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1. Pure and mixed states

The variance of a measurement with an arbitrary operator Ô is defined by:

∆2{Ô} = Tr{Ô2ρ̂} −
(

Tr{Ôρ̂}
)2
.

Consider now a two-level system where the three components of the spin are sufficient to fully describe the
system. The spin operators are given by:

Ŝα =
~
2

∑
ττ ′

|τz〉σ(α)
ττ ′ 〈τ ′z| ,

with σ(α) being the Pauli matrices for α = x, y, z and τ = ↑, ↓.

1. What is the variance of the measurement of Ŝz with respect to the pure state |↑z〉 〈↑z|?

2. What is the variance of the measurement of Ŝz with respect to the mixed state 1
2 (|↑z〉 〈↑z|+ |↓z〉 〈↓z|)?

3. Calculate again the variances for both states but now for the measurement of Ŝx? Comment on the result.

Hint: A state with spin-up in the α-direction can be written as |↑α〉 〈↑α| = 12

2 + 1
~ Ŝα.

2. Time evolution for a closed three-level system (analytics)

Consider a three-level system described by the Hamiltonian (in position representation):

H =

 ε1 b b
b ε2 b
b b ε3

 ,

which you can interpret, for example, as the Hueckel Hamiltonian of a three-atomic molecule, where εi with
i = 1, 2, 3 are the on-site energies of the three atoms and b describes the hopping between the atoms. Study the
quantum dynamics of the system by means of the Liouville-von Neumann equation:

ρ̇ = − i
~

[H, ρ]

where ρ is the (single particle) density matrix for the molecule. In particular:

1. Show by explicit writing of the corresponding equiation of motions that, in general, the dynamics of the
population is coupled to the one of the coherences. Moreover, show that the dynamics of population and
coherences is decoupled if the density matrix is written in the energy eigenbasis.
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2. Consider the homoatomic case (ε1 = ε2 = ε3) and calculate explicitly the time evolution of the density
matrix both in energy and position representation in terms of a generic initial condition: ρij(t = 0) = ρ0ij

(Hint: Every operator Ô (including the density operator ρ̂) has different matrix representations depending
on the choice of the basis in the Hilbert space of the system. Nevertheless all representations are equivalent
and connected by unitary transformation.

Õ = UOU†

Find the transformation that diagonalizes the Hamiltonian and solve the problem first in the representation
in which H is diagonal.)

3. Time evolution for a closed three-level system (numerics)

Consider the same problem as in the previous exercise. But this time look for a numerical solution to the
problem. The basic idea is to discretize the time and to calculate the density matrix at time t+ ∆t according
to the formula:

ρ(t+ ∆t) = ρ(t)− i

~
[H, ρ(t)]∆t

1. Plot the populations as a function of time for different initial conditions. What happens if for example
you prepare the electron on the first atom of the molecule at time t = 0?

2. Can you plot the results also in the energy basis?

3. What happens to the dynamics if you prepare the system in a statistical mixture in the energy basis?

4. Compare the results with the analytical ones: is the numerics acceptable?

5. What happens if you make the ∆t smaller?

An example for the two-level system is on-line at:

http://homepages.ur.de/~doa17296/fisica/Teaching/WT1920_DMT/WT1920_DMT.html

Frohes Schaffen!
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