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1. Single-Particle Matsubara Green’s Function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [5P]

Given the (fermionic or bosonic) Hamiltonian H0 =
∑
k(ε(k)− µ)a†kak,

(a)(3P) prove the modified Heisenberg representation:

ak(τ) = ak exp

(
−1

~
(ε(k)− µ)τ

)
, a†k(τ) = a†k exp

(
1

~
(ε(k)− µ)τ

)
with τ := it. (1)

(b)(2P) Show that the free single-particle Matsubara Green’s function can be written as

G0
k(τ) = − exp

(
−1

~
(ε(k)− µ)τ

)
(θ(τ)(1 + ε〈n(k)〉(0)) + θ(−τ)ε〈n(k)〉(0)), (2)

with 〈n(k)〉(0) =
1

eβ(ε(k)−µ) − ε
, ε = ±. (3)

2. Calculating the Matsubara Sum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [10P]

(a)(4P) Prove Poisson’s summation formula,

∞∑
n=−∞

e2πiµn =

∞∑
m=−∞

δ(µ−m) (4)

and show that

∞∑
m=−∞

f(m) =

∫ ∞
−∞

dµ
∞∑

n=−∞
e2πiµnf(µ) (5)

holds for a smooth function f(µ). Hint: What is the periodicity of the term on the RHS of Eq. (4)?

(b)(6P) For the free particle we know from the lecture

G(r, τ) =
1

β~
∑
ωm

∫
d3p e−iωmτ+ip·r/~G(p, ωm) with G(p, ωm) =

~
i~ωm − ε(p)

(6)

with ε(p) = p2/(2M) and τ ∈ (0, β~). Using Eq. (5), show that

G(p, τ) =

∞∑
n=−∞

{
1

(−1)n

}
θ(τ + n~β)e−ε(p)(τ+n~β)/~ = eε(p)τ/~(1± fε(p)) (7)

with the case differentiation according to bosons/fermions choice and the Fermi/Bose distribution
function fε(p).



3. 2-point Matsubara Green’s Function for the Harmonic Oscillator. . . . . . . . . . [5P]

We consider the Hamiltonian for the 1D harmonic oscillator, H = ~ω(a†a+ 1/2). Show that

G(τ) =
1

Z
Tr[e−βHx(τ)x(0)] =

~
2mω

cosh
((

β~
2 − τ

)
ω
)

sinh
(
β~ω
2

) (8)

with τ ∈ (0, β~).


