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1. Single particle Matsurbara Green function for non-interacting particles

Consider a system of non-interacting particles described by the Hamiltonian

H0 =
∑

ν

ǫν c†νcν (1)

(a) • Use the creation and annihilation operators in the imaginary-time Heisenberg picture, c†ν(τ) and cν(τ),
to calculate the single particle Matsurbara Green function G0, which in general is defined as

G(ντ, ν′τ ′) = −
〈

Tτ

[

cν(τ)c†ν (τ ′)
]〉

. (2)

Perform the calculation for both free fermions and bosons.

(b) • Fourier transform the resulting G0,F/B(ν, τ − τ ′) into the frequency representation. Compare the results
with the retarded Green function.

2. Polarizability of free electrons

Calculate the retarded polarization function χR(q, ω) starting from the expression

χR(q, ω) ≡ χ0(q, iqn)|iqn=ω+iη (3)

with the Matsurbara function χ0 = Cρρ,0. Start calculating χ0 in the imaginary time domain

χ0(q, τ) = −
1

V
〈Tτ [ρ(q, τ)ρ(−q, 0)]〉

0
(4)

and use Wick’s theorem to split the average over four creation/annihilation operators into products of averages
containing only two operators. After Fourier transformation in order to get the frequency dependent quantity,
perform the summation over Matsurbara frequencies, proving that for N ≥ 2

1

β

∑

ikn

N
∏

j=1

1

z − zj
=

∑

j

Resj





N
∏

j=1

1

z − zj



 nF (zj) (5)

with the fermi function nF (z) = [exp(βz) + 1]−1.

Frohes Schaffen!
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