Xh = X ×SpecE SpecEh

��

// X

��
SpecEh // SpecE.

Given that Xh is by de�ntion also the Proj of a graded ring, we can consider the linebundles OXh
(d) for

d ∈ Z. For λ ∈ Q written as λ = d
h , h ∈ N, d ∈ Z and (d, h) = 1 set

OX(λ) = OXh
(d),

or more precisely the pushforward under the projection map. Then we have the following classi�cation:

Proposition 2.3. Any stable vector bundle of slope λ ∈ Q is isomorphic to OX(λ).

This gives a complete classi�cation because with Harder-Narasimhan it follows that the semi-stable
vector bundles are direct sums of the one's appearing in the proposition.

3 Fundamental results of p-adic Hodge theory

We consider a special case as mentioned before. Let K be a �eld of characteristic 0, complete wrt a
discrete valuation, of perfect residue �eld of characteristic p > 0. Let C be the completion of an algebraic
closure of K and F = F (C) as de�ned earlier. Moreover let X = X(F,Qp, p). A priori, all closed points
are equal, but we choose a �point at in�nity� by

∞̂ = Ker(θ : B → C)
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where the natural morphism θ : Bb → C,
∑

[an]pn 7→
∑
a
(0)
n pn extends to B. Denote by∞ the associated

closed point of X. This is basically the situation described in the beginning. We can recover basic
rings of p-adic Hodge theory from these de�nitions, for example B+

dR is the ∞̂-adic completion of B, and
Be = Be,∞.

Choose ε, λ ∈ F such that ε(0) = 1 and ε(1) 6= 1, that is ε ∈ 1 + mF , and λ
(0) = p such that p − [λ]

generates ∞̂. Let moreover, t = log[ε] ∈ P1 ∩ ∞̂ and u = log [λ]
p ∈ B+

dR. Then ∞̂ corresponds to the
Zp-line generated by t. We de�ne

Bcr = B

[
1

t

]
Blcr = Bcr [u]

which one can use instead of the usual Bcris and Bst unless one wants to compare étale and crystalline
cohomology or similar.

3.1 GK-equivariant vector bundles

Since all the constructions are completely functorial, one can consider GK-action on X. Let F be a GK
equivariant vector bundle over X. If we forget about the GK-action we know, we have an equivalence of
categories

F 7→ (F e, F̂∞).

In fact this is compatible with the GK action as the point at in�nity is �xed under GK . Thus, F e

is a Be-representation, that is a free Be-module of �nite type where GK acts semi-linearly, and F̂∞ is
a B+

dR-lattice stable under GK . If we forget what happens at in�nity we just have to care about the
Be-representation.

Theorem 3.1. The category of Be-representations of GK is abelian.

In fact, it is a tannakian category, but the important thing to prove is the abelian part. The proof
makes use of the fact mentioned earlier that Be is a principal domain. If we just consider Be-modules of
�nite type with semi-linear GK-action, we know that this is abelian. So we have to show that we don't
get objects with torsion.

3.2 Be representations and (ϕ,N,GK)-modules

Let B? ⊂ Blcr be any subring stable under GK .

De�nition 3.2. A B?-representation V of GK is log-crystalline (used to be called semi-stable) (resp.
potentially log-crystalline) if V as Blcr-module is generated by the elements �xed under GK (resp. as
a module over a su�ciently small sub-ring). A GK-equivariant vector bundle F over X is (potentially)
log-crystalline if F e is.

De�nition 3.3. A (ϕ,N)-module is a �nite dimensional K0-vector space D with an endomorphism
(derivation) N and a semi-linear bijection (Frobenius) ϕ such that Nϕ = pϕN . Here K0 = FracW (k).

In a completely formal way we get now an equivalence of tannakian categories

{ log-crystalline Be-representations } ←→ (ϕ,N)−modules

V 7→ Dlcr(V ) = (Bst ⊗Be V )GK

Vlcr(D) = (Bst⊗K0 D)N=0,ϕ=1 ← [ D

This extends to an equivalence of tannakian categories

{ potentially log-crystalline Be-representations } ←→ (ϕ,N,GK)−modules.

Two classical theorems of p-adic Hodge theory rely on that.
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