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1. Electronic waveguide

Consider a narrow conductor etched out of a wide one, as shown in the figure 1. The wide conductor can be treated
simply as a two-dimensional conductor.

Figure 1: Schematic representation of the constriction in a 2DEG considered in this exercise.

1. Calculate the location of the Fermi energy relative to the bottom of the band ES , assuming an effective mass
m∗ = 0.07m with m the electron mass and an electron density of 5× 1011 cm−2.

(1 Point)

2. Plot the electronic density of states for the central region, assuming W = 0.1µm. Consider two possible realiza-
tions of the confining potential:

a) Hard walls.

U(y) =

{
0, for −W/2 < y > W/2

∞, otherwise

b) Harmonic confinement.

U(y) =
1

2
mω2

0y
2

with ω0 chosen such that U(y = ±W/2) = EF − ES .
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(2 Points)

3. A classical particle travelling in the etched conductor region will, in general, bounce a few times up and down
before reaching again the wide conductor, as illustrated by the red-dashed arrows in figure 1. Is it possible to
construct the quantum analogue for this dynamics? How?

(1 Point)

2. Adiabatic quantum point contact

A quantum point contact as shown in the picture below can be described by the two-dimensional Schrödinger equation

− ~2

2m
∇2ψ(x, y) = Eψ(x, y) (1)

with the boundary condition
ψ(x,±d(x)) = 0 (2)

Make the following Ansatz for the wavefunction of the system:

ψ(x, y) =

∞∑
n=1

cn(x)φn(y;x)

where

φn(y;x) =

√
1

d(x)
sin

(
nπ

2d(x)
(y + d(x))

)
,

are a set of local, basis wave functions for the transverse direction which obviously fulfill the boundary condition (2).

1. Derive a set of equations for the functions cn(x), by inserting the Ansatz for ψ(x, y) in the Schrödinger equation
(1), and by projecting it on the basis state φn(y;x).

2. Under which conditions for the function d(x) are the equations for cn(x) and cm(x) with m 6= n independent?
Give a physical interpretation of the result.

Frohes Schaffen!
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