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SEMICLASSICAL APPROACHES TO MESOSCOPIC

SYSTEMS

Matthias Brack

Abstract

We review semiclassical methods of determining both average
trends and quantum shell effects in the properties of finite fermion
systems. I. Extended Thomas-Fermi model (ETF): The average, self-
consistent mean field can be determined by density variational calcu-
lations using the semiclassical gradient-expanded ETF density func-
tional for the kinetic energy. From this, average ground-state proper-
ties such as binding energies, densities, separation energies, etc. can
be derived. II. Periodic orbit theory (POT): Quantum oscillations
in a mean-field system can be obtained from the semiclassical trace
formula that expresses the quantum-mechanical density of states in
terms of the periodic orbits of the corresponding classical system.
Only the shortest periodic orbits with highest degeneracy are impor-
tant for the coarse-grained level density, i.e., for the gross shell effects.
Particular uniform approximations are required to treat systems with
mixed classical dynamics due to the effects of symmetry breaking and
orbit bifurcations. III. Local-current approximation (LCA): The col-
lective dynamics of the fermions can be described in linear-response
theory, approximating the particle-hole excitation operators semiclas-
sically by local current distributions. The method is suitable in com-
bination with both the ETF density variational approach or with the
Kohn-Sham density functional approach for the ground state, and
allows one to describe optic response properties such as static polar-
izabilities and plasmon resonances. Applications of all methods to
metal clusters and various mesoscopic nanostructures are given.
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4 Atomic Clusters and Nanoparticles

1 Introduction

We want to describe properties of finite fermion systems semiclassically. We
start from a mean-field approach where the particles move independently
in a selfconsistent potential. There are essentially two standard methods
to derive such a selfconsistent potential (see, e.g., Ref. [1]): i) the Hartree-
Fock (HF) theory in which the exchange is treated exactly, and ii) the
Kohn-Sham (KS) density functional theory (DFT) in which the exchange
often is treated only in the local density approximation (LDA), but other
correlations can also be included. In the following, we write the mean-field
Hamiltonian as the sum of the kinetic energy operator and the selfconsistent
mean field V (that includes possible external fields)

Ĥ = T̂ + V. (1.1)

The single-particle energies εi and wavefunctions ϕi are given by the (HF
or KS) Schrödinger equation

Ĥϕi(r) = εiϕi(r) . (1.2)

In HF theory, V contains also the non-local Fock exchange term, whereas
in KS-DFT theory, V = V (r) is a local potential (the total KS potential,
which includes also an exchange-correlation part). For simplicity we assume
that the spectrum εi is discrete.

The fundamental quantity that contains all the quantum information of
the energy spectrum is the single-particle level density

g(E) = tr δ(E − Ĥ) =
∑

i

〈i|δ(E − Ĥ)|i〉 =
∑

i

δ(E − εi) , (1.3)

where δ(x) is the Dirac delta function. The summation over i here goes
over the complete spectrum including all degeneracies.

Following very general arguments of Strutinsky [2], the level density may
be split into an average part g̃(E) and an oscillating part δg(E):

g(E) = g̃(E) + δg(E) . (1.4)

Although the two parts arise naturally within the periodic orbit theory
(POT), as will be discussed in Section 3, it is customary to consider them
separately. The average part g̃ may be calculated numerically from the εi

by the Strutinsky averaging method [2]. It is equivalent [3,4] to its semiclas-
sical approximation obtained in the extended Thomas-Fermi (ETF) model
which will be discussed in Section 2. The oscillating part δg, which contains
all the quantum shell effects coming from the non-uniform distribution of
the single-particle levels εi (including their degeneracies), is obtained semi-
classically in the POT discussed explicitly and illustrated in Section 3. A
semiclassical approach to the collective excitation spectrum, using a local-
current approximation (LCA), is finally presented in Sect. 4.
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2 Extended Thomas-Fermi model for average properties

The ETF model allows one to obtain average properties such as binding and
deformation energies, separation energies, etc., that do not include quantum
oscillations. The main idea of the TF model is to take an average over the
classical phase space with a unit occupation probability per unit cell h3,
where h is Planck’s constant (we assume in the following a 3-dimensional
system), multiplied by a factor 2 to take the spin degeneracy into account.
Including finite h̄-correction terms yields the extended TF model that con-
tains average quantum corrections without, however, generally allowing for
quantum shell effects.

2.1 Thomas-Fermi approximation

The TF approximation for the level density is obtained by taking the trace
in (1.3) in the phase space:

gTF (E) =
2

h3

∫
δ[E − Hcl(r,p)] d3r d3p , (2.1)

where we have replaced Ĥ by the classical Hamiltonian Hcl

Hcl(r,p) =
1

2m
p2 + V (r) . (2.2)

If the mean field in (1.1) contains non-local terms (e.g., the Fock term in the
case of HF theory), then the potential will also be momentum dependent,
V = V (r,p), and can be obtained from (1.1) by a Wigner transform [1]. In
the following we assume V (r) to be local and analytical. In the ground state
of a mean-field system, all levels up to the Fermi energy EF are occupied.
The total number of particles N is then given by the integral

N =

∫ EF

0

g(E) dE =
2

h3

∫
Θ[EF − Hcl(r,p)] d3r d3p , (2.3)

where Θ(x) is the Heavyside step function. The momentum integration can
be done immediately with (2.2), using its spherical symmetry in momentum
space, and yields

N =
1

3π2

(
2m

h̄2

)3/2∫
[EF − V (r)] 3/2 d3r . (2.4)

Omitting the spatial part of the integral in (2.4) yields the TF approxima-
tion of the spatial density:

ρTF (r) =
1

3π2

(
2m

h̄2

)3/2

[EF − V (r)] 3/2 Θ[EF − V (r)] . (2.5)
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Note the step function which implies that the TF density is zero outside the
classical turning points ri defined by EF = V (ri). In the same way we can
also obtain the total kinetic energy Ekin of the system by the integral

Ekin =
2

h3

∫
p2

2m
Θ[EF − Hcl(r,p)] d3r d3p (2.6)

which after momentum integration yields

Ekin =
1

5π2

(
2m

h̄2

)3/2∫
[EF − V (r)] 5/2 d3r , (2.7)

so that the kinetic energy density becomes

τTF (r) =
1

5π2

(
2m

h̄2

)3/2

[EF − V (r)] 5/2 Θ[EF − V (r)] . (2.8)

From Eqs. (2.5,2.8) we can eliminate the Fermi energy and the potential to
obtain the TF functional for the kinetic energy density

τTF [ρ] =
h̄2

2m
κρ 5/3 , with κ =

3

5
(3π2) 2/3. (2.9)

Eqs. (2.5) and (2.8,2.9) are the expressions which were used by Thomas
and Fermi [5] to describe the electronic density and energy of the atom
semiclassically in a selfconsistent way (see, e.g., the book by N. March [6]
for a very nice presentation). Although the TF model gives a nice qualitative
description of the average properties of an atom, it is not very good. (It
has been shown, though, that the total TF energy for the neutral atom
becomes exact in the mathematical limit of infinite nuclear charge Z → ∞;
see Ref. [7] for a review.) It is possible, however, to improve the TF model
by taking into account a series of quantum corrections, leading to the so-
called “extended Thomas-Fermi” (ETF) model which we will summarize in
the following subsections.

2.2 Wigner-Kirkwood expansion

There are various ways to derive the quantum corrections to the TF model;
we use the method developed by Wigner and Kirkwood [8] which starts
from expansion in powers of h̄ of the single-particle Bloch density matrix
around its classical TF value. We refer to a recent monograph [4] for a
detailed presentation of this method and summarize just the general idea
and results. The basic idea is to relate the quantities of interest to the

Bloch density matrix which is defined as the statistical operator e−βĤ in
coordinate-space representation:

C(r, r′;β) =
∑

i

ϕ∗
i (r

′)ϕi(r) e−βεi = 〈r|e−βĤ |r′〉 , (2.10)
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where the sum goes again over the complete spectrum. Here β is a complex
mathematical variable. The inverse Laplace transform (see, e.g, Refs. [9,10])
of C(r, r′;β) yields the single-particle density matrix

ρ(r, r′) =
∑

εi≤EF

ϕ∗
i (r

′)ϕi(r) = L−1
EF

[
1

β
C(r, r′;β)

]

=
1

2πi

∫ c+i∞

c−i∞

1

β
C(r, r′;β) eβEF dβ . (c > 0) (2.11)

From this one obtains easily the local density

ρ(r) =
∑

εi≤EF

|ϕi(r)|2 = ρ(r, r) (2.12)

and the kinetic energy density

τ(r) = − h̄2

2m

∑

εi≤EF

ϕ∗
i (r)∆ϕi(r) = − h̄2

2m
∆rρ(r, r′)|r′=r, (2.13)

where the subscript r here and in the following indicates that an operator
acts only on the variable r on its right. Note that these are so far the exact
quantum-mechanical expressions. The TF approximation and its extensions
may now be obtained in the following way. Take the matrix element in (2.10)
in a plane-wave representation (including the spin factor 2):

C(r, r′;β) =
2

h3

∫
d3p e−ip·r′/h̄ e−βĤr eip·r/h̄ . (2.14)

Due to the potential V (r) in (1.1), the plane waves are no eigenfunctions
of Ĥ. If we replace Ĥr in the exponent above by the classical Hamilton
function Hcl(r,p) and perform the p integration, we obtain the classical
Bloch density matrix

Ccl(r, r
′;β) = 2

(
m

2πh̄2β

)3/2

exp

[
−βV (r) − m

2h̄2β
(r − r′)2

]
. (2.15)

Inserting this into Eq. (2.11) yields the TF densities. To obtain quantum
corrections to the TF results, one starts from the ansatz

e−βĤ eip·r/h̄ = e−βHcl(r,p) eip·r/h̄ w(r,p;β) , (2.16)

and expands w(r,p;β) into a series in powers of h̄:

w = 1 + h̄w1 + h̄2w2 + . . . (2.17)
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Hereby the wn are functions of r, p, and β, containing up to n gradients
acting on the potential V (r). The series (2.17) may, e.g., be obtained by
expanding the left side of Eq. (2.16) in terms of repeated commutators of
the kinetic energy operator with V (r) (see Ref. [1]). Another way, solving
iteratively a differential equation for w(r,p;β) (the so-called Bloch equa-
tion), is described in Ref. [4]. Only the even terms of the series (2.17) with
n = 2m, m = 1, 2, 3, . . . survive the p integration for the local density and
kinetic energy density, and give the ETF corrections to (2.5) and (2.8).
These correction terms diverge at the classical turning points, but they can
be integrated to yield finite corrections to the particle number, the total
energies and other integrated quantities. The densities obtained in this way
by truncation of the series (2.17) at some order are usually called the ETF
densities ρETF (r) and τETF (r) (see, e.g., Ref. [4] for their explicit forms).

2.3 Gradient expansion of density functionals

Eliminating the potential and its gradients from the ETF densities, which
takes some algebra (cf. Ref. [11] where this has been done systematically also
for momentum and spin dependent potentials), one arrives at the kinetic
energy-density functional τETF [ρ] including gradient correction terms. We
quote here only its integrated form as it contributes to the total kinetic
energy functional TETF [ρ]. Keeping terms up to fourth order in h̄ one
obtains after some partial integrations [12,13]

Ekin = TETF [ρ] =
h̄2

2m

∫
d3r

{
κρ 5/3 +

1

36

(∇ρ)2

ρ
(2.18)

+
1

6480
(3π2)−2/3ρ 1/3

[
8

(∇ρ

ρ

)4

− 27

(∇ρ

ρ

)2
∆ρ

ρ
+ 24

(
∆ρ

ρ

)2
]}

.

In the first term of (2.18) we recognize the TF functional (2.9). The second
term, coming from the h̄2 corrections, has been derived for the first time
by von Weizsäcker [14], albeit with a different coefficient. Eq. (2.18) has
the correct coefficient in the limit of slowly varying densities, whereas the
original Weizsäcker coefficient (1/4 instead of 1/36) is correct in the limit of
rapid density oscillations with small amplitude (see Ref. [15] for a detailed
discussion). The terms shown on the second line in (2.18) come from the h̄4

terms of the semiclassical expansion (2.17). Although the derivation of the
functional (2.18) sketched above is valid only within the classically allowed
region, it can be shown from its extension to finite temperature [16, 17],
where the ETF densities stay finite and are defined in the whole space,
that the zero-temperature limit leads to Eq. (2.18) also in the classically
forbidden region (see also Refs. [18,19]).

The functional (2.18) is only expected to be correct for average densities
without quantum shell oscillations, since it has been derived in a semiclas-
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sical framework that has no room for shell effects. Nevertheless, it has been
used in connection with atomic HF densities [20] and found to reproduce the
total kinetic energies quite well. A careful study of (2.18) using numerically
Strutinsky-averaged quantum-mechanical densities ρ̃(r) for various forms of
the potential V (r) was done in Ref. [21]. The Strutinsky-averaged kinetic

energies T̃ were found to be well reproduced when all terms up to fourth
order in (2.18) were taken into account, as is demonstrated in Fig. 1. The
dashed curve in the right panel of the figure shows the exact quantum-
mechanical kinetic energy which exhibits pronounced shell effects; the ETF
functional (2.18) clearly serves to reproduce only the average part of the
kinetic energy.

Similarly, one obtains also gradient corrections to the exchange-correla-
tion energy functional occurring in DFT [1], or corrections arising in connec-

Fig. 1. Tests of the kinetic energy functional τETF [ρ] (2.18). Left: Deformed

Woods-Saxon potential with N = 126 nucleons (after [13]; see the definition there

of the deformation parameter c). Right: Axially symmetric harmonic-oscillator

potential with frequency ratio q with N = 112 particles (after [21]). The index

in T2m[eρ] gives the maximum order of h̄ corrections included (m = 0 is TF). eT is

the Strutinsky-averaged kinetic energy (not distinguishable from T4[eρ] on the r.h.

side). Note the shell effects in the exact kinetic energy T shown by a dashed line.
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tion with nonlocal potentials (e.g., spin-orbit and effective mass terms; see
Ref. [19] for the case of effective Skyrme interactions in nuclear physics).
Note that nonlocal potentials give also corrections to the kinetic energy
functional (2.18) [11, 19]. Relativistic functionals TETF [ρ] have also been
derived [1, 22,23].

2.4 Density variational method

Within the framework of the density functional theory (DFT), the Hohen-
berg-Kohn theorem [24] tells us that the total energy of a fermion system
is uniquely given as a functional of the local density ρ(r). We write it here
as the sum of kinetic and potential parts:

Etot = Ts[ρ] + Epot[ρ] =

∫
{τ(r) + Epot[ρ]} d3r , (2.19)

where Ts[ρ] is the kinetic energy of a non-interacting system with density
ρ(r) and Epot[ρ] the sum of all potential energy terms including the con-
tribution from any external one-body potential Vext(r), which just gives a
term Vext(r)ρ(r) under the integral above, and the exchange-correlation en-
ergy (that also takes into account the interacting part of the kinetic energy,
see Ref. [1]). The exact functional Ts[ρ] is not explicitly known; therefore
one has to express it via τ(r) in Eq. (2.13) in terms of single-particle wave-
functions ϕi(r) and vary the total energy with respect to these, which leads
to the Kohn-Sham (KS) equations.

If we are not interested in the quantum shell effects, we can replace
Ts[ρ] by the semiclassical ETF functional (2.18), so that the energy (2.19)
becomes an explicit functional of ρ(r). We can then directly apply the varia-
tional principle by making E[ρ] stationary with respect to an arbitrary local
variation δρ(r) of the (average) density. To keep the number of particles N
constant we include a Lagrange multiplier µ which is just the Fermi energy
of the average system. This yields the Euler-Lagrange variational equation

δ

δρ(r)

[
E[ρ(r)] − µ

∫
ρ(r) d3r

]
= 0 . (2.20)

Its solution gives the average ground-state energy and density of the sys-
tem within the ETF approximation. To keep the notation simple, we still
write ρ(r) but keep in mind that ρ(r) and E[ρ] only represent the average
quantities. The variation of the potential energy gives, quite generally, the
local mean-field potential V (r) which depends in a selfconsistent way on the
density itself

δ

δρ(r)
Epot[ρ(r)] = V [ρ(r)] . (2.21)

V [ρ] is formally identical to the total KS potential (except that it is evalu-
ated here for the average density); it depends, of course, on the particular
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system under consideration and on the two-body interaction. The variation
of the kinetic energy part, however, is universal and can be calculated di-
rectly from the explicit form of the ETF functional given above. To avoid
lengthy formulae, we give here explicitly only the result obtained up to the
Weizsäcker term. Assuming the density variation δρ(r) to vanish on the
boundary (which usually is at infinity) and using the standard techniques
of variational calculus, one gets the following differential equation

h̄2

2m

{
5

3
κρ 2/3 +

1

36

[
(∇ρ)2

ρ2
− 2

∇2ρ

ρ

]}
+ D4[ρ] + V [ρ] = µ , (2.22)

where D4 is the contribution from the fourth-order gradient term, D4[ρ] =
δT4[ρ]/δρ, whose explicit form (containing seven terms with up to fourth-
order gradients of ρ) may be found in Ref. [19]. Equation (2.22) is a partial
differential equation which in general can only be solved numerically. To
lowest TF order, neglecting all gradient terms, the solution of (2.22) for
the density ρ(r) is algebraic and gives, as it should, exactly the TF density
ρTF (r) given in (2.5).

If the gradient terms are kept in Eq. (2.22), the nature of the solutions
depends on the behaviour of the potential V (r). For the following discus-
sions and applications, we shall assume that V (r) is finite in the interior of
the system and goes to zero at large distances. Then the asymptotic fall-off
of the density is always governed by the highest gradient term included in
the variational equation (2.22). (See Ref. [1] for the problems that arise in
atomic systems from the 1/r divergence at the center due to the external
nuclear potential.) Keeping just the Weizsäcker term, the solutions for the
density are found to decay exponentially. This is because the constant Fermi
energy µ can only be cancelled by the highest gradient term in Eq. (2.22).
The rate of the exponential fall-off turns, however, out to be too fast in com-
parison to that of exact quantum-mechanical densities. One pragmatic way
out of this problem is to artificially increase the coefficient of the Weizsäcker
term, adjusting it by optimizing the results. The dilemma hereby is that
the same constant cannot be used for densities and for integrated energies.
Nevertheless, this procedure has been widely used in physics and physical
chemistry (see Ref. [1] for details and applications). It violates, however, the
aspect of universality which is one of the nice features of the ETF model,
and can easily be avoided by including the higher-order gradient terms in
Eq. (2.22).

Including the fourth-order contribution D4[ρ], the density of a spherical
system falls off only with the sixth inverse power of r, i.e., ρ(r) ∼ r−6. More
generally, the highest derivative term in τ2m[ρ] goes radially like [21]

τ2m[ρ(r)] ∼ [ρ(r)] (5−2m)/3 1

ρ(r)

d2mρ(r)

dr2m
, (2.23)
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and the solution of Eq. (2.20) is found to fall off like

ρ(r) ∼ r−3m/(m−1) for r → ∞ . (m ≥ 2) (2.24)

Inserting this into (2.23), one finds that the selfconsistent kinetic energy
density τ(r) goes to zero with the same power law as ρ(r) in (2.24). It
can therefore always be integrated to give a finite kinetic energy. [The
fact that the sixth- and higher-order gradient corrections to τETF [ρ] yield
diverging integrals for densities that decay exponentially like ρ(r) ∼ e−ar

has repeatedly been noted in the literature and interpreted as a break down
of the ETF gradient expansion. This is an erroneous conclusion, since the
selfconsistent solutions of (2.22) for m > 2 do not fall off exponentially.]

The inverse power law (2.24) found for m ≥ 2 is, of course, not realistic
for most systems, as the quantum-mechanical density usually falls of expo-
nentially. It has turned out, however, that the asymptotic solution (2.24)
is reached only mathematically very far away from the actual surface of a
realistic system, and that the inclusion of the fourth-order term definitely
improves the variational results. This has been shown in numerical solu-
tions of the ETF variational equation (2.22) up to fourth order, both for
atomic nuclei [18,25] and for metallic clusters within the jellium model [26].
Spherical symmetry was assumed in both cases so that the differential equa-
tion was only one-dimensional. The applications to metal clusters will be
discussed explicitly in the remainder of this section.

One basic problem of the ETF variational method is that there is effec-
tively no lower bound to the total energy, different from the Hartree-Fock
method where this is granted by the Ritz principle. A priori, the Hohenberg-
Kohn theorem [24] tells us that the total energy (2.19) has its variational
minimum at the value of the exact energy of the system. But this holds
only true if the exact density functional E[ρ] is used which, however, is un-
known. Due to the approximations necessary to put the density functional
method into use – and here in particular due to the ETF approximation –
this lower bound is no longer given. As a consequence, the variational ETF
results are typically overbound, i.e., the (absolute) binding energies are too
large [19,25]. The amount of overbinding in nuclei is, however, much smaller
than one percent of the total energy.

We should like to emphasize again that due to the very nature of the
ETF model, the Euler equation (2.22) cannot reproduce any of the quantum
shell oscillations typical of finite fermion systems. The ETF variational
method is thus limited to yield average properties of finite fermion systems.
A perturbative way to include the shell effects, without going through the
fully self-consistent microscopic HF or KS scheme, makes use of Strutinsky’s
shell-correction method (see Ref. [4]).

The extension of the ETF model to systems at finite temperature that
can be described by a grand-canonical ensemble is straightforward, though
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algebraically quite tedious. We refer to the literature [4, 17, 18] for its pre-
sentation and, in particular, to Ref. [18] where the functional TETF [ρ] with
its explicitly temperature-dependent coefficients can be found, as well as
applications to nuclear physics. An example of the results obtained there is
given in Fig. 5 below.

2.5 Applications to metal clusters

2.5.1 Restricted spherical density variation

The numerical solution of the nonlinear fourth-order differential equation
(2.22) becomes very difficult, if not practically impossible, for deformed
systems without symmetry. For that case one may perform the variation
in (2.20) not exactly in r space, but in a restricted space of parameterized
variational densities. The choice of the variational density is then a matter
of physical intuition and, of course, not free of a certain bias. A spherical
density profile that has proved useful for both nuclei [19] and metal clusters
[27,28] is a generalized Fermi function:

ρ(r) =
ρ0[

1 + exp
(

r−R
a

)]γ . (2.25)

Of the four parameters above, only three are independent due to the con-
straint of the particle number conservation. The independent parameters
are then determined variationally by minimizing the total energy of the sys-
tem under consideration, and no adjustable parameter is used anywhere.
With this restricted variational procedure up to fourth order in the ETF
functionals, density profiles and energies were obtained that agree very
closely with the fully variational ETF results [25, 26] on one hand (see the
following subsection), and with the averaged results of fully microscopic KS
calculations for metal clusters [29,30] and HF calculations for nuclei [19,25]
on the other hand. In particular, the profiles of the variationally optimized
densities (2.25) match the selfconsistent quantum-mechanical ones over the
entire region of the surface, demonstrating that the mathematically inade-
quate asymptotic inverse-power decays (2.24) of the exact solutions of (2.22)
have no practical significance.
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As an example we show in Fig. 2 the densities and potentials obtained in
a large sodium cluster within the spherical jellium model (see, e.g., Ref. [31]
for a detailed discussion of this model), both by solving the fully quantum-
mechanical KS equations [29] and by the ETF density variational method
using the profile (2.25) [27]. When including the 4th-order gradient terms
in (2.18), the ETF solution agrees perfectly with the KS solution in the
outer surface region, whereas the 2nd-order solution falls off too rapidly (as
mentioned above). Note the shell oscillations in the quantum results.

Fig. 2. Comparison of selfconsistent densities and potentials for the spherical

Na198 cluster obtained in the jellium model. V (r) is in Rydberg units, ρ(r) in

units of the ionic bulk density ρI
0. Solid lines: quantum-mechanical KS results [29].

Dashed lines: semiclassical ETF results including up to 4th-order gradient terms,

and dashed-dotted lines: only up to 2nd-order gradient terms in the functional

(2.18). (From [27].)

Fig. 3 shows a similar comparison for (a) the total energy per particle
E/N and (b) the ionization potential IP for neutral spherical sodium clus-
ters with N atoms obtained in the jellium model, plotted versus the cluster
radius RI = rs N1/3 (with a Wigner-Seitz radius of rs = 4 a.u.). Again
we see that the ETF results are smooth curves that miss the periodic shell
effects but represents the correct average behaviour. The asymptotic limit
of the IP for large clusters is the bulk work function Wb. Note that the
electrostatic part of the IP shown at the bottom (c) oscillates much less
than the other energies. The fact that the semiclassical total energy seems
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to lie lower than the average of the quantum results is due to the imposed
spherical symmetry. Indeed, the minima of the quantum results correspond
the spherically ”magic” clusters that have filled shells; in the regions in be-
tween, the clusters have only partially filled spherical shells and want to be
deformed due to the Jahn-Teller effect. If a spontaneous symmetry break-
ing of the mean field is allowed in the KS calculation, their energies are
systematically lowered, so that the ETF results come to lie much closer to
the averaged KS results (see Ref. [31] and Sect. 3.5.2 for a discussion of the
deformation effects).

Fig. 3. Upper part (a): energies per atom E/N in units of the bulk value eb;

lower part (b): ionization potentials IP (in eV) for spherical jellium clusters with

rs = 4 a.u., shown versus cluster radius RI . Wb is the bulk work function. Part

(c) gives the electrostatic parts of the ionization potentials. Dots and small circles

are the quantum-mechanical KS results [29]; the solid lines are the 4th-order ETF

results [27]. (After [27].)
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A comparison of experimental ionisation potentials IP and electron af-
finities EA [see their definitions in Eq. (2.27) below] of aluminum clus-
ters with the variational ETF results [32], obtained in the spherical jellium
model, is shown in Fig. 4 versus the inverse average cluster radius (which
is proportional to N1/3). The experimental results exhibit, of course, os-
cillations that come both from electronic shell effects and from the ionic
structure that cannot be described by the jellium model. It is quite amaz-
ing that a simple semiclassical ETF calculation can capture the average
experimental trends even down to the smallest molecules with N = 3, cor-
responding to the rightmost experimental point. [Note, however, that the
calculated values have been vertically adjusted to fit the experimental bulk
work function Wb at the intersection with the vertical axis, since the jellium
model yields a wrong value of Wb. In this way, the average effects of the
ionic structure has been taken into account implicitly (see [32] for details).
See also Ref. [33] for improved results in the “stabilized” jellium model.]

Fig. 4. Ionization potentials IP and electron affinities EA of aluminum clusters

with N atoms, plotted versus the inverse cluster radius. Black diamonds: exper-

imental results, solid lines: calculated ETF values in the spherical jellium model

with rs = 2.99. (From [32].)

2.5.2 Unrestricted spherical density variation

A test of the parametrization (2.25) of the spherical density profiles has
been provided by unrestricted density variational calculations of Engel and
Perdew [26] in the framework of the spherical jellium model. These au-
thors solved numerically the Euler-Lagrange equation (2.22) including the
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fourth-order gradient terms. Their density profiles ρ(r), and quantities de-
rived from them, are extremely well reproduced by the results of the re-
stricted variation using the profiles (2.25). A similar test was done in nuclear
physics [18] using the finite-temperature version of the ETF model. In Fig.
5 we show the density profiles ρ(z) across the plane interface (positioned
at z = 0) of nuclear matter in thermal equilibrium with a gas of nucleons,
calculated for three different temperatures. The solid lines give the results
obtained from the exact numerical solutions of the Euler-Lagrange varia-
tional equations (in one-dimensional planar geometry); the dashed lines are
obtained using a restricted variation with the one-dimensional analogue of
the parametrization (2.25).

Fig. 5. Density profiles ρ(z) for an interface of nuclear matter and a gas of

nucleons in thermal equilibrium, calculated at the temperatures T = 0, 5, and

10 MeV. it Solid lines: exact solutions of the Euler-Lagrange equation (2.22) up

to fourth order; dashed lines: results using a restricted parametrization of ρ(z)

corresponding to Eq. (2.25). (From [18].)

When the ionic structure is included in the theoretical description of
metal clusters, the electronic density profiles can no longer be given by
simple parametrizations, and unrestricted density variations become a ne-
cessity. This has been done by various groups [34–37] who performed vari-
ational (E)TF calculations for the electrons, in connection with molecular
dynamics for the ions in the Born-Oppenheimer approach. As an example
of the results of such calculations, we show in Fig. 6 the density profile of
the highly deformed charged cluster Na++

18 , which has been called a “fission
isomer” [35]. It has an approximate axial symmetry, and the density is
shown here along the direction of the symmetry axis. The heavy line was
obtained from solving the quantum-mechanical KS equations, whereas the
thin line is obtained in the simple TF approximation.
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Fig. 6. Ground-state electron density ρ(z) of the fission isomer of Na++

18 , computed

quantum-mechanically in Kohn-Sham DFT (heavy line) and semiclassically in TF

theory (thin line). (From [35].)

2.5.3 Liquid drop model for charged spherical metal clusters

We finally mention a useful application of ETF variational calculations to
derive liquid-drop model (LDM) expansions of the total energy or other
observables of a fermion system. When its density is of the form seen in
Figs. 5 or 2 with a constant saturated value ρ0 in the interior and a well-
defined surface region a around the radius R where it falls off most steeply,
one can perform analytically a so-called “leptodermous” expansion [19, 38]
of all integrated quantities in powers of the small parameter a/R. For
metal clusters this has been done systematically by Seidl [28,39] within the
spherical jellium model. The total energy of a cluster with N atoms and Z
valence electrons is found to be:

E(N,Z) = ebN + asN
2/3 + acN

1/3 + a0 − Wb(Z − N)

+

{
a−1 +

e2

rs

[
C(Z − N) +

1

2
(Z − N)2

]}
N−1/3

+ O(N−2/3) . (2.26)
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For the ionization potential IP and the electron affinity EA, defined by

IP = E(N,N − 1) − E(N,N) , EA = E(N,N) − E(N,N + 1) , (2.27)

one finds the following expansions up to order 1/R = O(N−1/3):

IP (R) = Wb +

(
1

2
− C

)
e2

R
+ O(R−2) ,

EA (R) = Wb −
(

1

2
+ C

)
e2

R
+ O(R−2) . (2.28)

These expressions have been found to fit rather well the average experi-
mental data for large clusters; the terms of order O(R−2) become, however,
particularly important for the electron affinities of small clusters [40] (see
also Fig. 4 above).

All the parameters appearing in Eqs. (2.26,2.28) can be related to bulk
properties (energy per particle eb, Wigner-Seitz radius rs) or properties of
the infinite planar metal surface such as the work function Wb, the surface
tension σ in as = 4πr2

sσ, and other integrals [19,38] over the infinite surface
density profile ρ∞(x) (x being the distance from the plane with x = 0 at
the jellium edge). In particular, the parameter C is given by

C =
2

3

as

e2/rs
− 4π

∫ ∞

0

dx
[
x2ρ∞(x) + xf(x)

]
, (2.29)

where the function f(x) appears in the asymptotic expansion of the density
profile ρR(r − R) of a large spherical cluster with radius R [26, 33,41]:

ρR(x) = ρ∞(x) +
f(x)

R
+ O(R−2) . (2.30)

Note that C is not equal to 1/8, as was derived from a wrong classical image-
potential argument which unfortunately still floats around in the literature
and in the heads of some researchers. (See Ref. [42], where the flaw in
this argument has been uncovered and corrected.) In fact, the quantity C,
which in (2.28) above gives small deviations from the (correctly calculated)
classical charging energy e2/2R of a sphere, is of purely quantum-mechanical
origin with contributions from the kinetic and exchange-correlation energies
of the electrons and the non-classical tail of their density.

The LDM expansion has also been discussed in the framework of the
so-called “stabilized jellium model” [33] which yields improved bulk work
functions and surface energies, and therefore provides a better starting point
than the simple jellium model.
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3 Periodic orbit theory for quantum shell effects

In this section, we shall describe the semiclassical approach to quantum
shell effects. Historically, the “old” quantum theory by N. Bohr [43] started
from a semiclassical approximation to the energy spectrum of the atom,
requiring the action integral of the electron on its supposedly classical orbit
around the nucleus to be an integer multiple of Planck’s constant h (see Ref.
[44] for a remarkable historical account). This semiclassical quantization
scheme was later developed into the WKB method (named after Wenzel,
Kramers and Brillouin [45]) for one-dimensional systems and, more than 30
years later, into the EBK quantization or “torus quantization” scheme for
more-dimensional integrable systems. This method is named after Einstein,
Brillouin, and Keller [46], who revived the idea of semiclassical quantization
using the very fundamental observation by Einstein [47] that the classical
motion of an integrable system is bound to a torus in phase space. (See, e.g.,
Ref. [4] for a presentation of the basic ideas of semiclassical quantization.)

The EBK method does not apply if a system with N degrees of freedom
is not classically integrable, i.e., if it does not possess the same number N of
constants of the motion which are independent and which Poisson-commute
pairwise. The question if a non-integrable system can be quantized semi-
classically remained therefore unanswered for some time. A break-through
was accomplished by M. Gutzwiller [48], who derived a “trace formula” that
connects the oscillating part of the quantum-mechanical level density to a
sum over all periodic orbits of a classically non-integrable system. Inde-
pendently, similar trace formulae were derived later by Balian and Bloch
for particles in a cavity with reflecting walls (i.e., for three-dimensional bil-
liards) [49], and by Berry and Tabor for integrable systems. Starting from
EBK quantization, these authors first showed that the sum over the EBK
spectrum can be converted quite generally in a sum over periodic orbits [50],
and later derived the same result starting from Gutzwiller’s semiclassical
Green function [51] (see Sect. 3.1 below). Since the classical periodic orbits
play a fundamental role in this semiclassical approach, it has been called
“periodic orbit theory” (POT). Including a sufficient number of orbits in the
trace formula, it can in principle yield the quantized energies of the system
in the form of singularities (the peaks of the sum of delta functions). This
works, however, only in a limited number of cases as the trace formulae
represent asymptotic series which usually do not converge [52].

The applications of the POT which we want to discuss here do not aim at
the quantization, but at a semiclassical description of gross-shell features in
mean-field systems, which can be obtained by convoluting the level density
with a smooth function over a finite energy range γ. Then, the periodic
orbit sums converge [53] and only the orbits with the shortest periods and
largest degeneracies become important.
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We shall not derive here the trace formulae but refer to the original liter-
ature. For the approach of Gutzwiller, the reader may consult a monograph
by the same author [52], and the very readable series of lectures which he
presented a an earlier Les Houches Summer School [54]. The original trace
formula of Gutzwiller [48] applies only to systems in which all orbits are iso-
lated; this is the case for a classically chaotic system. A series of extensions
to Gutzwiller’s theory to take into account degenerate orbits, which appear
in systems that possess continuous symmetries, have been developed over
the past 30 years [55,56]. Their basic ideas are discussed in Ref. [4].

In Sect. 3.1 we shall present the semiclassical Green function developed
by Gutzwiller, which is the basic ingredient to all further developments in
the POT. In Sect. 3.2 we present the trace formulae for the level density,
particle number and total energy of a mean-field system, and in Sect. 3.3 we
briefly discuss practical methods for finding periodic orbits and calculating
their stabilities. Sect. 3.4 contains a summary of the problems connected
with symmetry breaking transitions and orbit bifurcations, and indicates
that these can be overcome by uniform approximations. The remaining
parts are reserved for applications to metal clusters and mesoscopic semi-
conductor devices.

3.1 Semiclassical expansion of the Green function

The quantum-mechanical level density g(E) given in Eq. (1.3) can be related
to the imaginary part of the trace of the energy-dependent single-particle
Green function G(r, r′;E) for a system in D dimensions:

g(E) = − 1

π
ℑ

∫
G(r, r;E + iǫ) dDr . (ǫ > 0) (3.1)

The Green function itself is defined by

G(r, r′;E) =
∑

i

ϕ∗
i (r

′)ϕi(r)
1

(E − εi)
(3.2)

and can be related to the single-particle propagator K(r, r′; t) by a (half-
sided) Fourier transform:

G(r, r′;E) = − i

h̄
lim
ǫ→0

∫ ∞

0

K(r, r′; t) exp

[
i

h̄
(E + iǫ)t

]
dt . (3.3)

Semiclassical approximations to the propagator go back to Van Vleck in
1928 [57]. Gutzwiller rederived Van Vleck’s approximation from Feynman’s
path integral approach to quantum mechanics and improved it by the incor-
poration of some important phases. The basic idea of his derivation is the
stationary phase approximation, applied to integrals containing a rapidly
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oscillating phase. Doing also the Fourier transform in (3.3) by the station-
ary phase method, he arrived at the following semiclassical approximation
to the Green function [48]:

Gscl(r, r
′;E) ≃ 2π

(2πih̄)
D+1

2

∑

α

√
|Dα| exp

[
i

h̄
Sα(r, r′, E) − iµα

π

2

]
. (3.4)

The sum goes over all classical trajectories α that lead from the point r′

to the point r at fixed energy E; the functions Sα(r, r′, E) are the action
integrals along these trajectories:

Sα(r, r′;E) =

∫
r

r′

p′′ · d r′′ =

D∑

i=1

∫ ri

r′

i

pi(r
′′, E) dr′′i , (3.5)

where ri, pi are the components of phase-space vectors r and p, respectively.
In Eq. (3.4), Dα is the determinant of the (D+1)-dimensional matrix of sec-
ond partial derivatives of the action integral with respect to all its arguments

Dα(r, r′;E) =

∣∣∣∣∣∣∣∣∣∣

∂ 2Sα

∂r′∂r
∂ 2Sα

∂r′∂E

∂ 2Sα

∂E∂r
∂ 2Sα

∂E2

∣∣∣∣∣∣∣∣∣∣

. (3.6)

The quantities µα in (3.4) count the number of caustic (or “conjugate”)
points along the trajectory α; they are connected to the Maslov indices
appearing in the EBK quantization of integrable systems [46].

3.2 Trace formulae for level density and total energy

It remains only to insert the semiclassical Green function (3.4) into the re-
lation (3.1) and to perform the trace integral. Taking r′ = r under the
integral automatically selects only closed orbits from the sum over trajec-
tories α. If these closed orbits are isolated in phase space, then all spatial
integrals transverse to the orbits can again be done using the stationary
phase approximation; only the integration along the orbit is done exactly.
The stationary condition for the exponent in (3.4) leads, using Eq. (3.5), to

[
∂S

∂r

]

r0

=

[
∂S(r, r′, E)

∂r
+

∂S(r, r′, E)

∂r′

]

r′=r=r0

= p − p′ = 0 , (3.7)

where r0 is the point where S becomes stationary. Eq. (3.7) implies that
the orbits are not only closed but periodic, i.e., they have to start and end
with the same momentum: p′ = p. The transformation to a coordinate
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system co-moving with each periodic orbit, the evaluation of the saddle-
point integrations, and expressing the result in a canonically invariant form
– all this requires quite some tedious algebra and finally leads to Gutzwiller’s
famous trace formula for isolated orbits [48]:

δgscl(E) ≃ 1

h̄π

∑

po

Tppo√
|det (M̃po − 1)|

cos

(
1

h̄
Spo − σpo

π

2

)
. (3.8)

The sum here goes over all periodic orbits po, including their repeated cycles.

M̃po is the stability matrix discussed in Sect. 3.3 below and 1 the unit matrix
with the same dimension, Spo is the action integral along the (repeated)
periodic orbit

Spo(E) =

∮

po

p · dr , (3.9)

Tppo = ∂Sppo/∂E is the period of the primitive periodic orbit (i.e., its first
cycle), and σpo is the so-called Maslov index which arises as a sum of the
phase index µpo occurring in the semiclassical Green function (3.4) plus
an index νpo (being 1 or 0 for a two-dimensional system) that stems from
the stationary-phase evaluation of the trace integral. (See also Ref. [58],
where it has been shown that the total Maslov index σpo = µpo + νpo is a
canonical and topological invariant, whereas µpo and νpo alone may depend
on the starting point along the orbit or on the choice of the coordinate
system.) The index σpo may also be obtained as a winding number [58,59].
All quantities appearing on the r.h.s. of the trace formula (3.8) depend
smoothly on the energy E. (The Maslov indices are integer constants in
finite energy intervals but usually change abruptly by one or more units at
bifurcations; see Sect. 3.4 below.)

For systems that contain continuous symmetries, most (or all) periodic
orbits are not isolated in phase space but appear in degenerate families. The
single orbits within these families can be smoothly transformed into each
other by a symmetry operation (translation, rotation, etc.) that does not
affect their properties (actions, stabilities, Maslov indices). Consequently,
the stationary-phase approximation to some of the trace integrations per-
pendicular to the orbits breaks down (namely the directions in which the
orbits can be displaced by these symmetry operations and in which the
actions remain constant). As a result, the determinant in the denomina-
tor of (3.8) becomes zero and the trace formula diverges. Similar problems
arise also in isolated situations (e.g., at specific energies or values of some
other continuous system parameter) in connection with orbit bifurcations
and symmetry-breaking (or symmetry-restoring) transitions. For these lat-
ter situations special uniform approximations can be developed, which will
be briefly discussed in Sect. 3.4.
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The problem of continuous orbit degeneracies can be solved by per-
forming exactly the trace integrations in those directions where the action
remains constant [55, 56]. (See Ref. [4] for a detailed discussion of different
techniques used hereby.) The results of these extensions of the Gutzwiller
theory are trace formulae of the general form, which also applies to those
derived earlier for billiards [49] and integrable systems [50,51]:

δgscl(E) ≃
∑

po

Apo(E) cos

[
1

h̄
Spo(E) + σpo

π

2

]
. (3.10)

Here the sum goes over all distinct periodic orbit families (plus isolated
orbits if they exist). The overall Maslov indices σpo may also become half-
integer. The precise form of the amplitudes Apo depends on the particular
symmetry of the system. The inverse power of h̄ contained in these am-
plitudes equals 1+f/2 where f is the degree of degeneracy of a given orbit
family, i.e., the number of independent continuous parameters describing its
degeneracy (or, equivalently, the number of different symmetry operations
possible, or the dimension of the group creating these symmetry operations).
Note that families with different degrees of degeneracy and isolated orbits
with f = 0 may coexist in one and the same system. For example, in a
three-dimensional system with spherical symmetry, the most degenerate or-
bit families occur with a three-fold continuous degeneracy (f = 3), because
their possible orientations are described by the three Euler angles; the group
creating the corresponding rotations is the SO(3) group; the amplitudes A
of these orbits are proportional to h̄−5/2. In a spherical billiard, there is
also the linear orbit bouncing along a diameter; its degeneracy is only f = 2
since rotation about its own direction does not create a new orbit. If the
potential is a smooth and attractive central field V (r), there exists also an
isolated orbit with f = 0, namely the circular orbit with a radius corre-
sponding to the minimum of the effective potential V (r) + L2/2mr2 for a
given non-zero angular momentum L.

When applying the POT to a fermionic mean-field system, one is also
interested in integrated quantities obtained from the level density. Its first
integral gives the number of particles, see Eq. (2.3). Performing the energy
integration in the saddle-point approximation yields the trace formula for
the oscillating part of the function N(EF ):

δNscl(EF ) ≃
∑

po

(
h̄

Tpo

)
Apo(EF ) sin

[
1

h̄
Spo(EF ) + σpo

π

2

]
, (3.11)

where Tpo is the period of the (repeated) periodic orbit (family) at the
Fermi energy EF . The oscillating part δE of the total binding energy of an
interacting system in the mean-field approximation can be shown [2, 55] to
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be given, to leading order in the oscillating part of the level density δg, by

δEscl ≃
∫ EF

0

(E − EF ) δg(E) dE

≃
∑

po

(
h̄

Tpo

)2

Apo(EF ) cos

[
1

h̄
Spo(EF ) + σpo

π

2

]
. (3.12)

(See also Ref. [4] for a discussion of the “Strutinsky theorem” from which
the first equation above can be derived.) Note that in the above two trace
formulae, only the orbit properties at the Fermi energy EF are required.

In most realistic physical systems, the periodic orbits and their proper-
ties can only be calculated numerically (see Sect. 3.3) – which, as already
mentioned, can be a very difficult task. For systems which are only weakly
perturbed away from an analytically known integrable limit, a perturbative
trace formula has been developed by Creagh [60], for which the perturbed
orbits need not be determined. Assume a Hamiltonian of the form

Ĥ = Ĥ0 + ǫĤ1 , (3.13)

where Ĥ0 is integrable and ǫ is a small dimensionless number. The idea
now is that to lowest order in ǫ, the amplitudes and Maslov indices in the
trace formula will not be affected by the perturbation, and that only the
lowest-order change δSpo induced by ǫĤ1 has to be retained in the phase.
The perturbed trace formula is then of the form

δgscl (E) ≃ ℜ
{

∑

po

A(0)
po (E)Mpo(x)ei[ 1

h̄
S(0)

po (E)+σ(0)
po

π
2 ]

}
, (3.14)

where the quantities with superscript “(0)” are those appearing in the trace
formula for the unperturbed system Ĥ0, and Mpo(x) is a – generally com-
plex – modulation factor defined as the average of the phase change due to
δSpo over the unperturbed orbit family:

Mpo(x) = 〈eiδSpo/h̄〉po . (3.15)

The argument x of the modulation factor is proportional to the lowest power
of ǫ for which the action change δSpo is non-zero, inverse proportional to h̄,
and further depends on the energy E. The perturbative trace formula for
the total energy is correspondingly given by

δEscl ≃ ℜ
{

∑

po

A(0)
po (EF )Mpo(x)

(
h̄

Tpo

)2

ei[ 1
h̄

S(0)
po (EF )+σ(0)

po
π
2 ]

}
. (3.16)

By construction, the unperturbed trace formulae are recovered in the limit
ǫ → 0. For large values of ǫ, this approach will eventually break down and
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uniform approximations must be used to recover the correct amplitudes of
the trace formula applying to the strongly perturbed system (see Sect. 3.4).

All the above trace formulae are remarkable in the sense that they relate
the quantum-mechanical oscillations contained in their left-hand side with
a sum over periodic orbits on their right-hand side that includes only prop-
erties of the classical system. They represent asymptotic series which can
be expected to become exact in the limit Spo ≫ h̄. As already mentioned
in the introduction to this section, these series usually do not converge, and
in many systems the problem of enumerating all periodic orbits and calcu-
lating their properties is practically not solvable. There exist a few soluble
(integrable and non-integrable) systems for which the trace formula can be
shown to converge to a sum of delta functions if the smooth part g̃(E) of
the level density is added to it – and for a few of those, the result is even
identical to the exact quantum-mechanical level density [4, 52]. But these
are rare exceptions.

For the applications discussed here, both sides of the trace formulae are
convoluted with a normalized Gaussian function exp [−(E/γ)2]/

√
πγ. Using

saddle-point integration for the convolution of the periodic orbit sum, one
obtains an extra factor

exp

[
−

(
γ

2

Tpo

h̄

)2
]

(3.17)

under the summations in all trace formulae above. This factor suppresses
the orbits with longer periods and usually leads to the convergence of the
orbit sums (cf. Ref. [53]). In particular, it shows that the gross-shell effects
are governed by the shortest orbits. Exact quantization by summing over
all orbits can still be attempted by taking the limit γ → 0.

Concerning the smooth part g̃(E) of the level density that was the sub-
ject of Sect. 2, it has been shown [49, 61] to arise within the periodic orbit
theory from the closed orbits of zero length (and hence zero action) that
mathematically also contribute to the sum of trajectories in the semiclassi-
cal Green function (3.4) when taking the trace integral in (3.1). Since their
actions (and also their Maslov indices) are zero, they do not contribute in
an oscillatory fashion to the level density but just constitute its phase-space
average which yields the (extended) TF approximation as discussed in Sect.
2. This becomes particularly transparent in the derivation of the trace for-
mula for integrable systems by Berry and Tabor [50] (see Ref. [4] for some
exactly soluble models).

3.3 Calculation of periodic orbits and their stability

We briefly present here the linear stability analysis of periodic orbits and
how the stability matrix can be used to find periodic orbits. We start from
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a holonomic Hamiltonian with a local potential V (r) in D dimensions:

H(r,p) =
1

2
p2 + V (r) . (3.18)

(We put the mass equal to unity and assume the kinetic energy to be
quadratic in p just for simplicity of the presentation here; any general
dependence of p and r is allowed in principle.) Hamilton’s equations of
motion

ṗ = −∂H

∂r
, ṙ =

∂H

∂p
(3.19)

are in general non-linear. Assume now that we have found a periodic orbit,
i.e., a T -periodic solution

r0(t) = r0(t + T ) , p0(t) = p0(t + T ) , (3.20)

and that V (r) in Eq. (3.18) is holomorphic around V (r0). (We shall turn
further below to the question how to find such a periodic orbit practically.)
We now want to investigate the stability of this solution with respect to
some small perturbations δr, δp:

r = r0 + δr , p = p0 + δp . (3.21)

Substituting (3.21) into (3.19) and expanding up to second order with re-
spect to the perturbations, we find the 2D linearized differential equations
for δr and δp, also called the Poincaré variational equations:

d

dt

(
δr
δp

)
=

(
0 1

−V′′
0(t) 0

) (
δr
δp

)
, (3.22)

where 0 and 1 are the D-dimensional zero and unit matrices, respectively,
and V′′

0(t) is the matrix of second derivatives of the potential V (r), taken
at r0(t):

(V′′
0)ij(t) =

∂2V (r)

∂ri∂rj

∣∣∣∣
r=r0(t)

. (i, j = 1, 2, . . . ,D) (3.23)

Eq. (3.22) is a set of linear differential equations with T -periodic coefficients.
From their general theory (see, e.g., Ref. [62]) one learns that the evolution
of some initial perturbation δr, δp at time t = 0 up to the time t is given
by (

δr(t)
δp(t)

)
= X(t)

(
δr(0)
δp(0)

)
, (3.24)

where X(t) is the so-called “matrizant” of dimension 2D. From Eq. (3.22)
it is seen that the matrizant fulfills the differential equation

d

dt
X(t) =

(
0 1

−V′′
0(t) 0

)
X(t) (3.25)
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with the initial conditions

(X)mn(0) = δmn . (m,n = 1, 2, . . . , 2D) (3.26)

The value of the matrix X(t) at the time of the period T is called the
“monodromy matrix” M:

M = X(T ) . (3.27)

M is a symplectic (2D×2D) matrix. According to the Lyapounov-Poincaré
theorem, its eigenvalues λm (m = 1, 2, . . . , 2D) are pairwise inverse. Fur-
thermore, two of the eigenvalues are always equal to unity, corresponding
to small perturbations that either occur along the orbit or amount to a
rescaling of the energy. Thus, M can always be brought into the form

M =




M̃ ...

0

(
1 ...
0 1

)

 , (3.28)

where the 2D−2 dimensional submatrix M̃ is the stability matrix appearing
in the denominator of Gutzwiller’s trace formula (3.8). The stability matrix
thus describes the propagation of a small perturbation (r⊥,p⊥), transverse
(in phase space) to the given periodic orbit, over one period T :

(
δr⊥(T )
δp⊥(T )

)
= M̃

(
δr⊥(0)
δp⊥(0)

)
. (3.29)

Its eigenvalues give us the information on the stability of the periodic orbit.

Note that det M̃ = 1, which expresses the fact that the Poincaré mapping
defined by Eq. (3.29) is area preserving.

For two-dimensional systems (D = 2), the stability matrix is also two-
dimensional and the stability analysis becomes particularly simple. Its two
eigenvalues are just λ and 1/λ, so that

tr M̃ = λ + 1/λ . (D = 2) (3.30)

For stable orbits, the eigenvalues lie on the complex unit circle, so that
λ = e±iκ and a small perturbation just keeps oscillating around the peri-
odic orbit. The real number κ is called the stability angle. For unstable

orbits, the eigenvalues are of the form λ = ±e±χ, where the real χ > 1 is
the Lyapounov exponent which measures the rate at which a small initial
perturbation is growing exponentially in magnitude. Actually, one does not

need to compute the eigenvalues of M̃ to find out if an orbit is stable or

not: since, as is easily seen from the above, |tr M̃| > 2 for unstable and

|tr M̃| < 2 for stable orbits, it is enough to know the trace of M̃. When

|tr M̃| = 2, an orbit is called neutrally stable or marginally stable; this is
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the case for all families of degenerate orbits occurring in (integrable) sys-
tems with continuous symmetries. It is easily seen that the quantity under
the root in the denominator of the trace formula (3.8) for D = 2 becomes

|det (M̃po−1)| = |2−tr M̃|, so that the formula diverges for all contributions
from marginally stable orbit families. The other situation where the same

divergence occurs is, as already mentioned in Sect. 3.2, when tr M̃ = +2 for
an isolated orbit. This happens in connection with orbit bifurcations which
we will discuss briefly in Sect. 3.4.

Using the stability matrix we can now give a practical recipe for finding
periodic orbits of a Hamiltonian system. The idea is to exploit Eq. (3.29)
for a Newton-Raphson iteration procedure (see, e.g., Ref. [59]). For this, we
have to calculate the stability matrix during our search for periodic orbits.
This is done by solving simultaneously the Hamilton equations of motion
(3.19) and the equation of motion for the matrizant X(t) given in Eq. (3.25).
[Actually, to get rid of the two irrelevant degrees of freedom along the orbit,
one may transform immediately to the coordinates r⊥, p⊥ orthogonal to
the orbit, to obtain the reduced part X̃(t) which after one period T gives

M̃ = X̃(T ); see Ref. [59] for the equations of motion for X̃(t).]
Let us introduce a short notation z = (r⊥,p⊥) for the orthogonal phase-

space vector. Usually, the search of periodic orbits is done on a Poincaré
surface of section, on which small displacements are automatically trans-
verse to the searched orbit. We now assume that we have found an ap-
proximate periodic solution with the approximate period T . If we are close
enough to the fixed point z∗ corresponding to the exact periodic solution,
the remaining error of our approximate first starting point z1 will propagate
according to Eq. (3.29). After one period, the starting point z1 is mapped
onto z′1, so that we have moved over an interval ∆z1 = z′1 − z1. The dis-
tances of the two points from the unknown fixed point z∗ are δz1 = z1 − z∗

and δz′1 = z′1−z∗. If δz1 and δz′1 are sufficiently small, they obey the linear
differential equation (3.29), so that

δz′1 = M̃ δz1 , (3.31)

from which we get, using ∆z1 = δz′1 − δz1,

∆z1 = (M̃ − 1) δz1 . (3.32)

This equation can be inverted to obtain the error δz1 of our starting point

δz1 = (M̃ − 1)−1∆z1, (3.33)

which now can be used to correct the starting point to z2 = z1−δz1. Iterat-
ing in this way, the fixed point is usually found within very few steps. The
only problem with this procedure is that for an orbit with two eigenvalues
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λ = 1, the inversion of (M̃ − 1) is not possible, giving exactly the same
divergence that appears in the trace formula (3.8). In practice, this is not
a big handicap; when working with a sufficient numerical accuracy, one can

come sufficiently close to the point where tr M̃ = 2.

The Newton-Raphson iteration converges very fast, once one comes close
enough to a periodic orbit (i.e., a fixed point). It is therefore possible to
search periodic orbits just by scanning a given Poincaré surface of section,
either systematically in small steps, or just randomly. The practical expe-
rience shows that, different from what one might expect at first thought,
stable and unstable fixed points are found with equal probability.

3.4 Uniform approximations

A classical system that is neither integrable nor fully chaotic is usually called
a “mixed system”, or a system with mixed classical dynamics. It is char-
acteristic of such systems that periodic orbits change their stability upon
variation of a smooth parameter. Such a parameter may be the energy, any
parameter appearing in the potential V (r) (e.g., a deformation parameter),
or the strength of an externally applied electric or magnetic field. Let us
call this parameter a. Whenever a pair of eigenvalues of the stability matrix

for a periodic orbit has the value λ = 1 (i.e., tr M̃ = 2 for a two-dimensional
system) at a = a0, then the orbit undergoes a bifurcation. What typically
happens at a bifurcation is that an orbit changes from stable to unstable
(or vice versa), and hereby one or several new orbits are “born”. (Orbits

may also just “touch” the value tr M̃ = 2 at a = a0 without changing their
stability, or a pair of stable and unstable orbits may emerge for a ≥ a0 and
not exist at all for a < a0.) Infinitesimally close to the bifurcation point
a0, the new “child” orbits have the same shape and action as the “parent”
orbit (but usually a different Maslov index). As one changes a away from
a0, the new orbits develop independently, and eventually change their sta-
bility again at a new bifurcation point a1. Often, periodic orbits proliferate
this way in chains of repeated bifurcations, leading to an increased degree
of chaoticity (cf. the so-called Feigenbaum scenario [63,64] and Ref. [65]).

This behaviour of periodic orbits in mixed systems makes the semiclassi-
cal POT difficult, since the trace formulae diverge at each bifurcation point.
Mathematically speaking, the divergence comes from the fact that one of the
stationary phase integrations used in their derivation (see Sect. 3.2) breaks
down. The remedy is, in principle, to expand the action integral in the
exponent of the semiclassical Green function (3.4) up to higher order and
then to do the corresponding integration. For instance, when integrating
along a direction x, one may have to expand the exponent up to third order
in (x−x0), where x0 is the stationary point; the integral over x then would
lead to an Airy function. More generally, one expands the action integral
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around the stationary point r0, p0 in phase space (corresponding to the
bifurcation point a0) into so-called normal forms [66] and then performs the
trace integrations (if possible, analytically). This locally removes the singu-
larity at a = a0, but it does not yet guarantee that the result can be used
further away: when a is sufficiently different from a0 one wants to recover
the original Gutzwiller amplitudes Apo. To guarantee this, more refined
techniques are required, yielding so-called “uniform approximations”. Such
approximations have been developed systematically for all generic types of
orbit bifurcations by Sieber and Schomerus [67], and for pairs of interfering
bifurcations by Schomerus [68]. We refer to their articles for further de-
tails; the resulting trace formulae have finite amplitudes at the bifurcation
points and go over into the standard Gutzwiller trace formula away from
the bifurcations.

Uniform approximations are also required when the change of a smooth
parameter, or its being switched from zero to non-zero (or vice versa) leads
to the breaking (or restoring) of a continuous symmetry. As we have
discussed in Sect. 3.2 after Eq. (3.10), the power of h̄ contained in the
Gutzwiller amplitude Apo depends on the number f of continuous sym-
metry parameters describing the degeneracy of orbit families. When f is
changed by one or more units upon variation of a parameter, the original
form of the amplitude becomes invalid and therefore diverges. Start, e.g.,
from a two-dimensional billiard with oval boundary, which is non-integrable
(with f = 0) so that the Gutzwiller trace formula (3.8) applies. Now, when

letting its shape go to a circle, tr M̃ of all the isolated periodic orbits will
approach the value +2. Thus the trace formula diverges in the limit where
the circular U(1) symmetry is restored and the billiard becomes integrable

(with f = 1). (The amplitudes there are all proportional to h̄−3/2.)
Such a symmetry breaking arises generically if we perturb an integrable

Hamiltonian like in Eq. (3.13) by switching on the parameter ǫ. For small
values of ǫ, the perturbative trace formula (3.14) solves this problem but,
as already mentioned, for large values ǫ its amplitudes do not go over to
the correct Gutzwiller amplitudes of the perturbed system. The techniques
used to achieve this are similar to those used to derive the uniform approx-
imations for bifurcations. For the breaking of U(1) symmetry, a general
uniform approximation has been derived by Tomsovic et al. [69], and uni-
form approximations for SU(2) and SO(3) breaking have been derived for
some specific systems in Ref. [70].

Finally, we mention that in Ref. [71] an analytical trace formula has
been given for the two-dimensional elliptic billiard in which – although it is
integrable! – an infinity of bifurcations occur that cumulate in the limit of
zero eccentricity (i.e., the circular billiard), so that both bifurcations and
symmetry breaking had to be overcome.
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3.5 Applications to metal clusters

The examples given here for metal clusters will be short, since they have
already been discussed extensively at various occasions [4, 31,72].

3.5.1 Supershell structure of spherical alkali clusters

Based upon the semiclassical trace formula derived by Balian and Bloch [49]
for the oscillating level density of a spherical billiard, and extending the
semiclassical POT analysis to Woods-Saxon type shell-model potentials for
large clusters, Nishioka et al. [73] predicted that supershell structure should
be experimentally observable in large metal clusters. This was, indeed,
verified in the experiments of the Copenhagen-Stuttgart collaboration [74].
Fig. 7 shows the oscillating part of the cluster abundance in an adiabatic
expansion source. Shown are the statistically averaged fist differences of
the logarithmic yields IN , multiplied by a factor that accounts for the tem-
perature suppression effects (see Refs. [30,75] for a theoretical investigation
of these effects in finite-temperature Kohn-Sham calculations for canonical
ensembles of spherical jellium clusters).

Fig. 7. Experimental observation of the supershells. Shown are the logarith-

mically derived relative yields of sodium clusters from an adiabatic expansion

source, scaled by an extra factor N1/2 exp(cN1/3) that takes account of the finite

temperature effects. (After [74].)
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The negative peaks in Fig. 7 correspond to the most stable clusters
which are understood as those with filled spherical electronic shells with the
“magic numbers” indicated. Note that they appear at equal distances on the
scale N1/3 which is proportional to the cluster radius. The constant spacing
s = ∆N1/3 is experimentally found to be s = 0.61 ± 0.01, also for other
metal clusters (Li, Ga). The beating amplitude of the shell oscillations is
understood in the POT from the interference of the shortest periodic orbits
with largest amplitude, which here are the triangular and square orbits.
Their average length determines the shell spacing s; from the trace formula
of a spherical billiard [49] one finds the value s = 0.603 which is independent
of the Wigner-Seitz parameter rs of the metal. The calculations of Nishioka
et al. yield s = 0.607; the same value is found in the jellium-model DFT
calculations for spherical Na clusters [30]. (Some finer details in connection
with the Ga experiments are discussed in Ref. [76].) The beat length, i.e.,
the period of the supershells, is given essentially by the difference between
the lengths of the leading orbits. It does depend on the metal type (see a
detailed investigation in Ref. [77]).

The effect of a magnetic field on the supershell structure was investigated
semiclassically with the perturbative trace formula of Eq. (3.14) in Ref.
[78]. The field strengths necessary to detect interesting effects are, however,
not experimentally available. (This is different for the mesoscopic sizes of
quantum dots, as discussed further below.)

3.5.2 Ground-state deformations

As we know from nuclei, finite fermion systems may become deformed if
a spherical shell is not completely filled: in order to avoid the degeneracy
of the wavefunction, the system responds by a spontaneous breaking of the
spherical symmetry. In molecular physics, this corresponds to the well-
known Jahn-Teller effect. In the pioneering experiments on sodium clusters
by the group of Walter Knight [79,80], the finer structures in the mass yields
between the spherically magic numbers were, indeed, understood in terms
of a deformed shell model (see Ref. [40] for details). Most of the smaller
minima appearing in Fig. 7 for cluster sizes up to N ∼ 800 could, in fact,
also be attributed to deformed cluster shapes [81].

The POT analysis for deformed potentials becomes more complicated, as
these usually are not integrable. Simple estimates of cluster deformations
are, however, possible in terms of integrable deformed model potentials.
This has been done successfully in nuclear physics by Strutinsky et al. [55].
Assume that only one periodic orbit, or one family of periodic orbits, is
dominating the shell-correction energy δE given by (3.12). The condition
for finding its extrema then reduces to

δSpo = 0 . (3.34)
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This idea has been used for metal clusters in Ref. [82]. Fig. 8 compares semi-
classical estimates of the ground-state quadrupole deformations δ with re-
sults of quantum-mechanical calculations. For small clusters up to N ∼ 40,
the selfconsistent Kohn-Sham field is well approximated by an axially de-
formed harmonic oscillator whose exact trace formula is known analyti-
cally [83]. In the limit of large clusters, the mean field has very steep walls,
as demonstrated by the success of the spherical billiard model for the su-
pershells. For large deformed clusters it may therefore be approximated by
a spheroidal billiard, whose approximate trace formula is also known ana-
lytically [84]. The heavy lines in Fig. 8 give the semiclassical estimates of
δ using these exact trace formulae and Eq. (3.34). The thin lines are the
quantum-mechanical results from KS calculations in the deformed jellium
model [85] for N ≤ 40, and for N > 40 from calculations using Strutinsky’s
shell-correction method [2] in a phenomenological modified Nilsson model
for large clusters that yields the spherical KS spectra [81].



Fig. 8. Ground-state quadrupole deformations δ of sodium clusters versus cluster

size N . The solid thin lines for N ≤ 40 are the results from KS calculations

using the spheroidal jellium model [85], and for N > 40 those from microscopic

Strutinsky calculations using a modified Nilsson model that is adjusted to the

spherical jellium-KS results [81]. The heavy lines give the semiclassical estimates

based on Eq. (3.34) using the trace formula of an axial harmonic oscillator for

N < 26 and that of a spheroidal billiard for N > 40. (From [82].)

More realistic deformed potentials have mixed classical dynamics, which
leads to the problems discussed in Sect. 3.4 above. The POT analysis then
depends on finding the most important short orbits and treating their bi-
furcations correctly. However, for the ground states of larger systems the
deformations are usually not very large – as can be recognized, e.g., from
the decreasing amplitudes of δ seen in Fig. 8. It is therefore possible to treat
the deformed part of the potential in perturbation theory, using the trace
formula (3.16) discussed above. For a slightly quadrupole-deformed billiard
the modulation factor (3.15) can be calculated analytically [72, 86]; hereby
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the unperturbed system is the spherical billiard. In Fig. 9 we show by con-
tour plots the shell-correction energy δE as a function of particle number N
and quadrupole deformation ε2. The agreement of the quantum-mechanical
(left) and semiclassical results (right) demonstrates the quantitative predic-
tive power of the semiclassical theory.
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Fig. 9. Contour plots of the shell-correction energy δE for an axially quadrupole-

deformed cavity versus particle number N and quadrupole deformation ε2. Left:

quantum-mechanical result, right: semiclassical result using the perturbative trace

formula (3.16); the unperturbed system is the spherical billiard [49]. (From [86].)

3.6 Applications to two-dimensional electronic systems

The recent developments in the fabrication of semiconductor devices on
micro- and nanometer scales have opened up interesting new studies of the
interplay of classical and quantum mechanics. Quantum dots and other
nanostructures with any wanted geometry can be produced at scales where
on one hand the coherence length of the electrons is larger than their confine-
ment size, so that quantum interference takes place, but on the other hand
their Fermi wave length is small enough so that high quantum numbers are
involved and the classical limit is within reach. In addition, these structures
are of the order of, or bigger than, the magnetic length scales that can be
reached experimentally. Hence, the strength of an applied external magnetic
field represents a new degree of freedom for the observation of interesting
quantum effects, such as the quantum Hall effect (QHE) and its various
manifestations in connection with a laterally confined two-dimensional elec-
tron gas (2DEG).
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In the following we shall give three applications of the POT to such
mesoscopic systems, where the magnetic field plays an important role. In
the first one, a circular quantum dot, the observed conductance oscillations
could be directly related to the density of states of the confined electrons
and hence be interpreted in terms of the trace formula (3.10). The other two
examples concern open systems where the conductance is described within
the Kubo formalism. The semiclassical description of such systems has
been developed in Refs. [87,88]. In the quantum-mechanical Kubo formula
based on the linear response theory, the Green function is replaced by its
semiclassical approximation (3.4). The oscillating parts of the longitudinal
and transverse conductivity δσxx and δσxy, respectively, with respect to an
applied external voltage in the x direction (z = 0 is the plane of the 2DEG)
can then be expressed in terms of periodic orbits through the following
“semiclassical Kubo formulae” (including a spin degeneracy factor 2):

δσxx =
4e2

h

1

A

∑

po

Cxx
Rpo(τβ)Fpo(τs)

|det (M̃po − 1)|1/2
cos

(
Spo

h̄
− σpo

π

2

)
, (3.35)

δσxy =
4e2

h

1

A

∑

po

(
1

e

∂Spo

∂B
+ Cxy

)
Rpo(τβ)Fpo(τs)

|det (M̃po − 1)|1/2
cos

(
Spo

h̄
− σpo

π

2

)
.

Here Spo, σpo, and M̃po have the same meaning as in the trace formulae pre-
sented in Sect. 3.2 above; all are evaluated at the Fermi energy EF . A finite
temperature T is included in the factor Rpo(τβ) = (Tpo/τβ)/ sinh(Tpo/τβ)
with the period Tpo = ∂Spo/∂E and τβ = h̄/(πkT ). Damping due to a
finite mean-free path is included by the factor Fpo(τs) = exp [−Tpo/(2τs)],
where τs = m∗µ/e is the scattering time extracted from the experimental
mobility µ, and m∗ is the effective mass of the electrons. A is the effective
area of the investigated device, and Cij are the velocity-velocity correlation
functions of the periodic orbit, defined by

Cij =

∫ ∞

0

dt e−t/τs

∫ Tpo

0

dτ vi(τ) vj(t + τ) (i, j = x, y) (3.36)

in terms of the velocities vi(t) = pi(t)/m∗ of the periodic orbits.

3.6.1 Conductance oscillations in a circular quantum dot

In a circular quantum dot with approximately 1200 - 1500 confined elec-
trons, the conductance was measured [89, 90] as a function of an applied
external (perpendicular) magnetic field B and of the applied gate voltage
Vg1 that defined the effective radius of the confined 2DEG. Regular oscilla-
tions of the conductance as a function of both Vg1 and weak field strength
B in the milli-Tesla domain were observed, as shown in the left-hand part



Matthias Brack: Semiclassical approaches 37

of Fig. 10. A semiclassical reproduction of these oscillations in terms of the
trace formula of a circular billiard was given in Ref. [91] and is shown in
the right-hand part of Fig. 10. Both the experiment and the semiclassical
analysis are well described in the quoted literature; we just summarize the
essential conclusions here.

Fig. 10. Gray-scale plots of conductance of a circular quantum dot, plotted versus

gate voltage (vertical axis) and magnetic field (horizontal axis). Left: experimental

result, right: semiclassical result using the circular billiard model including the

magnetic field in first-order perturbation. (From [91].)

Like in the large metal clusters, the selfconsistent mean field of this quan-
tum dot is expected to have steep walls due to the strong mutual Coulomb
repulsion of the trapped electrons. Hence, a two-dimensional circular bil-
liard is a good first-order model. The period of the oscillation in the vertical
direction, i.e., as a function of the dot radius R, is given exactly like for the
spherical metal clusters by the average length of the leading periodic or-
bits. In contrast to the three-dimensional spherical billiard, all orbits in
a two-dimensional circular billiard have the same one-dimensional degen-
eracy, and the leading orbit here is the diameter orbit. Using the average
length of the diameter and the triangular orbits leads, indeed, to the correct
period of the vertical oscillations seen in Fig. 10. (Note, however, that the
number of electrons and the radii R were only known approximately here.)
The oscillation as a function of a weak magnetic field B is well understood
in perturbation theory where only the first-order corrections to the actions
Spo are taken into account. The modulation factor (3.15) then becomes [91]

Mpo = cos
( e

h̄c
FpoB

)
, (3.37)

where Fpo is the area included by the orbit po. The origin of this modu-
lation factor is just the Aharonov-Bohm (AB) phase of a charged particle
surrounding a magnetic field, i.e., the magnetic flux included by the elec-
tron’s orbit. Here the phase adds to the classical action, the sign of the



38 Atomic Clusters and Nanoparticles

flux depending on the orientation of the orbit with respect to the B field.
The summation over both directions yields the cosine factor in (3.37). The
period of these oscillations for weak B – often called “AB oscillations” –
are here essentially given by the shortest orbit with a non-zero area, i.e., by
the triangular orbit. This example shows how through the introduction of a
weak magnetic field, one is able to “measure” not only the average length,
but independently also the average area of the leading periodic orbit(s).

Similar AB oscillations have also been observed in a quantum dot with
an equilateral triangular shape [92,93]. In the steep-wall limit, one may use
a triangular billiard whose exact trace formula is known analytically [4]; the
period of the measured AB oscillations could, indeed, be understood by the
area of the shortest periodic orbit of this system. A challenging speculation
was proposed for the study of a triangular quantum dot with open contacts
and a small number of electrons [92,94]. Neglecting the Coulomb repulsion,
the potential of the electrons then is given to lowest order by the famous
Hénon-Heiles potential [95] which has mixed classical dynamics. The semi-
classical description of its level density using the Gutzwiller theory has been
very successful (see Ref. [70] and earlier papers quoted therein). It would be
interesting to observe the transition from regular to chaotic motion by tun-
ing the Fermi energy of the electrons. This has, however, not been realized
experimentally so far.

Before turning to open nanostructures, we conclude this section on quan-
tum dots by mentioning that for the disk billiard in arbitrarily strong ho-
mogeneous magnetic fields, an analytical trace formula has been developed
in Ref. [96]. Magnetic properties of quantum dots and dot arrays have also
been investigated within the POT [97,98].

3.6.2 Integer quantum Hall effect in the two-dimensional electron gas

An unexpected semiclassical interpretation of the integer QHE was recently
proposed by Blaschke [99]. In a typical Hall bar experiment, one measures
the transverse (Hall) resistivity ρxy and the longitudinal resistivity ρxx with
respect to an applied electric voltage in the x direction; the 2DEG is confined
to the z = 0 plane. The elements of the resistivity tensor ρij are given by
inverting the conductivity tensor σij , and their oscillating parts can thus
be calculated semiclassically from the Kubo trace formulae (3.35). The
periodic orbits of a 2DEG in a transverse magnetic field are simply the
cyclotron orbits whose properties are easily calculated; their continuous
degeneracy cancels the factor A. Adding the average resistivities, which are
given within the classical Drude model, yields the results shown in Fig. 11.
The solid lines give the results obtained by keeping only the lowest-order
terms in h̄ of the trace formula (3.35). They correspond to the classical
Hall resistivity ρxy which is linear in B, and to the longitudinal resistivity
ρxx exhibiting the typical Shubnikov-de Haas oscillations. (These are easily
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understood semiclassically in terms of the magnetic flux surrounded by the
cyclotron orbits which is proportional to 1/B; see, e.g., Ref. [4].) To lowest
order in h̄, the POT is not able to reproduce the plateaux in the Hall
resistivity. However, when adding the (only! – see Ref. [99]) h̄ correction
coming into the term proportional to ∂Spo/∂B in the trace formula (3.35)
for δσxy (dashed lines), one obtains the plateaux in ρxy characteristic of the
integer QHE; the influence of this correction on ρxx is very small.

When the 2DEG is modulated laterally by an “antidot superlattice”,
interesting commensurability peaks can be observed in the longitudinal re-
sistivity, which correspond to electrons trapped on specific cyclotron orbits
that fit around one or more antidots [100]. At low temperatures, small
AB oscillations in ρxx become observable and can be qualitatively repro-
duced [101] by the interference of the most important periodic orbits via
the trace formulae Eq. (3.35). (See Ref. [101] for a mini-review of the so-
called “Weiss oscillations”.)
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Fig. 11. Semiclassical calculation of the transverse Hall resistivity ρxy (left axis)

and the longitudinal resistivity ρxx (right axis) of the 2DEG in a transverse mag-

netic field B. ρxx shows the typical 1/B-periodic Shubnikov-de Haas oscillations.

ρxy exhibits the plateaux corresponding to the integer QHE. Solid lines are ob-

tained including only the lowest-order terms in the semiclassical Kubo formula

(3.35). Dashed lines include the only h̄-correction to the first term of δσxy in

(3.35). The inserts illustrate small variations of the mobility of the electrons (left)

and of the temperature (right). (From [99].)



40 Atomic Clusters and Nanoparticles

3.6.3 Conductance oscillations in a channel with antidots

Our last example is a mesoscopic arrangement in which the electrons of a
2DEG are confined laterally to a channel of width ∼ 1.0µm. Two antidots
represent obstacles to the electric current through the channel; the effective
radius of these antidots can be regulated by an applied gate voltage Vg.
Fig. 12 shows an SEM photograph of the experimental gate structure [102].
The longitudinal conductance Gxx along the channel has been measured for
various strengths of a perpendicular magnetic field B and gate voltages Vg

[102,103]. Like in the case of antidot supperlatices [100], a commensurability
minimum in the average conductance has been observed near those values
of B for which a cyclotron orbit fits around the antidots.

0.2µm 1.0µm

EF

Gate

Gate

Gate

Gate

E0

Fig. 12. SEM photograph of the gate structure of a mesoscopic channel with two

antidots [102] (without contacts). Left: Model potential used for the calculations.

Center: Typical periodic orbits encircling the antidots. (From [104].)

Small observed AB oscillations around the average part of Gxx can again
be interpreted semiclassically [99, 104] as interferences between the leading
periodic orbits (a few of them are shown in Fig. 12 by solid and dashed white
lines) through the trace formulae (3.35). The result of the semiclassical
calculation of δGxx is shown in Fig. 13; hereby the parameters of the model
potential used to describe the lateral confinement (including the antidots)
have been optimized [99]. Like in the case of the Weiss oscillations [101],
the amplitude had to be adjusted since the semiclassical Kubo formula is
not able to reproduce quantitatively the amplitude of the oscillations.

An interesting phenomenon is observed when varying both the magnetic
field B and the gate voltage Vg, and plotting the loci of the oscillation
maxima in δGxx. These arrange themselves, as seen in Fig. 14 (a), along
smooth lines whose slopes are well understood in terms of the B and Vg

dependence of the actions Spo of the leading periodic orbits. However, some
characteristic dislocations occur at apparently random places in the (B, Vg)
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0.15 0.20 0.25 B[T]→

δG
   

[a
rb

.u
.]

→
xx

Fig. 13. Oscillating part of the conductance δGxx (in arbitrary units) versus

magnetic field strength B (in Tesla). Solid line: experiment for Vg = −1.50 Volts

[103]; dashed line: semiclassical result with optimized potential parameters [99].

plane, as emphasized by the boxes. In the semiclassical analysis, they origi-
nate from successive bifurcations of periodic orbits: the different orbit gen-
erations lead to different slopes in Fig. 14 (b), and these do not match
near the loci in the (B, Vg) plane (shown for some leading orbits by gray-
shaded thick lines) along which the bifurcations occur. Although the theory
does not fit the experiment globally (at least 10 different orbit families con-
tribute), the local agreement near the dislocations is excellent; see the box
in Fig. 14 (c). Thus, orbit bifurcations can be “seen” in the experiment!
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Fig. 14. Maximum positions of δGxx versus B (vertical axes) and Vg (horizontal

axes). (a) Experimental values [103]. (b) Semiclassical results [104]; sd is the anti-

dot radius regulated by Vg; approximately we have sd ∝ Vg; the gray-shaded lines

correspond to the loci of bifurcations of some leading orbit families. (c) Behaviour

near a dislocation (dots: experiment; lines: semiclassical results). (From [104].)
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4 Local-current approximation for linear response

We shall in this final section present a semiclassical approach to the col-
lective excitation spectrum of a finite interacting fermion system. The
semiclassical aspect here pertains to the calculation of the excitation en-
ergies, starting from a ground state that has been obtained either quantum-
mechanically or semiclassically in the mean-field approximation. This ap-
proach is based on the use of generalized sum rules [105] and is particularly
well suited for the description of collective excitations such as giant reso-
nances in nuclei (see Ref. [106] for a review) or plasmon resonances in metal
clusters (see Sect. IV.C of the review article [31] on metal clusters). For
the latter application, this approach has been developed first within the
ETF framework [27] and later in connection with the Kohn-Sham formal-
ism, where it was shown [107] to be an approximation to the random phase
approximation (RPA). Since it makes use of localized collective current dis-
tributions, it was termed ”local RPA” (LRPA, see also Refs. [108, 109]).
The method can, however, be derived [110] from the most general quantum-
mechanical equations of motion that yield the exact excitation spectrum; the
basic semiclassical assumption is, as previously, that the collective currents
are given by local functions of r. We therefore propose [111] to term this
approach the ”local-current approximation” (LCA) which does not restrict
its name to further approximations inherent in the RPA.

We first state in Sect. 4.1 the quantum-mechanical equations of motion
and relate them to a variational principle, and in Sect. 4.2 we sketch briefly
the variational equations that are obtained if the basic excitation operators
are assumed to be local functions of r. In Sect. 4.3 we give a practical way to
solve these equations approximately in finite basis sets and give a physical
interpretation of the LCA, and in the remaining parts we shall present some
results of applications to metal clusters.

4.1 Quantum-mechanical equations of motion

In this and the next subsection we follow closely Ref. [110]. We consider
a many-particle system defined by the Hamiltonian H = T + V , where V
includes external one-body potentials and the two-body interaction. (For
simplicity, we omit in the following the ”hat” symbol ”ˆ ” to indicate oper-
ators.) The exact ground state |0〉 and excited states |ν〉 are given by the
stationary Schrödinger equation

H|ν〉 = Eν |ν〉 = (E0 + h̄ων)|ν〉 . ν = 0, 1, 2, . . . (4.1)

It is a matter of standard many-body theory (see, e.g., Refs. [112–114]) to
rewrite (4.1) in the form of the following equations of motion

〈0|Oν [H,O†
ν ]|0〉 = h̄ων〈0|OνO†

ν |0〉 , (4.2)
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〈0|Oν [H,Oν ]|0〉 = h̄ων〈0|OνOν |0〉 = 0 , (4.3)

where the operators Oν and O†
ν are defined as the creation and annihilation

operators of the excited states:

O†
ν |0〉 = |ν〉, Oν |ν〉 = |0〉, and Oν |0〉 = 0 . (4.4)

The exact solutions of the equations (4.2,4.3) are unknown for most systems,
as are those of the Schrödinger equation (4.1). Several approximative ways
to find the excited energies h̄ων and/or their eigenstates have been devel-
oped; they differ in the approximations used for the ground state |0〉 and the
explicit form of the excitation operators O†

ν . In the Tam-Dancoff scheme
one starts from the HF approximation, where the ground state |0〉 = |HF〉
is a Slater determinant, and the excitation operators are taken to be sim-
ple one-particle-one-hole (1p-1h) operators. In the small-amplitude limit of
the time-dependent HF theory, the so-called random phase approximation
(RPA) is obtained by admitting 2p-2h excitations in the ground state

|0〉 = |RPA〉 =


1 +

∑

pp′hh′

γpp′hh′

a†
pa

†
p′ahah′


|HF〉 , (4.5)

and taking the excitation operators to be linear combinations of 1p-1h ex-
citations of the form:

O†
ν

(RPA)
=

∑

ph

(
xν

pha†
pah − yν

pha†
hap

)
. (4.6)

In the above definitions, a† and a are the single-particle creation and an-
nihilation operators for particle states (with εp, εp′ > EF ) and hole states
(with εh, εh′ ≤ EF ), respectively, with respect to the HF ground state. We
refer again to the literature for the details of these approximations [114].

For the following it is now essential that a variational principle can be
formulated [110] which is exactly equivalent to solving the general equations
of motion (4.2,4.3). For that we introduce a Hermitian operator Q that can
be interpreted as a generalized coordinate. To find the lowest excited state,
one has to solve the variational equation

δE3[Q]

δQ
= 0 , (4.7)

where E3[Q] is defined by

E3[Q] =

√
m3[Q]

m1[Q]
, (4.8)
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and the “moments” m1 and m3 (see the discussion of their physical sig-
nificance in Sect. 4.3 below) are defined as expectation values of multiple
commutators

m1[Q] =
1

2
〈0| [Q, [H,Q]] |0〉 , (4.9)

m3[Q] =
1

2
〈0| [[H,Q] , [[H,Q] ,H]] |0〉 . (4.10)

The minimum value of E3 after variation gives the first excitation energy
h̄ω1. The corresponding operator Q1 is written as the linear combination

Q1 ∝ O†
1 + O1 (4.11)

of the creation and annihilation operators for the first excited state. The
second excitation with energy h̄ω2 can then be obtained from variation of
Q in an operator space that has been orthogonalized to Q1, and so on. In
this way the whole excitation spectrum h̄ων can be successively constructed
(see Ref. [110] for the details).

In principle, the exact excited states and excitation energies of the sys-
tem are given by the solutions of the variational equation (4.7). For practical
calculations, however, one is forced to make some ansatz for the generally
non-local operator Q. If it is taken from the space of particle-hole oper-
ators of the form (4.6), then Eq. (4.7) leads precisely to the RPA equa-
tions [107]. [Note that the RPA, in a consistent use within the DFT, in-
cludes the exchange-correlations effects. In the condensed matter literature,
however, the corresponding approach is more often referred to as the ”time-
dependent LDA” or TDLDA approach, whereas the name RPA is reserved
to an approximation which ignores the exchange-correlations effects. Nu-
clear physicists usually include the exact exchange in their RPA treatment,
starting from the HF ground state as implied in Eq. (4.5) above.] Even in
this approximation, the equations of motion are very difficult to solve for
clusters without any spatial symmetry, e.g., including the ionic structure.
In the following we shall discuss a semiclassical approach which makes use
of a local approximation to the operator Q and has been successfully used
for collective excitations both in nuclear [106] and cluster physics.

4.2 Variational equation for the local current density

Starting from the exact equations of motion defined by the variational prin-
ciple Eqs. (4.7) – (4.10), we now make the following two approximations.
First, we write the ground-state energy as usual in DFT as a functional of
the local density, E = E[ρ(r)] as in (2.19), using a standard approximation
for the exchange-correlation functional (e.g., the LDA). Second, we assume
Q to be a local function of r:

Q = Q(r) . (4.12)
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Then, for an electronic system where the external potentials are local and
the two-body interaction is just the bare Coulomb interaction, the commu-
tator [H,Q] is only given by its kinetic part (i.e., the potential part in H
commutes with Q):

[H,Q] = [T,Q] =
1

2
(∇ · u) + u · ∇ , (4.13)

where

u(r) = − h̄2

m
∇Q(r) (4.14)

is a local velocity field, as will be discussed in Sect. 4.3 below. (Note that
only the gradient of the velocity potential Q(r) enters the following devel-
opment.) The moments (4.9,4.10) are then functionals of the local density
ρ(r) and the velocity field u(r). The moment m1 is easily found to be

m1[Q] = m1[u] =
m

2h̄2

∫
u(r) · u(r) ρ(r) d3r . (4.15)

The moment m3[u] becomes more complicated but can be readily calculated
from ρ(r), u(r), their derivatives, and from the KS wavefunctions, using the
current-density functional theory [115]. (See Ref. [110] for the most general
expressions for m3[u]; special cases within the ETF model have been given
in Ref. [27].) Performing the variation (4.7) then leads to the following
eigenvalue equations for the excitation energy h̄ω:

δm3[u]

δuj(r)
= (h̄ω)2

m

h̄2 ρ(r)uj(r) = mω2 ρ(r)uj(r) (j = x, y, z) (4.16)

(see Ref. [110] for the explicit form of the left-hand side above). The solution
of these equations yields the lowest excitation energy h̄ω = h̄ω1 and the
corresponding velocity field u1(r). As sketched above, the second excitation
energy h̄ω2 is then found by restricting the solution u(r) of (4.16) to be
orthogonal to u1(r), and so on.

Due to the complexity of m3[u], Eqs. (4.16) represent a set of cou-
pled nonlinear fourth-order partial differential equations for the three spa-
tial components of u(r), which are close in spirit to the variational equa-
tions [116] derived from the so-called fluid dynamical approach [117, 118]
developed in nuclear physics. Different from the approximations used there,
however, Eqs. (4.16) can be solved using the exact quantum-mechanical KS
wavefunctions of the ground state. The semiclassical approximation implied
by (4.12) then affects only the collective excitation mechanism.

Eqs. (4.16) are still quite formidable to solve numerically without further
restrictions on the form of the velocity fields u(r). (For some first attempts,
see Ref. [110].) An appreciable simplification arises when u(r) or, equiva-
lently, the operator Q(r), is expanded on a finite basis of local functions, as
discussed in the following section.
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4.3 Secular equation using a finite basis

We now expand the local excitation operator Q(r) in a finite set of basis
functions Qn(r):

Q(r) ∈ {Qn(r)} . n = 1, 2, ...,M (4.17)

The variational equation (4.7) then becomes simply a secular equation for
coupled harmonic vibrations generated by these operators:

det|Kmn − ω2
ν Bmn| = 0 , m, n = 1, 2, ...,M (4.18)

yielding the collective excitation energies h̄ων that represent the finite-basis
LCA to the exact spectrum. Here the mass tensor Bmn and the restoring
force tensor Kmn are given by

Bmn = h̄2〈0| [Qm, [H,Qn]] |0〉 , (4.19)

Kmn = 〈0| [[H,Qm], [[H,Qn],H]] |0〉 , (4.20)

which, apart from some reshuffling of constants, are the nondiagonal gen-
eralizations of the moments m1 and m3 defined in Eqs. (4.9,4.10). After
solving Eq. (4.18) one finds the intrinsic local excitation operators Qν(r),
which create the states |ν〉, as linear combinations of the basis operators
Qn(r):

Qν(r) =

M∑

n=1

cν
n Qn(r) . (4.21)

The physical meaning (see also Refs. [27,106,107]) of the operators Qν(r)
shall in the following be illustrated in the so-called “scaling approach” [105,
106]. This is the simple case where a collective excitation is created by one
single operator Q(r), i.e., using M = 1 in (4.17) and (4.18). The collective
flow of the particles can be described by a velocity field vα(r, t) which is
proportional to u(r)

vα(r, t) = α̇(t)u(r) , (4.22)

so that Q(r) (apart from a constant factor) plays the role of a velocity poten-
tial. The collective coordinate α(t), which undergoes harmonic oscillations

α(t) = α0 sin(ωt) , (4.23)

defines the time dependence of the single-particle wavefunctions by

ϕi(r, t) = ϕi(r, α(t)) = e−α(t)Sϕi(r) , (4.24)

where the “scaling operator” S is defined by

S = [T,Q] =
1

2
(∇ · u) + u · ∇. (4.25)
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Taking the time derivative of (4.24), the time dependent density

ρα(r, t) = ρ(r, α(t)) =
∑

εi≤EF

|ϕi(r, α(t))|2 (4.26)

is immediately seen to fulfill the continuity equation

∂

∂t
ρα(r, t) + ∇ · jα(r, t) = 0 , (4.27)

where

jα(r, t) = ρα(r, t)vα(r, t) (4.28)

is the local current distribution describing the collective flow of the excited
system. This is the reason why we call the present scheme the “local-current
approximation” (LCA) – in contrast to the RPA scheme where the currents
are implicitly given by nonlocal particle-hole operators. The mass parameter
B is now given by [cf. (4.15)]

B = m

∫
u(r) · u(r) ρ(r) d3r , (4.29)

and the restoring force parameter K is obtained from the “scaled” ground-
state energy 〈α|H|α〉 = E[ρ(r, α)] according to

K = 〈0| [S, [S,H]] |0〉 =

[
d2

dα2
〈0| eαSHe−αS |0〉

]

α=0

=

[
d2

dα2
〈α|H|α〉

]

α=0

=

[
d2

dα2
E[ρ(r, α)]

]

α=0

. (4.30)

Since E[ρ(r, α)] on the right-hand side can be considered as the potential
energy V (α) of a collective Hamiltonian

Hcoll(α, α̇) =
1

2
Bα̇2 + V (α) , (4.31)

we see that the solution of Eq. (4.18) in this one-mode picture is just the first
excitation energy of (4.31) in the harmonic approximation: h̄ω = E3(Q) =√
K/B. If one identifies the intrinsic excitation operator Q(r) with the

external operator Qext by which the system is probed, this corresponds
exactly to the simple sum rule picture [105] (or, in solid state physics, the
so-called plasmon pole approximation).

The extension to the LCA scheme with several basis operators (4.17) is
now evident: one couples several harmonic oscillators, each corresponding
to one individual collective degree of freedom αn(t), described by a velocity
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potential Qn(r), and diagonalizes this system via Eq. (4.18). This cor-
responds to a collective Hamiltonian with M coupled degrees of freedom,
which in the harmonic approximation becomes

Hcoll =
1

2

M∑

m,n=1

(Bmn α̇mα̇n + Kmn αmαn) . (4.32)

We now use this method to calculate the response of the system to an
external field, characterized by an operator Qext. The strength function
SQext

(E) is defined by

SQext
(E) =

∑

ν 6=0

|〈ν|Qext|0〉|2 δ(E − h̄ων) . (4.33)

Hereby the spectrum {|ν〉, h̄ων} may be the exact one given by Eqs. (4.2) -
(4.4), or that obtained in any approximation. From the strength function
one defines the k-th energy-weighted moments mk(Qext):

mk(Qext) =

∫ ∞

0

Ek SQext
(E) dE =

∑

ν 6=0

(h̄ων)k |〈ν|Qext|0〉|2 , (4.34)

which can be related to experimental observables. For instance, the pho-
toabsorption cross section σ(ω) is in the long-wavelength limit given by

σ(ω) =
4πω

3c
SD(E = h̄ω) , (4.35)

where
D = Qext = e z (4.36)

is the electric dipole operator and ω the frequency of the external electric
field (assumed to be polarized in the z-direction). The above moments are
then simply given as the following integrals over the cross section:

m1(D) =

∫
σ(ω) dω , m3(D) =

∫
ω2σ(ω) dω . (4.37)

The moment m1(D) can be calculated immediately and yields the model-
independent Thomas-Reiche-Kuhn sum rule (in atomic physics called the
“f -sum rule”):

m1(D) =

∫
σ(ω) dω = 2π2 e2

mc
Z , (4.38)

where Z is the number of electrons taking part in the collective excitation.
The experimental verification of the sum rule (4.38) thus helps to identify
the collective nature of a resonance. The observed plasmon resonances in
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alkali clusters typically account for ∼ 60 – 80 % of the total dipole strength
(see, e.g., Sect. VIII of Ref. [40]).

The moment m−1(Qext) can be shown [119, 120] to be proportional to
the static polarizability αpol of the ground state with respect to the external
field Qext

m−1(Qext) =
1

2
αpol(Qext) . (4.39)

This gives a convenient way to calculate static polarizabilities once the col-
lective spectrum of a system is known.

By construction, the spectrum {|ν〉, h̄ων} obtained by solving the LCA
secular equations (4.18) fulfills the sum rules m1(Qext) and m3(Qext) ex-
actly, if the operator Qext is contained in the basis {Qn(r)}. [This is, of
course, trivial in the one-mode picture discussed above, where the only lo-
cal operator Q(r) is taken to be the external excitation operator.] It is now
a matter of physical intuition to guess the form of the intrinsic excitation
operators of a given system by making a suitable choice of the local basis
{Qn(r)}. In connection with the optic response, it is obvious that the dipole
operator D (4.36) should be contained in this basis. Suitable basis sets for
applications to metal clusters will be given in the following subsection.

4.4 Applications to metal clusters

For applications of the finite-basis LCA to metal clusters using the jellium
model, the following set of local operators in polar coordinates (r, θ, φ) has
proven to be very efficient and simple to use [27,107]:

Qp
lm(r) = −e rp 1

2
[Ylm (ϑ, ϕ) + Y ∗

lm (ϑ, ϕ)] , (4.40)

where Ylm(θ, φ) are the spherical harmonics in polar coordinates (r, θ, φ);
m = 0 and m = ±1 correspond to the different polarizations of the external
dipole field. For spherical clusters, where the angular momentum l is a
conserved quantum number, a set of four to eight basis operators with
l = 1 and p = 1, 3, 5, . . . or p = 1, 4, 7, . . . are often sufficient to get a good
estimate of the lowest states of the collective dipole spectrum, in particular
in the jellium model. For deformed clusters, several values of l must, of
course, be included in the basis (see, e.g., Ref. [121] for calculations in the
deformed jellium model). In calculations where the ionic structure is taken
into account [122,123], the following set of operators has been added to the
basis set (4.40):

Qk
lm(r) = −e jl(kr)

1

2
[Ylm (ϑ, ϕ) + Y ∗

lm (ϑ, ϕ)] , (4.41)

where jl(x) are the spherical Bessel functions. We shall in the following
present some results obtained with these basis sets.
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4.4.1 Optic response in the jellium model

As a first test of the LCA, we show in Fig. 15 the collective spectrum ob-
tained in Ref. [107] for the spherical neutral clusters Na8 and Na20, calcu-
lated in the spherical jellium model by solving the KS equation in LDA. The
upper parts give the results of a fully microscopical RPA calculation [124];
the lower parts give the results of the LCA using the basis (4.40). The main
peak is split in the RPA result for Na20; this is understood in terms of an
interference of the collective oscillation with a specific 1p1h excitation [124]
(so-called “Landau fragmentation”). It remains to be seen if a solution of
the unrestricted LCA variational equations (4.16) is able to reproduce this
splitting [111]. Apart from this, the agreement between RPA and LCA is
excellent; in particular, the m3 and m1 dipole sum rules exhausted by the
main peak(s) below 3.2 eV agree within less than one percent.

Fig. 15. Collective spectra of the spherical clusters Na8 and Na20 obtained in

the jellium model. The positions of the vertical lines give the eigenenergies found

by solving the secular equation (4.18), their heights give their percentage of the

dipole m1 sum rule. The ground state was obtained by solving the KS equations.

Upper panels: RPA spectrum [124], lower panels: LCA spectrum [107].

Fig. 16 shows static electric dipole polarizabilities of sodium clusters,
plotted versus the cluster radii RI . Black dots with error bars are the
experimental values; the other symbols are results of spherical jellium-model
calculations. The square boxes were obtained in the TDLDA [29,125,126].
They are perfectly well reproduced by the LCA calculations of Ref. [107]
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via the m−1 sum rule relation (4.39), using the operator basis (4.40) and
the full KS approach for the ground state. When the latter is replaced by
a variational ETF calculation, the average results shown by the dashed line
are obtained [27].

Fig. 16. Static electric dipole polarizabilities α of sodium clusters. Dots with

error bars: experimental results [80]. Open squares: TDLDA results [29,125,126].

Solid line: LCA result using the m
−1 sum rule from the KS ground state [107].

Dashed line: LCA result using the m
−1 sum rule from the ETF ground state [27].

The main discrepancy between theory and experiment is here due to the
lack of ionic structure in the jellium model. Inclusion of ionic structure gives
a substantial improvement of the theoretical results [127,128], in particular
if the finite temperature is also taken into account [129,130].

4.4.2 Optic response with ionic structure

We finally give some examples of LCA calculations that include the ionic
structure. In the “cylindrically averaged pseudopotential scheme” (CAPS)
[131], the ions are treated three-dimensionally by Monte-Carlo simulated
annealing using a local pseudopotential, but only the axially averaged total
ionic potential is included into the DFT treatment of the electrons. This
has the advantage that the KS equations only have to be solved on a two-
dimensional grid (with cylindrical symmetry), which allows to treat larger
systems with an affordable numerical effort. Kümmel [110] has constructed
a local “soft” pseudopotential that reproduces the correct bulk properties of
sodium and at the same time the 3s energy level of the valence electron in
the sodium atom (see also Refs. [123, 132]). It should therefore be suitable
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for the use in clusters that interpolate from the atom to the bulk. Indeed,
the ground-state structures obtained with this pseudopotential in CAPS
calculations reproduce the experimental bond lengths in the smallest sodium
clusters as well as all-electron ab initio calculations [110,127].

In Fig. 17 (top part) we show the photoabsorption spectra obtained for
Na2 and Na8 in CAPS calculations using the LCA for the collective exci-
tation spectrum (note that the widths are phenomenological like in most
TDLDA or RPA calculations). The positions of the main peaks repro-
duce the experimental peaks (bottom part) very well. Also shown (middle
part) is the result of a typical TDLDA calculation [133] using the Troullier-
Martins pseudopotential, which yields a slight blue shift of the peaks due
to a systematic underestimation of the bond lengths.

Na 8

0 1 2 3 4
eV

Na 2

0 1 2 3

σ

TDLDA

LCA

experiment

Fig. 17. Photoabsorption cross section σ (in arbitrary units) versus energy

(in eV) for the neutral clusters Na2 (left) and Na8 (right). Top panels: LCA

results [110,127]; center panels: TDLDA results [133]; bottom panels: experimental

results [134]. (From [110].)

Fig. 18 shows the structures and collective dipole spectra obtained for
the charged clusters Na+

27 and Na+
41 using the same scheme. Again, the LCA

calculations [122] yield an excellent reproduction of the experimental peaks
in the photoabsorption cross section, including the high-energy shoulder
seen in Na+

41.
We conclude by noting that an approximate icosahedral structure was

found in the same set of CAPS calculations for the ground state of the Na+
55

cluster [123, 132]; it has been confirmed (with only minor non-axial devi-
ations) in DFT-LDA molecular dynamics calculations without symmetry
restrictions [135].
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Fig. 18. Right: ionic structures of Na+

27 and Na+

41 obtained in the CAPS [122].

Left: photoabsorption cross sections σ in arbitrary units, plotted versus energy in

eV. Upper parts, dots: experimental results [136]; lower parts: theoretical results

obtained in the LCA [122].
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[133] I. Vasiliev, S. Öǧüt, and J. R. Chelikowsky, Phys. Rev. Lett. 82, 1919 (1999).

[134] W. R. Frederickson and W. W. Watson, Phys. Rev. 30, 429 (1927); C. R. C. Wang,
S. Pollack, D. Cameron, and M. M. Kappes, Chem. Phys. Lett. 166, 26 (1990).
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