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1. Quasi particles density of states

Consider the BCS Hamiltonian in the mean field approximation:

HMF
BCS =

∑

kσ

ξkc†kσckσ −
∑

k

∆ c†k↑c
†
−k↓ −

∑

k

∆∗ c−k↓ck↑ (1)

where the single particle energy is measured starting from the chemical potential: ξk ≡ ~2k2

2m − µ. As seen in
the lecture the Hamiltonian (1) is diagonalized by the Bogoliubov transformation:

(
αk↑
α†−k↓

)
=

(
u∗k vk

−v∗k uk

)(
ck↑
c†−k↓

)
(2)

with the values

|uk|2 =
1
2

(
1 +

ξk
Ek

)
|vk|2 =

1
2

(
1− ξk

Ek

)
(3)

where
Ek =

√
ξ2
k + ∆2 (4)

1. Consider the Bogoliubov transformation applied to a normal system (∆ = 0). How does the Hamiltonian
look like in terms of the operators αkσ and α†kσ? In which sense the operator α†kσ creates a quasi particle
excitation? Which is the spectrum of these excitations as a function of ξk

(3 Points)

2. The Bogoliubov transformation brings the Hamiltonian (1) into the form:

∑

kσ

Ekα†kσαkσ + constant, (5)

where Ek is given above. Calculate the density of states ds(ε) for the quasi-particle excitations of a
superconductor described by the BSC Hamiltonian (1). Prove that, in the limit ε, ∆ ¿ µ the following
relation holds:

ds(ε)
dn(0)

= θ(ε− |∆|) ε√
ε2 −∆2

(6)

where dn(0) is the density of states of the zero energy quasi-particle excitations of a normal metal (∆ = 0).

Hint: Remember the definition of density of states: d(ε) = 1
V

∑
α δ(ε− εα).

(3 Points)

2. Average particle number of a superconductor

Consider the celebrated variational BCS ground state:

|ψBCS〉 =
∏

k

(uk + vkc†k↑c
†
−k↓)|0〉 (7)
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where uk and vk are implicitly given in the previous exercise if we assume them to be real, |0〉 is the vacuum
state. Show that the average electron number associated to the BCS ground state reads:

〈N〉 = 〈ψBCS |N̂ |ψBCS〉 = 2
∑
q

|vq|2 (8)

(3 Points)

Frohes Schaffen!
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