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1. Orthodox Theory of Coulomb Blockade

Consider a metallic island in tunnelling contact with source and drain leads and in capacitive
interaction with a nearby metallic gate. The entire physical system is described by the Hamiltonian:

H = Hsys +Hext +Htun +Hleads (1)

where

Hsys =
∑
i σ

ϵi d
†
iσdiσ +

U

2
N̂(N̂ − 1)

Hext = eVgN̂

Htun = τ
∑
α i k σ

(
c†αkσdiσ + d†iσcαkσ

)
Hleads =

∑
αkσ

ϵk c
†
αkσcαkσ

(2)

and α = L, R, k labels the momentum of the electron in the leads, while i the single particle
eigenstates of the metallic island. The essential di�erences with the Anderson impurity model
studied in the previous sheets is the continuity of the single particle spectrum of the metallic
island with respect to the isolated energy level of the impurity. Finally, notice how the Coulomb
interaction is treated in the constant interaction approximation (N̂ is the total number of electrons
on the metallic island).

1. Following the steps of the previous sheets, write the equation of motion for the reduced
density matrix of the system in the Schrödinger picture.

2. Due to the continuous spectrum of the island and to the action of additional sources of
dissipation, the island relaxes to equilibrium after each tunnelling event. Thus one can assume
for the reduced density matrix the form ρ̂red =

∑
N PN (t)ρ̂th,N where ρ̂th,N represents the

system in the local thermal equilibrium:

ρ̂th,N =
1

ZN
exp [−β(Hsys +Hext)]PN (3)

where ZN = Trsys{exp [−β(Hsys +Hext)]PN} and PN is the projector on the system states
with N electrons. Which operations should one apply on ρ̂red to obtain PN (t)? What is the
physical meaning of PN? Moreover, prove that the interacting part of the system Hamiltonian
and Hext drop from the de�nition of ρ̂th,N

3. Prove that the equation of motion for the variable PN (t) reads:

ṖN (t) = − 1

~2

∫ ∞

0

dt′Trsys{PNTrB{[Htun, [Htun(−t′),
∑
N ′

PN ′(t)ρ̂th,N ′ ⊗ ρ̂B]]}} (4)

and further simplify it by factorizing the bath and system traces.



4. Calculate explicitly the time evolution of the system operators by proving the relation:

d†iσ(−t′)PN = d†iσ exp
[
− i

~ (ϵi + eVg + UN)
]

5. In the limit of large particle number the canonical and the grand canonical ensembles coincide.
Prove that the statement above implies the validity of the equation:

Trsys{d†iσdiσρ̂th,N} ≈ Trsys{d†iσdiσρ̂th,µN
} (5)

where

ρ̂th,µN
=

exp{−β[
∑

iσ(ϵi − µN )n̂iσ]}
Trsys{exp{−β[

∑
iσ(ϵi − µN )n̂iσ]}}

(6)

and µN is de�ned by the relation N = Trsys{N̂ ρ̂th,µN
}.

6. Use the approximation introduced in the previous point to reduce the equation of motion of
PN to the form:

ṖN (t) =
∑
ασ

2π

~
DsysDα|τ |2

∫
dϵidϵk[

−f+
α (ϵk)f

−
sys(ϵi)δ(ϵi + eVg + UN − ϵk)PN (t)+

− f−
α (ϵk)f

+
sys(ϵi)δ(ϵi + eVg + U(N − 1)− ϵk)PN (t)+

+ f−
α (ϵk)f

+
sys(ϵi)δ(ϵi + eVg + UN − ϵk)PN+1(t)+

+f+
α (ϵk)f

−
sys(ϵi)δ(ϵi + eVg + U(N − 1)− ϵk)PN−1(t)

]
(7)

where Dsys and Dα are the α-lead and metallic island density of states respectively. Moreover
δ is the Dirac distribution. Give a physical interpretation of the result in terms of Pauli
exclusion principle and energy conservation.

7. Prove the following relations:

f+(ϵ1)f
−(ϵ2) = nB(ϵ1 − ϵ2)[f

+(ϵ2)− f+(ϵ1)]∫ +∞

−∞
dϵ[f+(ϵ)− f+(ϵ+ ω)] = ω

(8)

and apply them to solve the eneergy integrsls in the equation of motion for PN (t) obtained
at point 6. The result is the central equation for the orthodox theory of Coulomb blockade
for metallic islands developed in 1986 by Averin and Likharev i.e..

ṖN = −(ΓN→N+1 + ΓN→N−1)PN + ΓN+1→NPN+1 + ΓN−1→NPN−1 (9)

where

ΓN→N+1 =
∑
ασ

γαf(E(N + 1)− E(N)− µα)

ΓN→N−1 =
∑
ασ

γαf(E(N − 1)− E(N) + µα)
(10)

are the tunnelling rates and f(E) = EnB(E). Moreover γα = 2π/~DαDsys|τ |2 and E(N) is
the energy of the N-particle manybody ground state of the metallic island.

Frohes Scha�en!


