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Single-Particle Matsubara Green’s Function

Given the (fermionic or bosonic) Hamiltonian Ho =), (e(k) — )

(a)(3P) prove the modified Heisenberg representation:
1 t n 1 . .
ar(T) = a exp —ﬁ(e(k) —w)7), a.(1)=a,exp ﬁ(e(k) — )|  with 7:=it. (1)

(b)(2P) Show that the free single-particle Matsubara Green’s function can be written as

GR7) = —exp (3 (61 = 7 ) ()1 + ea(B)) + B(-)en() ).

. 1
with <n(k>>(0) = W7 € = 4.

2. Calculating the Matsubara Sum

(a)(4P) Prove Poisson’s summation formula,

Z e2minn — Z d(pp—m)

n=-—oo m=—0o0

and show that

> = [ 3 e (5)

m=-—00 - n=-—00

holds for a smooth function f(u). Hint: What is the periodicity of the term on the RHS of Eq. (4)%

(b)(6P) For the free particle we know from the lecture
G(r,7) = i Z/d3pefiwmr+ip-r/hG(p W) with G(p,wnm) = # (6)
b /Bh » 7 9 Zhwm — 6(p)

with e(p) = p?/(2M) and 7 € (0, 3h). Using Eq. (5), show that

G(p,T) = i { (_11)n }9(7’ + nhﬁ)e_G(p)(T+nhB)/ﬁ _ ee(p)T/h(l + fe(p)) (7)

n=—oo

with the case differentiation according to bosons/fermions choice and the Fermi/Bose distribution

function fep)-



3. 2-point Matsubara Green’s Function for the Harmonic Oscillator..........

We consider the Hamiltonian for the 1D harmonic oscillator, H = hw(a'a 4+ 1/2). Show that

cos B _Hw
G(r) = %Tr[e*BHgg(T)x(O)] = 27Zw hSEiZ(ﬂhw)) )

with 7 € (0, Bh).




