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Problem 1: ADM Poisson brackets in triad variables

Show that {
qab[E,K](x), P cd[E,K](y)

}
{K,E}

= δc(aδ
d
b)δ

(3)(x, y) (1)

i.e. that the Poisson brackets of the ADM variables qab, P
ab are reproduced by the Pois-

son brackets of the triad variables.

Hint: 0 = {δba, f} = {qacqcb, f} = qac{qcb, f} + qcb{qac, f} and {det q, f} = qqab{qab, f}
for arbitrary phase space functions f .

BONUS question: Show that
{
P ab[E,K](x), P cd[E,K](y)

}
{K,E} = Gij [...].

Problem 2: Hamiltonian constraint

Show that the Hamiltonian constraint (for κ = 1) can be written as

H[N ] =

∫
Σ
d3xN

(
β2

(β)Eai(β)Ebj

2
√
q

εijkF kab(
(β)A)−

(
1 + β2

)
√
q

(β)Ki
[a

(β)Kj
b]

(β)Eai(β)Ebj

)
(2)

up to terms proportional to the Gauß law. Here, (β)Eai = 1
βE

a
i , (β)Ki

a = βKi
a, and

(β)Aia = Γia + βKi
a.

Hints: Remember that Γaij = −εijkΓka, for which the defining equation reads ∂ae
i
b −

Γcabe
i
c + Γa

i
ke
k
b = 0. We define the field strengths R(Γ)abij = 2∂[aΓb]ij + [Γa,Γb]ij and

Rabi = 2∂[aΓ
i
b] + εijkΓjaΓkb . What is the relation between Rabi and Rabij? Show that

Rabije
i
ce
j
d = Rabcd, where Rabcd is the Riemann tensor defined with the convention

[∇a,∇b]uc = Rabc
dud. Relate Riab to F iab.
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Problem 3: Gauß law in connection variables

Show that −
∫
d3xΛkε

ijkEa[iKa|j] =
∫
d3xΛkDaE

a
k .

Hint: This exercise suggests a special form of the covariant divergence of densitized
vectors: ∇a

(√
qva
)

=?

Problem 4: BONUS: Canonical connection variables

To show that Aia, E
b
j is a canonical pair, it was left to show that{

Γia(x),Kj
b (y)

}
+
{
Ki
a(x),Γjb(y)

}
= 0. (3)

This can be done either by brute force or by following the hints below. Boundary terms
can be neglected throughout.
a) Show that the equation would be satisfied if Γia has a generating potential, i.e.
Γia(x) = δF

δEa
i (x)

b) Construct a candidate for F (The simplest possible will do.)
c) Show that the candidate for F is indeed a potential for Γia.

Special bonus question: What goes wrong if we try to construct similar variables in hig-
her dimensions?

Special bonus question: What happens to the canonical variables at the boundary of the
spatial slice if we keep track of all boundary terms?

Special Bonus question: Is there any other useful way to construct canonical connection
variables?


